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work to add a few additional references and to make a number of corrections 
of minor errors. 

Our thanks are due to a number of our readers for pointing out errors 
and misprints, and in particular we are grateful to Mr E. T. Copson, Lecturer 
in Mathematics in the University of Edinburgh, for the trouble which he has 
taken in supplying us with a somewhat lengthy list. 
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THE PROCESSES OF ANALYSIS 




CHAPTER I 


COMPLEX NUMBERS 


I'l, Rational ntmbers. 

The idea of a set of numbers is derived in the first instance from the 
consideration of the set of positive^ integral numbers, or positive integers’^ 

that is to say, the numbers 1, 2, 3, 4 Positive integers have many 

properties, which will be found in treatises on the Theory of Integral 
Numbers; but at a very early stage in the development of mathematics 
it was found that the operations of Subtraction and Division could only be 
performed among them subject to inconvenient restrictions ; and consequently, 
in elementary Arithmetic, classes of numbers are constructed such that the 
operations of subtraction and division can always be performed among them. 

To obtain a class of numbers among which the operation of subtraction 
can be performed without restraint we construct the class of integers, which 
consists of the class of positive f integers (+1, +2, +3, ...) and of the class 
of negative integers (— 1, — 2, — 3, and the number 0. 

To obtain a class of numbers among which the operations both of sub- 
traction and of division can be performed freely we construct the class of 
rational numbers. Symbols which denote members of this class are 3, 
0 , 

We have thus introduced three classes of numbers, (i) the signless integers, 
(ii) the integers, (iii) the nUional numbers. 

It is not part of the scheme of this work to discuss the construction of 
the class of integers or the logical foundations of the theory of rational 
numbers^. 

The ezteiiBion of the idea of number, which has just been described, was not effected 
without some opposition from the more exmservative mathematicians. In the latter li. Jf 
of the eighteenth centuiy, Maseres (1731-18S4) and Frond (1767‘-1841) published works 
on Algebra, Trigt)nometr)r, etc., in which the use of negative numbers was disallowed, 
although Descartes bad used them uiiTestrictedly more than a hundred years before. 

* Strii-tly spesking, a more appropriate epithet would be, not poBitive, but BignlcBs. 

t In the atriot sense. 

$ With the eaoeptiun of division by the rational number 0. 

$ Suoh a discussion, defining a rational number au ordered number-pair of integers iu a 
similar manner to that in whioh a complex number is defined in § 1*3 as an ordered number- pair 
of real numbers, will be found in Hobson’s FwBctitms o/ a Real Variable, 1-12. 


1—2 
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number which ie greater than every Aj 4 * Bt and less than every A2+B2; suppose, if possible, 
that there are two, x and y (y>x). Let be a member of (Ji) and let be a meml^er 
of {A2); and let Y be the integer next greater than (a* ~ ai)/{i (y - a?)}. Take the last of 

the numbers ai-f ^(«2— Oi), (where ni=s* 0 , 1 , ... JV), which belongs to (^j) and the first of 

them which belongs to (^2) ; let these two numliers be Oi, C2. Then 

Choose di y in a, similar manner from the classes defining B > then 

^2 ^2 “ ^1 — ^ 

But C2+cf2>y, and therefore we have therrfore 

arrived at a contradiction by supposing that two rational numbers Xy y exist belonging 
neither to ( 4 i 4 -Rj) nor to 

If every rational number belongs either to the class (A^-^Bj) or to the class (^2+^2)) 
then the classes + (^2 + ^2) define an irrational number. If one rational number ar 

exists belonging to neither class, then the Z-class formed by x and and the 

if -class (d2+-^2) define the rational- real number x. In either case, the number defined 
is called the sum a«f / 9 . 

The difference a -/3 of two real numbers is defined by the Z-class (-di — Z2) and the 
/f-class (A^-^Bi), 

The product of two |>oaitive real numbers a, /9 is defined by the /f-class (^2^2) 
and the Z-class of all other rational numl>erH. 

The reader will see without difficulty how to define the product of negative real num- 
bers and the quotient of two real numbers; and further, it may be shewn that real 
numbers may be combined in accordance with the associative, distributive and commuta- 
tive laws. 

The aggregate of rational-real and irrational-real numbers is called the 
aggregate of real numbers ; for brevity, rational-real numbers and irrational- 
real numbers are called rational and irrational numbers respectively. 

13 . Complex numbet's. 

Wa have seen that a real number may be visualised as a displacement 
along H definite straight line. If, however, P and Q are any two points in a 
plane, the displacement PQ needs two real numbers for its specification ; for 
instance, the differences of the coordinates of P and Q referred to fixed 
rectangular axes. If the coordinates of P be (f, 17) and those of Q (f + a?, 17-f y), 
the displacement PQ may be described by the symbol [^r, y]. We are thus 
led to consider the association of real numbers in ordered* pairs. The natural 
definition of the sum of two displacements [x, y], [x\ y'] is the displacement 
which is the result of the successive applications of the two displacements ; 
it is therefore convenient to define the sum of two number-pairs by the 
equation 

[x, y] + [<r', y'] =-*lx + x',y + y']. 

* The order of the two terms distinguiehes the ordered number*pair [a:, y] from the ordered 
number.pair (y, a;]. 
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The product of a number-pair and a real number a! is then naturally 
defined by the equation 

X y] = ^'yl 

We are at liberty to define the product of two number-pairs in any 
convenient manner; but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[x, y] X [x\ y*] * [xx* - yy\ xy + 

It is then evident that 

[x, 0] X lx\ y] = [xx\ xy] = a? x [x\ y] 
and [0, y] x [x, y] = [- yy\ x'y] « y x [- y\ x']. 

The geometrical interpretation of these results is that the efiect of 
multiplying by the displacement [x^ 0] is the same as that of multiplying by 
the real number x\ but the effect of multiplying a displacement by [0, yj 
is to multiply it by a real number y and turn it through a right angle. 

It is convenient to denote the number-pair [x, y] by the compound 
symbol x + iy\ and a number-pair is now conveniently called (after Gauss) 
a complex number ; in the fundamental operations of Arithmetic, the complex 
number x H- iO may be replaced by the real number x and, defining t to mean 
0 4* tl, we have t* = [0, 1 j x [0, 1 ] » [— 1, 0] ; and so may be replaced by — 1. 

The reader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perform 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with real numbers, treating the symbol i as a number and replacing 
the product it by — 1 wherever it occurs. 

Thus he will verify that, if a, b, c are complex numbers, we have 

a + fc 6 4* u, 
ab = 6a, 

(a 4- 6) c « a + (6 r c), 
ab,c^ a, be, 
a(b -k" c) ^ ub ‘h ac, 

and if ab is zero, then either a or 6 is zero. 

It is found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fresh type ; the complex 
number will therefore for our purposes be taken as the most general type 
of number. 

The introduction of the complex number ban led to many important development in 
mathematics. Functions which, when real variables only are considered, appear as 
essentially distinct, ai*e seen to be connected when complex variables are introduced : 
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thus the circular fhnctioua are found to be expressible in terms of exponential functions 
of a complex argument, by the equations 

cos 47 — ^ +«“*•), sin ir—i («**-«“**). 

X XI 

Again, many of the most important theorems of modern analysis are not true if the 
numbers concerned are restricted to be real; thus, the theorem that every algebraic 
equation of degree n has n roots is true in general only when regarded os a theoi'em 
concerning complex numbers. 

Hamilton’s quaternions furnish an example of a still fuither extension of the idea 
of number. A quaternion 

is formed from four real numbers ir, 4?, y, and four number-units 1 , i, y, in the same 
way that the ordinary complex number x+ty might be regarded as being formed from 
two real numbers 47, y, and two number-units 1 , t. Quaternions however do not obey 
the commutative law of multiplication. 


1 * 4 . The modulus of a complex number. 

Let a; + iy be a complex number, x and y being real numbei's. Then 
the positive square root of «* + y® is called the modultis of (x + ly), and is 
written 

|ar + ty|. 

Let us consider the complex number which is the sum of two given 
complex numbers, x^iy and w + tv. We have 

(x + iy) + (tt+ tv) = (ar + u) -f i (y -f v). 

The modulus of the sum of the two numbers is therefore 

[{x -f u)5 + (y + 

or {(a- + y*) + (u* ^i^) + 2(xu + yv)]^. 

But 

{|a?4-ty|+ |w + ivi)®» {(a:* + y*)^ + (w* + 

— (a?® + y®) + (w® 4- V*) + 2 ( 47 ® + y®)^ (w® + v®)- 
= (a?* + y*) + (n* + r*) 4- 2 [{xu 4- yy)® + {xv - yw)®} 
and this latter expression is greater than (or at least equal to) 

(i?7® 4 y®) 4" (u® 4* v*) 4- 2 {xu, + yv). 

We have therefore 

k +»y| 4- |h 4“ tv| ^|(x+iy) 4 (h 4 iv)\, 

i.e. the modulus of the sum of two complex numbers cannot he greaier than the 
sum of their moduli ; and it follows by induction that the modulus of the sum 
of any number of complex numbers cannot be greater than the sum of their 
moduli 
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Let us consider next the complex number which is the product of two 
given complex numbers, x^iy and u^iv; we have 

(x -f iy) {u + tv) -■ (xii — yv) 4* t (^ + yu), 
and s«) 1 (a? + iy) (u -f iv) | * [{xu — yv)* 4- {xv 4* yuf]^ 

* {(a^ + y*)(tt*4v»)}* 

= I 4 ty 1 1 4* 4- tv |. 

The modulus of the product of two complex numbers (and hence, by in- 
duction, of any number of complex numbers) is therefore equal to the product 
of their moduli, 

1*6. The Argand diagram. 

We have seen that complex numbers may be represented in a geometrical 
diagram by taking rectangular axes Ox, Oy in a plane. Then a point P 
whose coordinates referred to these axes are x, y may be regarded as 
representing the complex number x-^iy. In this way, to every point of 
the plane there corresponds some one complex number; and. conversely, to 
every possible complex number there corresponds one. and only one. point of 
the plane. The complex number a;4ty may be denoted by a single letter* s. 
The point P is then called the representative point of the number z; we 
shall also speak of the number z as being the affix of the point P. 

If we denote («*4y*)^ by r and choose 0 so that rcosB^x, rsinfl*y, 
then r and 0 are clearly the radius vector and vectorial angle of the point P, 
referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often called the 
Argand diagram f. 

By the definition already given, it is evident that r is the modulus of z. 
The angle 0 is called the argument ^ or amplitude, or phase, of z. 

We write 0 = arg z. 

From geometrical oonsiderationB, it appears that (although the modulus of a complex 
number is unique) the argument is not unique if ^ be a value of the aigument, the 
other values of the argument are comprised in the expression 2air4d where n is any 
integer, not zero. The principal value of ixrgz is that which satisfies the ineqiuility 
-rr < argz < IT. 

* It is couvenient to call gc and y the real and imaginary parts of z renpeotively. We fre- 
quently write j; s JR (s). y = I{z). 

t It was published by J. It. Argand. Ezzai znr une manUre de reprizenUr Uz quantiidz imagin- 
airez datut lez conztructianz getm€triquez (1S06); it had however previously been used by Gauss, 
in his Helmstedt dissertation, 1799 [Werke, m. pp. 20-23), who had discovered it in Got. 1797 
(Math. Ann, lvii. p. 18); and Caspar Wessel had disoassed it in a memoir presented to the 
Danish Academy in 1797 and published by that Society in 179H-9. The phrase t(niiplex ^mniber 
first occurs in 1981, Gauss, Werke, n, p, 109. 

X See tlie Appendix, § A*521. 
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If P| and P, are the representative points corresponding to values Zi 
and £2 respectively of z, then the point which represents the value Zi + Z2 is 
clearly the terminus of a line drawn from Pj, equal and parallel to that 
which joins the origin to Pj. 

To find the point which represents the complex number ZiZ^, where z^ and 
Z2 are two given complex numbers, we notice that if 

Zi « ri (cos $1 + i sin 
Z2 = ^8 (cos ^8 -h i sin 0 .^) 

then, by multiplication, 

z^Z2 = r,ra (cos ( 0 ^ -f 02) + i sin ( 0 ^ + tfa)|. 

The point which represents the number ZiZ^ has therefore a radius vector 
measured by the product of the radii vectores of Pj and Pa, and a vectorial 
angle equal to the sum of the vectorial angles of Pi and Pa. 
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Miscellankous Examples. 

1. Shew that the representative points of the complex numbers 1 4-4i, 2-p7r, 3-l-10i, 
ai'e colli near 

2. Shew that a parabola can be drawn to pass through the representative points of 
the com}>lex numbers 

2 + 1, 4 + 4i, 6+9i, 8 + 16?, 10 + 25i. 

3. Determine the nth roots of unity by aid of the Argand diagram ; and shew that the 
number of primitive roots (roots the powers of each of which give all the roots) is the 
number of integers (including unity) less than n and prime to it. 

Prove that if 6^ ^21 ••• the arguments of the primitive roots, Ecosptf^O when 

p is a positive int^r less than where a, 6, c, ... it are thp diflferent constituent 

primes of n; and that, when where p is the number of 

the constituent primes. (Math. Trip. 1B95.) 
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THE THEORY OF CONVERGENCE 


2 * 1 . The definition^ of the limit of a sequence. 

Let ^1, Z2, ^3, be an unending sequence of numbers, real or complex. 
Then, if a number I exists such that, corresponding to every positive f 
number e, no matter how small, a number can be found, such that 

I f I < e 

for all values of n greater than w®, the sequence (zn) is said to tend to the limit I 
as n tends to infinity. 

Symbolic forms of the statement^ * the limit of the sequence {Zf^y as n 
tends to infinity, is I ’ are : 

lim Zn = 1 , lim = Z, ► Z as n — ♦ 00 . 

If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find such that | ^,1 1 > JV for all values of n greater than 
n^y we say that ‘ | I tends to infinity as n tends to infinity/ and we write 

In the corresponding case when — when n> we say that 

- 00 . 

If a sequence of real numbers does not tend to a limit or to 00 or to — ao , 
the sequence is said to oscillate. 


2 * 11 . Definition of the phrase ' of the order of! 

(?n) and (j„) are two sequences such that a number »o exists such that 
I (fw/^w) I < K whenever n > where K is independent of n, we say that is 
* of the order of ’ and we write§ 

fn=0(^n); 


thus 


1 -t-V 



If lim(5;,/x,*)«0, we write Cn=^o(zn). 


* A definitiou equivalent to this was first given by John Wallis in 1655. [Opera, i. (1695), 
p. 869.] 

t The number zero is excluded from the class of positive numbers. 

X The arrow notation is due to Leathern, Camb. Math, Traetn, No. 1. 

§ This notation is due to Bachmann, Zahlentheorit (1694), p. 401, and Landau, Primtahleny 
1. (1909), p. 61. 
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2 * 2 . The limit of an increasing sequence. 

Let (xn) be a sequence of real numbers such that for all values 

of n ; then the sequence tends to a limit or else tends to infinity (and so it does 
not oscillate). 

Let w be any rational-real number ; then either : 

(i) Xn>x(oT all values of n greater than some number tiq depending on 
the value of x. 

Or (ii) Xn<x for every value of n. 

If (ii) is not the case for any value of x (no matter how large), then 

Xfi —4 00 . 

But if values of x exist for which (ii) holds, we can divide the rational 
numbers into two classes, the £-class consisting of those rational numbers x 
for which (i) holds and the JB-class of those rational numbers x for which (ii) 
holds. This section defines a real number a, rational or irrational. 

And if e be an arbitrary positive number, a — belongs to the i-class 
which defines a, and so we can find iii such that «n ^ a — whenever n > iii ; 
and a-h^e is a member of the ii-class and so a?n<a + i^- Therefore, 
whenever n>w,, 

I « - I < 6. 

Therefore x^-^a. 

Corollary, A decreaning sequence tends to a limit or to - oo . 

Example 1. If then lim 

For, given r, we can find n and rC such that 

(i) when m>n, | ^ I < (“) when m>n\ | I < 4^* 

Let Hi he the greater of n and n' ; then, when m > ni, 

I + I ^ I («m -0 1 + I I, 

<c; 

and this is the condition that 

Example 2. Prove similarly that lim ^=^0, 

lim 

Example 3. If 0 < < 1, -► 0. 

For if a > 0 and 

by the binomial theorem for a positive integral index. And it is obvious that, given a 
positive niunber r, we can choose no such that (1 + iia)"'* < t when n > ; and so ,i’*‘ ♦ 0. 

2 * 21 . Inmit-points and the Bolzano- Weierstrass* theorem. 

Let (j?«) be a sequence of real numbers. If any number 0 exists such 

* This theoiem, frequently ascribed to Weierstrass, was proved by Bolzano, Abh. der k. 
b&hmUchen Gee. der Wia$, v. (1817). [Reprinted in Klauiker der Exakten Wise., No. 158.] It 
seems to have been known to Cauchy. 
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that, for every positive value of e, no matter how small, an unlimited number 
of terms of the sequence can bo found such that 

G — € < < 6? 4* €, 

then G is called a limit-point, or clustet'-point, of the sequence. 

Bolzano’s theorem is that, if whei^e X, p are independent of n, 

then the sequence {x^) has at least one limit-point 

To prove the theorem, choose a section in which (i) the .R-class consists 
of all the rational numbers which are such that, if be any one of them, 
there are only a limited number of terms Xn satisfying Xn> A ; and (ii) the 
Zr-clasB is such that there are an unlimited number of terms Xn such that Xn>a 
for all members a of the X-class. 

This section defines a real number G ; and, if e be an arbitraiy positive 
number, G — Jc and G + ^e are members of the L and R classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 
G — €<G — j6<iP,i^G + ie<G + e, 
and so G satisfies the condition that it should be a limit-point. 

2*211. Definition of ' the greatest of the limits' 

The number G obtained in § 2*21 is called ‘ the gi-eatest of the limits of 
the sequence (^«).’ The sequence {x^) cannot have a limit-point greater 
than G; for if G' were such a limit-point, and « = J(G' — G), G' — € is a 
member of the jR-class defining G, so that there are only a limited number of 
terms of the sequence which satisfy x^>& ^ e. This condition is incon- 
sistent with G' being a limit-point. We write 

G *= lini Xn. 

The ‘ least of the limits,’ L, of the sequence (written liin Xn) is defined to be 



- lira (- a:„). 

2-22. Cauchy’s* theorem on the necessary and sufficient con- 
dition FOR THE existence OF A LIMIT. 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers Zj, z#, ... is that. 

coi'responding to any given positive number e, however small, it shall he 
possible to find a number n such that 

I ^n\ < € 

for all positive integral values of p. This result is one of the most important 
and fundamental theorems of analysis. It is sometimes called the PHnciple 
of Convergeiice, 


Analyie AlySbrique (1821), p. 135. 
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First, we have tx) shew that this condition is necesaary, i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit I exists ; then 
(§ 2*1) corresponding to any positive number s, however small, an integer n 
can be chosen such that 

I ^ I < I ^n-¥p ^ 1 < 'J'f, 

for all positive values of p \ therefore 

I ^n-¥p ~ I ** I (^n+p — i) (^n 0 I 

which shews the necessity of the condition 

\Zn^p-2n\<e, 

and thus establishes the first half of the theorem* 

Secondly, we have to prove* that this condition is sujfficient, i.e. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of real numbers (itn) satisfies Cauchy's 
condition ; that is to say that, corresponding to any positive number €, an 
integer n can be chosen such that 

I I < ^ 

for all positive integral values of p. 

Let the value of n, corresponding to the value 1 of e, be m. 

Let X], p, be the least and greatest of ... a?,,* ; then 

Xi — 1 < < Pi -|- 1, 

for all values of n ; write — 1 « X, pi + 1 * p. 

Then, for all values of n, X < < p^ Therefore by the theorem of § 2*21, 

the sequence (arn) has at least one limit-point G. 

Further, there cannot be more than one limit-point; for if there were 
two, 0 and H (H < 0), take €< 1(0 — H). Then, by hypothesis, a number 
n exists such that | — | < € for every positive value of p. But since G 

and H are limit-points, positive numbers q and r exist such that 

I G - I < €, \H-‘ Xn+r | < €• 

Then | 0 | “h I ^fi I + I ■“ | + | H \ < 4£. 

But, by § 1*4, the sum on the left is greater than or equal to | G — |. 

Therefore G — if < 4^, which is contrary to hypothesis ; so there is only 
one limit- point. Hence there are only a finite number of terms of the sequence 
outside the interval (G - S, G + 8), where 8 is an arbitrary positive number; 


* This proof ie given by Btolx and Qmeiner, Tht(MreU$ehe Arithmetik^ xi. (1902), p. 144. 
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for, if there were an unlimited number of such terms, these would have a 
limit-point which would be a limit-point of the given sequence and which 
would not coincide with 0 ; and therefore 0 is the limit of (a?n)* 

(II) Now let the sequence (zn) of real or complex numbers satisfy 
Cauchy's condition ; and let where asn and are real ; then for 

all values of n and p 

I ^n+p "" I < I ^n\t 1 yn-^p * yn | ^ | * ■^n | ■ 

Therefore tfie sequences of real numbers (ar^) and (y«) satisfy Cauchy*s 
condition ] and so, by (I), the limits of (xn) and (yn) exist. Therefore, by 
§ 2*2 example 1, the limit of (^„) exista The result is therefore established. 

2*3. Convergence of an infinite series. 

Let Wa. Us, ... Wn, ... be a sequence of numbers, real or complex. Let 
the sum 

ldi4‘tA2+ ... 

be denoted by 

Then, if Sn tends to a limit S as n tends to infinity, the infinite series 

Ml -H + W3 + M4 + . . . 

is said to be convergent, or to converge to the sum S. In other cases, the 
infinite series is said to be divergent When the series converges, the 
expression S — *S\,, which is the sum of the series 

is called the remainder after n terms, and is frequently denoted by the 
symbol iin- 

The sum M„^., + + . . . -f u^j^p 

will be denoted by Sn^p. 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and sufficient condition for the 
convergence of an infinite series is that, given an arbitrary positive number €, 
we can find n such that | 8n,p | < € for every positive value of p. 

Since = ^n,i> it follows as a particular case that lim « 0 — in other 

words, the Mth term of a convergent series must tend to zero as n tends to 
infinity. But this last condition, though necessary, is not sufficient in itself 
to ensure the convergence of the series, as appears from a study of the series 


1 ^ 2 ^ 8 ^ 4 ^ 



In this series, + ^ + ^ + ... + i . 

The expression on the right is diminished by writing (2»)~* in plaoe of 
each term, and so jSn,n>i- 



16 


THE PBOCBS8ES OF ANALYSIS 


[chap, II 


Ther6foF6 » 1 + j + ^ 9 , 2 ■4* ^ 4,4 4" ^8,8 4* ^i8,i8 4" • • • 4" 

>5(«4-3)-^oo; 


80 the series is divergent; this result was noticed by Leibniz in 1673. 

There are two general classes of problems which we are called upon to 
investigate in connexion with the convergence of series : 

(i) We may arrive at a series by some formal process, e.g. that of 
solving a linear differential equation by a series, and then to justify the 
process it will usually have to be proved that the series thus formally ob- 
tained is convergent. Simple conditions for establishing conveigence in 
such circumstances are obtained in §§ 2'3 1-2*61. 

(ii) Given an expression 8, it may be possible to obtain a development 

n 

S = 2 4- iin» valid for all values of n ; and, from the definition of a limit, 

00 

it follows that, if we can prove that jK„ — ► 0, then the series S Ufft converges 

w = l 

and its sum is S» An example of this problem occurs in § 5*4. 

Infinite series were used* by Lord Lrouncker in Phil. TVans. ii. (1668), pp. 646-649, 
and the term convergent was introduced by James Gregory, Professor of Mathematics at 
Edinburgh, in the same year ; the term divergent was intr^uced by N. Bernoulli in 1713. 
Infinite series were used systematically by Newton in 1669, De anal^ per aequat. nitm. 
term, in/., and he investigated the convergence of hypergeometric series (§ 14*1) in 1704. 
But the great mathematicians of the eighteenth century used infinite series freely without, 
for the most part, examining their convergence. Thus Euler gave the sum of the series 


•••+^+,1+5+1+*+**+**+ (“) 

as zero, on the ground that 

(6) 

i ~z ^ ' 


and 


i+UU. 

z z* 


z 


(c). 

I<1, 


The error of course arises from the fact that the series (6) converges only when | z 
and the series (c) converges only when | « 1 > 1, so the series (a) never converges. 

For the history of researches on convergence, see Pringsheim and Molk, Encpclop4die 
de$ Sci. Math,, i. (1) and Reifi', Geachickte der unendlichen Reihen (Tiibingen, 1889). 


A 


2'301. AbeVs ineqvalit^'f. 

^/n+i > 0/or all integer values of n. 
is the greatest of the sums 

I Oil, |ai + aj|, I ai + Og + a,., I, | 


Then 


2 a,/„ 

»=i 


^ Af, where 


tti 4- ctj -I- . . . + I . 


* See also the note to § 2*7. 

+ Journal fiir Math. i. (1826), pp. 311-839. A particular case of the theorem of § 2*31, 
Corollary (i), also appears in that memoir. 
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For, writing ai + a,+ ...+a»*«», we have 

2 (hifn ™ ^\f\ + ^i)yi + (^» ” + . . - + (^n* “ 

■■ (sfi ““/i) + *8 {ft ““/*) + • • * + {fm^i “’fm) + 

Since f — /i,^ — /«i ... are not negative, we have, when n «• 2, 3, ... m, 

I ^n-i I {fn—\ ^fn) ^ ^ {fn-^i ^fn^ I also | Sf^ | fn ^ -^fm* 

and 80 , summing and using § 1*4, we get 

2 dnfn < 

I i»«l I 

CoToUary, If ai, 02 , ... Vi, f^ 2 i ... numbere, real or complex, 

\ ^A I - w* ! + 1 ir,„ 1 1 , 

where A is the greatest of the sums I 2 < 1,1 1 , 2, ... m), (Hardy.) 


2*31. DirichUt's* te$t for convergence. 


Let 


dn 


< K, where K is independent of p. Then, if fn> fn+i > 0 


and lim * Ot> 2 OLnfn converges. 




For, since lim « 0 , given on arbitrary positive number c, we can find m 
such that < €/2K. 


Then 


On 




2 On I 4 * 

»«il I 


X a„ 


< 2K, for all positive values of 9 ^ so 


that, by Abel’s inequality, we have, for all positive values of p, 

I ^ ^fm-^i 9 


where A < 2K. 


j - 

2 ttn/n 

I MsM+l 


Therefore 


«+ji I «» 

2 a„f„ < 2Kfm..i < e ; and so, by § 2-3, 1 a,Jn converges. 


Cordlary (i). AbePt test for convergence. If 2 a„ converges and the sequence (i*„) is 

n*! 

moDotonio (i.e. always or else always) and |Vh|<ic, where k is 

00 

independent of n, then 1. oonvergea. 


For, by §2*2, tends to a limit u\ let Then steadily; and 

40 

therefore 2 converges. But, if (vn) is an increasing sequence, and 8o> 

00 00 00 

2 (u-v,()a,» converges; therefore since 2 ua^ converges, 2 oonvei*ges. If {u^ is 

n*! umI r»1 

a decreasing sequence and a similar proof holda 

* Journal de Math. (8), vn. (18S8), pp. 868-255. Before the publication of the 2od edition 
of Jordan’s Cours dAnatgse (1898), Diriehlet’s test and Abel's test were hrequently jointly described 
as the Diriohlet-Abel test, see ag. Piingsheim, Math. Ann. xxv. (1885), p. 428. 
t In these eironinstanoes, we toy f^-^0 steadily. 


W. M. A. 


2 
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Corollary (ii). Taking in Dirichlet^s test, it follows that, if /n^/w + i 

and lim /h « 0, /i -/* ^/s -/4 + . . .. converges. 

Example 1. Shew that if 0<^<2fr, 2 sin <oo8ec ; and doduce that, if 

I i»-i I 

m os 

steadily, S /wSin nB converges for all real values of By and that 2 /« cosii^ converges 
if is not an even multiple of w. 

Examine 2. Shew that, if /^-►O steadily, 2 ( — )**/„ cos converges if B is real and 

nwl 

so 

not an odd multiple of ir and 2 (-)'%sinn^ converges for all real values of B. [Write 
TT+tf for d in example 1.] 


2 * 32 . Absolute wtid conditional convergence. 

00 

In order that a series X Un of real or complex terms may converge, it is 

n«l 

OD 

sufficient (but not necessary) that the series of moduli 2 | j should 
converge. For, if crn,p « 1 Un+i | 4- 1 Un+a | + . . . + 1 | and if 2 | | converges, 

n=l 

we can find n, corresponding to a given number e, such that o'n.p < e for all 

99 

values of p. But | Sn,p i < <rn,p < €, and so 2 converges. 

The condition is not necessary ; for, writing /n * 1/n in § 2*31, corollary (ii), 
w-e see that — ^ + converges, though (§ 2*3) the series of moduli 

j + i + + is known to diverge. 

In this case, therefore, the divergence of the series of moduli does not 
entail the divergence of the series itself. 

Series, which are such that the series formed by the moduli of their terms 
are convergent, possess special properties of great importance, and are called 
absolutely convergent series. Series which though convergent are not abso- 
lutely convergent (i.e. the series themselves converge, but the series of moduli 
diverge) are said to be conditionally convergent. 


233 . 


Ths geometric series, and the series 



The convergence of a particular series is in most cases investigated, not 
by the direct consideration of the sum 8n,p, but (as will appear from the 
following articles) by a comparison of the given series with some other series 
which is known to be convergent or divergent. We shall now investigate 
the convergence of two of the series which are most frequently used as 
standards for comparison. 



2*32, 2-33] 
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(I) The geometric aeries. 

The geometric series is defined to be the series 
1 + + + + .... 
Consider the series of moduli 

for this series Sn,p | | !**■•■• + . . . + | ^ I*'*'*’ 


Hence, if | | < 1, then — - — for all values of p, and, by § 2*2, 

1 — I ^ I 

example 3, given any positive number €, we can find n such that 

I ^ I «+i {1 _ 1 * I )-> < e. 

Thus, given e, we can find n such that, for all values of p, Sn,p < e. Hence, 
by § 2*22, the series 

l + |2r|H-l4r|»+... 

is convergent so long as | ^ | < 1, and therefore the geometric aeries is absolutely 
convergent if\z\< 1. 

Whf^n I ^ I >1, the terms of the geometric series do not tend to zero as n 
tends to infinity, and the series is therefore divergent. 

(ID ?%« series i + i + ^ + ^. + i + .... 

n 1 

Consider now the series = 2 — - , where s is greater than 1. 

in=i m* 

We have ^ 3* ^ ^ ’ 

1 1,2 .I 4 J_ 

5* 6* 6* 7* 4* “ 4— ■ ’ 

and so on. Thus the sum of 2^ — 1 terms of the series is less than 

1111 1 1 
I#— 1 2*— I 1 ■!“ 1 + ••• + ^1 * 

and so the sum of any number of terms is less than (1 — Therefore 

n 

the increasing sequence 2 cannot tend to infinity; therefore, by § 2*2, 

* 1 

the semes 2 -j is convergent if s > 1 ; and since its terms are all real and 

positive, they are equal to their own moduli, and so the series of moduli of 
the terms is convergent ; that is, the convergence is absolute. 


f I / a rt 
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If « s= 1, the series becomes 


l-fL-j-l-i-l-f. 


which we have already shewn to be divergent ; and when «< 1, it is a fortiori 
divergent, since the effect of diminishing s is to increase the terms of the 


senes. 


The series 2 — is therefore divergent if s^l, 

nml n 


2 * 34 . The CormpaHson Theorem, 

We shall now shew that a seHes -h W 2+ «3 + ••• w absolutely con- 
vergent, provided that | Un | is always less than C \Vn\, where C is some number 
independent of n, and Vn is the nth term of another series which is known to 
be absolutely convergent. 

For, under these conditions, we have 

I Mn+i 1 + I 1 + ■ •• + I 1 < {| ^n+i | + | Vn+2 I + . ■ . + | V«+p 1}» 

where n and p are any integers. But since the series 2t;„ is absolutely 
convergent, the series 2 i Vn 1 is convergent, and so, given €, we can. find n 
such that 

I Vn+i ! + ! Vn+2 i + . .. -f ! Vn+p | < e/C, 

for all values of p. It follows therefore that we can find n such that 

I 1 4- I Wn-r2 | + . . . 4“ j Un^p I < 6, 

for all values of p, i.e. the series 2 | Wn | is convergent. The series 2 wh is 
therefore absolutely convergent. 

Corollary, A series is absolutely convergent if the ratio of its »th term to the nth 
term of a series which is known to be absolutely convergent is less than some number 
indejiendent of n. 

Example 1 . Shew that the series 

COS 2 + J 5 COS 2« + pOOS32 + “ cos4?-K... 

is absolutely convergent for all real values of it. 

I cos m 1 

— ^ - 5 - The moduli of 
n*' n* 

the terms of the given series are therefore less than, or at most equal to, the corresponding 
terms of the series 

’ +2i + 3i + 4i+— * 

which by § 2*33 is absolutely convergent. The given series is therefore absolutely 
convergent. 

Example 2 . Shew that the series 

1 , 1 , J J I 

1* (z - ^ 2* ^ 3* ^ 4 » (* - X«) ’ 

where (n»l, 2, 3, ...) 

ia convergent for all values of z, which are not on the circle | z !•> 1 . 
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The geometric representation of complex numbers is helpful in discussing a question of 
this kind. Let values of the complex number i be represented on a plane ; then the 
niimbeie zi^ ^2, ^a, ... will give a sequence of points which lie on the circumference of the 
circle whose centre is the origin and whose radius is unity ; and it can be shewn that 
every point on the circle is a limit-point (§ 2*21) of the points z^. 

For these special values of 2, the given series does not exist, since the denomi- 
nator of the Tith term vanishes when For simplicity we do not discuss the series 

for any point z situated on the circumference of the circle of radius unity. 

Suppose now that |«|4=1. Then for all values of n, - 1^1} for 

some value of c ; so the moduli of the terms of the given series are less than the corre- 
sponding terms of the series 

gi + 4* ■*'•**» 

which is known to be absolutely convergent. The given series is therefore absolutely 
convergent for all values of r, except those which are on the circle | z 1 3=:1. 

It is interesting to notice that the area in the 2-plane over which the series convei*ges 
is divided into two parts, between which there is no intercommunication, by the circle 
1 *1=1- 

Example 3. Shew that the series 

28m|+48in |+8 sin ^ + ;..-f2"8in + 

converges absolutely for all values of 2. 

Since* lim 3" sin (2/3") 2, we can find a number /*, independent of n (but depending 
on r), such that 1 3" sin (z/S") \<k; and therefore 

2"8in ^ <h[^ 


Since 2 k(~A converges, the given series converges absolutely. 


2‘36. Cauchy s test for absolute convergence'^, 

» 

If Tim I Wn 2 Wn converges absolutely, 

n at M = 1 

For we can find m such that, when 1, where p is 

00 

independent of n. Then, when w > m, | ! < p” J and since 2 p” converges, 

00 / OO \ 

it follows from § 2*34 that 2 (and therefore 2 Un) converges ab- 

solute ly. 

— — «o 

[Note. If lim |u,J‘^">I, does not tend to zero, and, by § 2*3, S Mh does not 

nsi 

converge.] 

* This is evident from results proved in the Appendix, 

t Analyse AlgSbrigne, pp. 182-185. 
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2 ’ 86 . ]y Alembert’s* ratio test for absolute convergence. 

Vfe shall now shew that a series 

Mi + M» + «» + M4+”- 

is absolutely convergent, provided that for all values of n greater than some 
fixed value r, the ratio is less than p, where p is a positive number 

independent of n and less than unity. 

For the terms of the series 

|«r+l| + lMr+i| + |Mr+i| + -.. 

are respectively less than the corresponding terras of the series 

l«r+i 1(1 +/» + />* + />’+•••). 

oe 

which is absolutely convergent when p < 1 ; therefore S Un (and hence 

IS-ar-f 1 

the given series) is absolutely convergent. 

A particular case of this theorem is that if lim i (Wn+i/j^n) I = ^ < 1; the 

»»-►> 00 

series is absolutely convergent. 

For, by the definition of a limit, we can find r such that 

““±; I _ I < I (1 _ /), when n>r, 

Mn 1 ) I * 

and then < |(1 +0 < 1. 

when n>r. 

oc 

[Note. If lim I + |>1, does not tend to zero, and, bj g 2-3, does not 

converge.] 

Example 1. If I r | < 1, shew that the series 

i 

it«>] 

converges absolutely for all values of z. 

[For ^ as w-^oo, if |c|<l.] 

Example 2. Shew that the series 

(o-6)(o-26) j . (a-fc)(o-26)fo-36) 

3i — 51 

converges absolutely if \z\<\h {*"*. 

[For IIS ; so the condition for absolute convergence is 

^ u« »4*1 

|i»*|<l, i.e. |4r|<|6|“».] 


Oputeules, t. v. (1768), pp. X71-182. 
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Examine 3. Shew that the eeriee X Ti converges absolutely if U|<1. 

[For, when 1«|<1, lr»-(l+n-»)“|>(l l> 1 + 1 +^ + - - 1>1. «® 
moduli of the terms of the series are less than the corresponding terms of the series 
2 n I ; but this latter series is absolutely convergent, and so the given series con- 

»l=sl 

verges absolutely.] 

2’S7. A general theorem on series for which lim 

n-^co ( 

It 18 obvious that if, for all values of n greater than some fixed value r, 
I i^n+i I is greater than | tin |» then the terms of the series do not tend to zero as 

n — ► x> , and the series is therefore divergent. On the other hand, if I 

is less than some number which is itself less than unity and independent 
of n (when n > r), we have shewn in § 2*36 that the series is absolutely con- 
vergent. The critical case is that in which, as n increases, tends to 

the value unity. In this case a further investigation is necessary. 

We shall now shew that* a series Ui + + Wu + • - which lim 

« * I Mn 

tvill be absolutely convergent if a positive number c exists such that 


==1 


lim n 




For, compare the series 2 j «n i with the convergent series 2i'„, where 


and is a constant ; we have 


5.«.( « ) ■ .(l+i) 

Vn \n+lj \ n) 

As K — » 00 , n I—— — ll— 1 — Jc, 

and hence we can find m such that, when n > m, 


= 1_L-Hf + 

n 




Wn±i 


^ Vh 


By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 

|Wnl<t^f»- 

As 2vn is convergent, 2 1 Wn I is also convergent, and so 2ttw is absolutely 
convergent. 


• This is the second (DAlembert’s theorem given io $ 2 86 being the first) of a hierarchy of 
theorems due to De Morgan. Bee Chrystal, Algebra, Ch, xxvi. for an historical account of 

i .1 4 l 
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Corollary. If j -1 + ^ + 0 j, where Ai is independent of «, 
then the series is absolutely convergent if ili < — 1. 

Example, Investigate the convergence of 2 n** exp ( —V when r>k and when 

\ 1 w/ 

r<k. 

2*38. Conifergence of the hypergeometric series. 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeometric series 

- a . 6 a (a + 1)6(6+ 1) , a{a + l)(a + 2)6(6 + 1)(6 + 2) ^ . 

■•■l . c'"*" 1 . 2 . c(c + l) * 1 . 2 . 3 . c(c + l)(c + 2) - * 

which is generally denoted (se| Chapter XIV) by jF(a, 6 ; c ; z). 

If c is a negative integer, all the terms after the (1 — c)th have zero 
denominators; and if either a or 6 is a negative integer the series will 
terminate at the (1 - a)th or (1 — 6)th term as the case may be. We shall 
suppose these cases set aside, so that a, 6, and c are assumed not to be 
negative integers. 

In this series 

i Mn-n i (a + n-l)(ft + »-l) J , , 

I M„ ! n(c + n-l) 


as n — > 00 . 


We see therefore, by § 2*36, that the series is dbsolutely convergent when 
I z I < 1, and divergent when j ^ | > 1. 

When I r I = 1, we have • 

L 1 1 + i:ii I i 1 + hii 1 1 1 - izi + 0 f M I 

ttn ' I W * « 1 I n \n*) I 

n \n^J 

Let a, 6, c be complex numbers, and let them be given in terms of their real 
and imaginary parts by the equations 

a » + iaf* j 6 « 6^ + il/\ c ic". 

Then we have 

Jwn+il I, , n' + i>'-c'-l+i(«" + ^"-0 . 


1 + g' + fr'-c^-i y / a"+6"-c” y 


n 


'>{iy 


By § 2*37, Corollaiy, a condition for absolute convergence is 

a' + 6' — c' < 0. 


* The symbol O (1/n^) does not denote the same function of n throughout. See § 2*11. 
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Hence when \ 2 \»l,a sufficient condition* for the abeolvite convergence of 
the hypergeometric series is that the real part of a + b-^c shall be negative, 

2*4. Effect of changing the order of the terms in a series. 

In an ordinary sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 

Let 2 3 




and 


0^1 1.1 + 


and let and Sn denote the sums of their first n terms. These infinite 
series are formed of the same terms, but the order of the terms is different, 
and so Sn a»d Sn are quite distinct functions of n, 

an '** that iSfn = 0 ‘ 2 n “ CT^ . 

1 11 


Let 

Then 


2sn “1+3^" ••• "^4 h-1 

_ 1 1 
— (Tin — 2 ^an 2 


1 

tin 


“ (<^4n a 2n) + 2 (^’sn ^m) 

* ^4n "1" 2 ^2w* 


Making n — 4 oo , we see that 

t^S + lS; 

and so the derangement of the terms of S has altered its sum. 


Example. If in the series 



the order of the teitns be altered, so that the ratio of the number of positive terms to the 
ntimber of negative terms in the tirst n terms is ultimately a*, shew that the sum of the 
series will become log (Sat), (Manning.) 


2*41. The fundamental property of absolutely convergent series. 

We shall shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur. 

Let jS «s= Wi 4- + Its + • • • 


* The condition is also necessary. See Bromwich, Ii^Snite SerieSf pp. 202-204. 

+ We say that the series 2 consists of the terms of 2 in a diflerent order if a law 
n»l »»«i 

is given by which correspivadiBg to each positive integer p we can find one (and only one) 
integer q and vice vena, and Vg is taken equal to The result of this section was noticed by 
Dirichlet, Berliner Abh, (1837), p. 48, Journal dt Math, iv. (1889), p. 397. See also Cauchy, 
RetuHK^s analytique$ (Tario, 1838), p. 67. i 
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be an absolutely convergent series, and let S' be a series formed by the same 
terms in a different order. 

Let € be an arbitrary positive number, and let n be chosen so that 

I ^n+i I + 1 ^n+s I • • ■ + ! ^n+j> I ^2 ^ 

for all values of p. 

Suppose that in order to obtain the first n terms of S we have to take 
m terms of S' ; then if i > m, 

Sk ^Sn + terms of S with suffices greater than n, 

so that 

— jS S3 jSi„ — S + terms of S with suffices greater than n. 

Now the modulus of the sum of any number of terms of S with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than g €. 

Therefore | jS*' - ^ | < j^S^n - I + ^ e. 

But I 1 < li m { I I + I I -h . . . + I tin+p i } 

p-^CK) 

1 

^ 2 

Therefore given e we can find m such that 

|5; ->/?!<€ 

when k>m \ therefore S^^^ 8^ which is the required result. 

If a series of real terms converges, but not absolutely, and if Sp be the 
sum of the first p positive terms, and if o-n be the sum of the first }\ negative 
terms, then Sp-^ oo , cn— > — oo ; and lim {Sp -f» an) does not exist unless wx* 
are given some relation between p and n. It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim (Sp 4- Cn) equal to any given real number*. 

2 * 6 . Double aeries^. 

Let be a number determinate for all positive integral values of m 
and n ; consider the array 


Wj.i, 


^1,8» 


*^1,2 1 




^3,3, 


♦ Gm. Werke, p. 221. 

t A complete theory of double seriee, on which this account is based, is given by Pringsheim, 
MUfucliener SilzunffHbtrichte, xxvii. (1S97), pp. 101-152. See farther memoirs by that writer, 
Math. Ann. Liii. (1900), pp. 289-S21 and by London, ibid. pp. 822-870, and also Bromwich, 
Injinite Seriet^ which, in addition to an account of Pringsheim’s theoiy, contains many develop- 
ments of the subject. Other important theorems are given by Bromwich, Proc. Lomlon Math. 
Soe. (2), 1 . (1904), pp. 170-201. 
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the sum of the terms inside the rectangle, formed by the first 
m rows of the first n columns of this array of terms, be denoted by 

If a number 8 exists such that, given any arbitrary positive number e, it 
is possible to find integers m and n such that 

I ^ i < r 

whenever both /i > m and i/ > n, we say* that the double aeries of which the 
general element is converges to the sum 8, and we write 

lim 

If the double series, of which the general element is is convergent, 

we say that the given double series is absolutely convergent. 

Since = — il^ i® easily seen that, if 

the double series is convergent, then 

lira — 

Stole* necessary and sujfflcient'f condition for convergence. A condition for 
convergence which is obviously necessary (see § 2*22) is that, given s, we can 
find m and w such that whenever fjL>m and v>n and 

p, cr may take any of the values 0, 1, 2, .... The condition is also sufficient; 
for, suppose it satisfied ; then, when /a > m + n, | - S,4 .m I < 

Therefore, by § 2*22, has a limit 8 ; and then making p and <r tend to 
infinity in such a way that p. + p = v + <r, we see that | S — | ^ e when- 

ever p>m and v>n \ that is to say, the double series converges. 

Corollary. An absolutely convergent double series is convergent. For if the double 
series converges absolutely and if the sum of m rows of n columns of the series of 

moduli, then, given c, we can find /a such that, when p>fn>n and q>n>ix, 

But wjd SO when p>m>p, q>n>fi; and this 

is the condition that the double series should converge. 


2*51. MethodsX of summing double series. 

OD OO 

Let us suppose that 2 converges to the sum Then 2 is 
called the s%im by rows of the double series ; that is to say, the sum by rows 

oo/»\ eo/«>\ 

is 2 ( 2 Similarly, the sum by columns is defined as 2 ( 2 

^ioilVvael / / 

That these two sums are not necessarily the same is shewn by the example 


g a* ^ , in which the sum by rows is 

p + V 

and 8 does not exist. 


— 1, the sum by columns is -f 1 ; 


* This definition is praetioally due to Cauchy, jintUyie Algebrique, p. 640. 
t This condition, stated by Stolz, Math. Ann. xxvr. (1884), pp, 167-171, appears to have 
been first proved by Pringsheim. 

t These methods are due to Canohy. 
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Pbingsheim’s THfiOBSM* : If 8 eadsU and the sums by rowe and columns 
eadet, then each of these sums is equal to S, 

For since 8 exists, then we can find m such that 

— if v>m. 

And therefore, since lim „ exists, | ( lim „) — S I < e ; that is to say, 

I'-^ap k-h^qo 

Ik 

X 8p-- 8 < e when fL>m, and so (§ 2*22) the sum by rows converges to <S. 

p=i 

In like manner the sum by columns converges to 8, 

2‘62. Absolutely convergent double series. 

We can prove the analogue of § 2*41 for double series, namely that if the 
terms of an absolutely convergent double semes are taken in any ordet' as a 
simple series^ their sum tends to the same limits provided that every term occurs 
in the summation. 

Let be the sum of the rectangle of p rows and v columns of the 
double series whose general element is | ®f double 

series be a. Then given e we can find m and n such that cr — 
whenever both p> m and v>n. 

Now suppose that it is necessary to take N terms of the deranged series 
(in the order in which the terms are taken) in order to include all the terms 
of and let the sum of these terms be ty. 

Then — consists of a sum of terms of the type in which 

p>m, q>n whenever M >m and M>n \ and therefore 

I In — I ^ Jlf+1 < 2 

Also, 8 — consists of terms Up^q in which p>m, q>n \ therefore 

i S I < <7 - j£+i < ^ € ; therefore | | < e *, and, corresponding 

to any given number e, we can find N\ and therefore tn—¥8. 

K 

Example 1. Prove that in an absolutely convergent double series, S zVn exists, and 

Marl 

thence that the sums by rows and columns resi^ectively converge to S. 

[Let the sum of fi rows of u columns of the aeries of moduli be y, and let t be the sum 
of the series of moduli. 

fiO on 

Then 2 | and tio 2 ^ converges ; let its sum be 6^ ; then 

rel Ifsl 

I 6i 1 4- 1 I + . . . + 1 I ^ lim K ^ ^ 

iF-»ao 

oe 

and so S convei^es absolutely. Therefore the sum by rows of the double aeries 

exists, and similarly the sum by columns exists ; and the required result then follows from 
Pringsheim’s theorem.] 


Loc. cit. p. 117. 
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Example fi. Shew from first principles that if the terms of an absolutely oonvexgesit 
double series be arranged in the order 

I + (**a. 1 + I + ^ + ^1# ») *** ^ 

this series oonveiges to S» 

2 * 63 . C(tuchy*$ theorem^ on the multiplication of absolutely convergent 
series. 

We shall now shew that if two series 

iS l«i + 1^2 4* Wj -h ... 
and T = Vi + Vg 4* Vs + . . . 

are absolutely oonvergenty then the series 

P ** MiVi + WgVi + UiV^ + 

formed by the products of their terms, written in any order, is absolutely con^^ 
vergent, and kas for sum ST. 

Let + ... + Un, 

Tn^Vi 4 t;84...4 t?n. 

Then ST = Urn Sn lim TV • Hm (S^T,,) 

by example 2 of § 2*2. Now 

SnTn « Wi Vi 4 4 ... 4 W„V| 

4 U 1 V 2 4 WsVg 4 ... 4 WnVa 
4 


4 Wit;n4U2Vn4 ... 4- WnVn. 


But this double series is absolutely convergent; for if these terms are 
replaced by their moduli, the result is <r»T„, where 

“ I 1 4 1 Wg I 4 . . . 4 I Mn 1 , 

T»«|v, |4iVg|4-.. 4|v„|, 

and OnTn is known to have a limit. Therefore, by § 2 ’6 2, if the elements of 
the double series, of which the general term is UmVyi, be taken in any order, 
their sum converges to ST, 


Example, Shew that the series obtained by multiplying the two series 
z ^ 


, 1 1.1. 


and rearranging according to pow’ers of z, converges so long as the representative point of i 
lies in the ring-shaped region bounded by the circles ! « | » 1 and | a ] == 2. 


2 * 6 . Power-Se'i'ie8'\. 

A series of the type 

a^ 4 aiZ 4 4 4 ...» 

in which the coefficients a©, ax, a%, a^, ••• are independent of is call^ a series 
proceeding according to ascending powers of z, or briefly a power^series. 


• Aualyn Aigibriqve, Note vii. 

t The resalts of this seotion are due to Cauehy, Analyze Algthriq^e, Oh. ». 
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We dull now shew that if a potoer-aeriea mnvtrga for any valve of t, 
U will be abaolvtdy convergent for all vaiues of e wkoee repreemvtative points 
are within a circle which passes through x, and has its centre at the origin. 

ao 

For, if s be such a point, we have | r | < | ro | . Now, since 2 a^St^ converges, 

ISiwO 

must tend to zero as n— ^ qo ^ and so we can find M (independent of n) 
such that 

\anZo^\<M. 


Thus 


On^ i< M 


Therefore eveiy term in the series S | | is less than the corresponding 




term in the convergent geometric series 


2 Jtf 
11=0 

the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent series; 
the result stated is therefore established. 

Let lim then, from §2*35, 2 converges absolutely when 

n=0 

ao 

\z\<r\ if \z\>r, a^z^ does not tend to zero and so 2 Onz" diverges (§ 2*3). 

»=o 

The circle | z | = r, which includes all the values of z for which the 
power-series 

Uo + ajZ -f- flgz* + , 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius of convergence. 

In practice there is usually a simpler way of finding r, derived from d’Alembert’s 
test '(§ 2'36) ; r is lim (a»/a^ 4 .i) if this limit exists. 

A power-series may converge for all values of the variable, as happens, for 
instance, in the case of the series* 

•••> 

which represents the function sin z ; in this case the series converges over the 
whole z-plane. 

On the other hand, the radius of convergence of a power-series may be 
zero ; thus in the case of the series 

l + llz + 2!z»-|-3!z*-f4!z^+... 


we have 




‘•n\z\ 


* The series for «*, sin z, oos x and the fundamental properties of these functions and of 
logs wiU he asenmed throughout. A brief account of the theory of the functions is given 
in the Appendiz. 
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which, for ail values of n after some fixed value, is greater than unity when 
z has any value different from zero. The series converges therefore only at 
the point z « 0, and the radius of its circle of convergence vanishes. 

A power-series may or may not converge for points which are actually on 
the periphery of the circle ; thus the series 


z 

^ ^ 3# ■+■***» 


whose radius of convergence is unity, converges or diverges at the point z « 1 
according as s is greater or not greater than unity, as was seen in § 2*33. 


Corollary, If (a^) be a sequence of positive tomis such that lim (o»+i/an) exists, this 
limit is equal to lim 


2*61. Convergence of series derived from a power-series. 

Let Oo -I- ttiZ + OaZ* H- -h a4r* -f . . . 

be a power-series, and consider the series 

Oi + 20*^ -f 3a,2* -h -I- . . 

which is obtained by differentiating the power-series term by term. We 
shall now shew that the derived series has the same circle of convergence cts the 
original series. 

For let « be a point within the circle of convergence of the power-series ; 
and choose a positive number r,, intermediate in value between \ z\ and r the 

QD 

radius of convergence. Then, since the series 2 an^i” converges absolutely, its 

n-O 

terms must tend to zero as n — > oo ; and it must therefore be possible to find a 
positive number M, independent of n, such that | On | < for all values 

of u. 


Then the terms of the 
spending terms of the series 


series 2 n | | U I are less than the corre- 



ri n»i 


n I z 


But this series converges, by § 2*36, since \z\<ri. Therefore, by § 2*34, the 
series 

i »|anl 

OP 

converges ; that is, the series 2 converges absolutely for all points z 

n«l 

situated within the circle of convergence of the orig^l series 2 When 

NmO 

|s|>r, OnS* does not tend to zero, and a fortiori aOnZ* does not tend to 
zero ; and so the two series have the same circle of conveigence. 
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The nriea Z r 
it«o w-fl 


, obtained by integrating the original power-aeries 


term by term, has thd same circle of ocmvergence as 2 a,**. 


2r7, Infinite Products. 

We next consider a class of limits, known as infinite products. 

Let 1 + 02 , 1 + as, 1 + 0 ,, ... be a sequence such that none of its members 
vanish. If, as n ^ ao , the product 

(1 + ai)(l + a,)(l + o,) ... (1 + On) 

(which we denote by Iln) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

n*=(l + a 2 )(l + 0 ,) (1 + 0 ,)..., 

and the product is said to be convergent^. It is almost obvious that a necessary 
condition for convergence is that lim * 0, since lim ny,_i = lim Hn + 0. 

OD 

The limit of the product is written n (1 + a^). 

«=i 


Now 


(1 -f a„) = exp I ^2^ log (1 + o»)| , 


andf exp { lim «„} = lim (exp 

if the former limit exists; hence a sufficient condition that the product 

00 

should converge is that 2 log(l + a„) should converge when the logarithms 

have their principal values. If this series of logarithms converges absolutely, 
the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem : 
in order that the infinite product 

( 1 + 0 ,) (l+a,)(l+a,)... 

may he absolutely convergent, it is necessary and sufficient that the series 

a, + a, + a,+ ... 

should he absolutely convergent 

For, by definition, 11 is absolutely convergent or not according as the 
series 

log(l +aj) + log(l +a,)+ log(l +a,)+ ... 
is absolutely convergent or not 


* The oonvergenoe of the prodact in which » - l/n* was inveitigated by Wallis as earlj 
as 1655. 

t See the Appendix, § A*3. 
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Now, since lim On » 0, we can find m such that, when » > m, | a, | < } ; and 
then 


! a«-* log (1 + a„) - 1 


_ . Oj* ^ , 

2 1 - 3 - ^ 


< 5* + 9i + 


And thence, when n > m, ^ ^ ? ; therefore, by the comparison 

dn 

theorem, the absolute convergence of S log (1 + (in) entails that of Sxtn end 
conversely, provided that On + ~ 1 for any value of n. 

This establishes the result*. 

If, in a product, a finite number of factors vanish, and if, when these are suppressed, 
the resulting product converges, the original product is said to comergt to zero. But such 

to 

a product as n (1 - n is said to diverge to asero. 

Corollarg, Since, if eip (5u)-*>esp it follows firoin §2*41 that the factors 

of an absolutely convergent product can be deranged without affecting the value of the 
product. 

tc to 

Example 1. Shew that if n (1 +a„) converges, so does 2 log (1 4*a,»), if the logarithms 
»=! *1*1 

have their principal values. 

Example 2. Shew that the infinite product 

sin sin^£: 

~e ' It i» 

is absolutely convergent for all values of e. 


[For(sin^)/g) can be written in the form where | X„ \<k and k is inde* 

* X 

jjendent of n ; and the series 2 is absolutely convergent, as is seen on comparing 

n*Bl ^ 

• 1 

it with 2 . The infinite product is therefore absolutely convergent.] 

n*! ^ 


2*71. Some examples of infinite products. 

Consider the infinite product 

(*- 5 ) 

which, as will be proved later (§ 7*5), represents the function sr^ sin s. 

In order to find whether it is absolutely convergent, we must consider the 

* .C® * 1 . » 

series 2 or — 2 this series is absolutely convergent, and so the 

product is absolutely convergent for all values of z. 

Now let the product be written in the form 

* A disoussiou of the oonvergeuoe of infinite products, in which the results are obtained 
without making use of the logarithmic function, is given by Pringsheim, Math, Ann. xxxiii. 
(1869), pp. 119-154, and also by Bromwich, Iti/inite Series, Ob. vi. 

W. M. A. 


3 
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The absolute convetgenoe of this product depends on that of the series 

z z z z 
•tr^ IT 2'jr^27r 


But this series is only conditionally convergent, since its series of moduli 



w 2ir 


111 

2ir 




is divergent. In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ( 1 ± —) is deranged, there is 
a risk of altering the value of the product. 

Lastly, let the same product be written in the form 


in which each of the expressions 


( 


i± 


vmj 


-5 
B ♦»*» 


is counted as a single factor of the infinite product. The absolute convergence 
of this product depends on that of the series of which the (2m — l)th and 
(2m)th terms are 




mirj 


But it is easy to verify that 



z 



and so the absolute convergence of the series in question follows by comparison 
with the series 

i- “t" 1 2* ' 2* ' 8* ”1* 3* ' • • • • 


The infinite product in this last form is therefore again absolutely 

convergent, the adjunction of the fectors having changed the con- 
vergence from conditional to absolute. This result is a particular case of 
the first part of the factor theorem of Weierstrass (§ 7 ’6). 


Example 1. Prove that n ^ absolutely convergent for all values of 

z, if c is a constant other than a negative integer. 

For the infinite product converges absolutely with the series 


2 


{(‘- 4 -.)'=-’) 
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Now the genoral term of this series is 

^ convei^gea, and so, by § 2*34, 2 - ij. oonverges absolutely, 

and therefore the product oonverges absolutely. 

Example 2. Shew that e-nj. converges for all points z situated 

outside a circle whose centre is the origin and radius unity. 

For the infinite product is absolutely convergent provided that the series 

is absolutely convergent. But lim ( 1 — i j ■sc, so the limit of the ratio of the (n+l)th 
term of the series to the nth term is - ; there is therefore absolute convergence when 

<1, Le. when |c|>L 

Example 3. Shew that 

1.2.8... (m-1) 

(«4-l)(z+2)...(c+m- 1) 

tends to a finite limit as iw-«^ao , unless a is a negative integer. 

For the expression can be written as a product of which the nth factor is 

This product is therefore absolutely convei'gent, provided the series 

is absolutely convergent ; and a comparison with the convergent series 2 ^ shews that 

this is the case. When 2 is a negative integer the expression does not exist because one of 
the factors in the denominator vanishes. 


Example 4. Prove that 




— log S . 

» e ^ sin 2 . 


For the given product 


a (l - - sj^) (1 + ,) • • • (1 j ,) (1 2 i») 0 Er) 

»/ , 1 1 1,1 1 1 . 1 \ 
tfir'V ■ “U-l SS**^*/ 


3-2 
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since the product whose factors are 

(-i)' 

is (ibiolutely convergent, and so the order of its factors can be altered. 
Since 

this shews that the given product is equal to 

--logs . 
e » sin z. 


2*8. Infinite Determinants. 

Infinite series and infinite products are not by any means the only 
known cases of limiting processes which can lead to intelligible results. The 
researches of G. W. Hill in the Lunar Theory* brought into notice the 
possibilities of infinite determinants. 

The actual investigation of the convergence is due not to Hill but to Poincar^, Bull, de 
la Soc. Math, ds France.^ Xiv. (1686), p. 87. We shall follow the exposition given b}^ 
H. von Koch, Acta Math. xvi. (1892), p. 217. 

Let be defined for all integer values (positive and negative) of i, A:, 
and denote by 

Dm “ [d as -f-n, 

the determinant fonned of the numbers ... +m); then if, 

as vi-*^cc , the expression D^ tends to a determinate limit i), we shall say 
that the infinite determinant 

-OD...+00 

is convergent and has the value D. If the limit D does not exist, the deter- 
minant in question will be said to be divergent 

The elements An, (where t takes all values), are said to form the principal 
diagonal of the determinant D; the elements (where i is fixed and k 
takes all values), are said to form the row i ; and the elements (where k 
is fixed and i takes all values), are said to form the column k. Any element 
Ait is called a diagonal or a non-diagonal element, according as t « A: or i 5 k. 
The element do,o is called the origin of the determinant. 

2*81. Convergence of an infinite determinant. 

We «hall DOW shew that an infinite determinant converges, provided the prodiuit of the 
diagonal eleynente converges ahsolutely, and the sum of the iiondiagonal elements converges 
absolutely. 

For let the diagonal eletuentH of an infinite determinant /> be denoted by 
and let the non-diagonal elements be denoted by a^, (i^it), so that the determinant is 

* Reprinted in Acta Mathematica, viii. (1880), pp. 1-36. Infinite determinants had previously 
occurred in the researches of Ffirstenau on the algebraic equation of the nth degree, DarsteUung 
der reellen Wurzeln algebraizcher Gleichungen dureh Determinanten der Coejffizienten (Marburg, 
1800). Special types of infinite determinants (known as eontiwuanU) occur in the theory of 
infinite continued fractions ; see Sylvester, Math. Papers, i, p. 604 and in, p. 249 
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... 1 +<*- 1—1 

^10 


Oo-I 

1 + 0(10 


... ai -1 

®10 

1 + 0 ,, ... 


Then, since the series 2 | a« | is oonvergent, the product 

?- S (l+ 2 |aal) 

tae-oD \ / 

18 convergeut. 

Now form the products 

n (1+ 2 Ott), /»*= n (1+ 2 laftl); 

then if, in the expansion of P^t certain terms are replaced by zero and certain other 
terms have their signs changed, we sliall obtain ; thus, to each term in the expansion 
of there corresponds, in the expansion of a. term of equal or greater modulus. 
Now Pfn represents the sum of those terms in the determinant which vanish 

when the numbers ±(«i + l) ... ± (w+jo)} are replaced by zero; and to each of 

these terms there corresponds a term of equal or greater modulus in Pm + p-^m 

Hence I Pn» + p”*Pm I ^Pm + p^Pm* 

Therefore, since tends to a limit as m-^oo, so also tends to a limit. This 
establishes the proposition. 

2*82. The rearrangement Theorem for convergent infinite determinante. 

We shall now shew that a determinant^ of the convergent form alreadg comidered, 
remains convergent when the elements of any row are replaced hy any set of elements whose 
7}iod‘\di are aU less than some fixed positive number. 

Replace, for example, the elements 

m, ... ... w, 

of the row through the origin by the elements 

... 

which satisfy the inequality 

where p is a jjiKisitive number ; and let the new values of fl'Ud D be denoted by 
and P'. Moreover, denote by P^' and P' the products obtained by suppressing in 
Pm P factor corresponding to the index zero ; we see that no terms of DJ can 
have a greater modulus than the corresponding term in the expansion of pP^' ; Aud 
consequently, reasoning as in the last article, we have 

I + I <^pP fM + p^P^wt 

which is sufficient to establish the result stated. 

Example, Shew that the necessary and sufficient condition for the absolute conver- 
gence of the infinite determinant 

lim I 1 ai 0 0 ... 0 

m-»oo I 

/ 9 | 1 02 ^ ^ 

0 /Sg 1 03 ... 0 

0 ... 0 jSm 1 


is that the series 

shall be absolutely convergent 




(von Koch.) 
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Miscellaneous Examples. 


1. Evaluate lim («"""«*'), lim (w”®log7i) when a>0, 5>0, 

n-^cc 

2. Investigate the convergence of 

3. Investigate the conveigenoe of 

I fX-3...2n-l 47^1* 

\ 2.4...2n ‘ 2n + 2j 


(Trinity, 1904.) 


(Peterhouse, 1906.) 


4. Find the range of values of z for which the series 

2 sin*« - 4 sin^ «+8 sin®« — ‘ 2" sin*’^ 

is convergent. 


1 


5. Shew that the series 

z *+l r+2 ^+3 

is conditionally convergent, except for certain exceptional values of z ; but that the series 

L-. * 

Z+P 

(Simon.) 






« + 2f>+y— 1 2/>+g‘^“'* 


x-Hjo + l 

in which (p + ^) negative terras always follow p positive terms, is divergent, 


6. Shew that 

i-4-i+i-i-i+i-- “ilogs- 

7. Shew that the series 

l* + 2^ + 3« + 43+- 

is convergent, although 

8. Shew that the series 

a+/3»+a8 + /3«4-... 

is convergent although 


(Trinity, 1908.) 


(l<«</9) 


(Geshra) 

(0<oO<l) 

(Oeslux).) 
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9. Sh«w that the eeriee 


- +«->)•- 1} 
«-i (*•-!) {**-(l+n-«H 


Gon verges absolutely for all values of f, except the values 

(a=0, 1 ; it—0, 1, ... m— 1 ; w — 1, 2, 3, ...). 

10. Shew that, when «> 1, 

.1, [«• {(« +Tp> ~ 

and shew that the series on the right converges when 0 <s < 1. 

(de la Valine Poussin, de VAcad. de Belgique^ uii. (1896), no. 0.) 

1 1. Id the series whose general term is 

(0<g<l<*) 

where v denotes the number of digits in the expression of n in the ordinary decimal scale 

lim 


of notation, shew that 


and that the series is convergent, although lim 

12. Shew that the series 

^ i + ^ 1* + 4* yi* + ^8* + -h . . . , 

where (0<y<l) 

is convergent, although the ratio of the (n+l)th term to the nth is greater than unity 
when n is not a triangular number. (Ceskro.) 

13. Shew that the series 

« ^wise 

,So(M’ + »)*’ 

where w is and where (w+n)* is understood to mean the logarithm being 

taken in its arithmetic sense, is convergent for all values of s, when 1 (x) is positive, and 
is convergent for values of s whose real part is positive, when is real and not an integer. 

14. If ti«> 0, shew that if Zt^ conveiges, then lim (nnH)*»0i that, if in addition 

then lim (nun)»0. 


16. If 
shew that 


®m. 


_m-n (w+a-l) ! 

ml nl * 


ao.o*0, 

*/® \ « / m \ 

s ( S r ( S o^,) = l. 

^«i0 \»«0 / H-'O \in»0 / 


m»0 

16. B;jr converting the aeriea 

1,8?, IV , 

(in which | ^ | < 1), into a double series, shew that it k equal to 

1+^ 


(w, n>0) 


(Trinity, 1904.) 


(Jacobi.) 
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17. Assuming that sinsvif n ^1-^^^. 

shew that if m^oo and n'^oo in suoh a way that lim (ia/n)nit, where h is finite, then 

lim 5' + 

r— « \ rvj 2 » 

the prime indicating that the factor for which r>mO is omitted. 

18. If Wo=Mi **tt2=*0» and if, when n > 1, 

1 1 ^ 1 


(Math. Trip., 1904.) 


then n (1 4'tc,i) conveigea, though 2 and 2 are divergent. 

nstO MSO »3S0 

19. Prove that 


(Math. Trip., 1906.) 


where Jb is any positive integer, converges absolutely for all values of 2 . 


20. If 2 be a conditionally convergent series of real terms, then n ( 1 4 * 0 ,^) con- 

1«*»1 »a=l 

00 

verges (but not absolutely) or diverges to zero according as 2 converges or diverges. 

Hast 

(Cauchy.) 

OD 

21. Let 2 be an absolutely convergent series. Shew that the infinite determinant 

Most 




(«-4)*-tf* 

-0X 


“ Bfi 


••• 4»-i5r 

4«-tfo 

4^ -Bo 

4*-tf„ 

4>-0o 

-4i (c 


— dj 

— da 

-0B 


2»-tf, 

2 * -00 

2*- do 

2^ -Bo 


-01 

c*-0. 

-0x 

-0t 

■" 0*-do 

0*-do 

0»-4o 

0^-Bo 

o*-do 

-«» 

- 0 , 

-0t 

(c+2)>- 

do “di 

••• 

2*-do 

2*-flo 

2*-flo 

2»-tfo 

-4, 

- ^3 

-0% 

-0x 

(c+4)*-tf. 

- 4*-tf, 

4»-do 

4^- Bo 

4»-0, 

4«-4, 

converges ; and shew that the equation 






A(c)-0 



is equivalent to the equation 






sin^ Jn’C: 

= A(0)Bm*ifrV. 

(Hill 


(HUl ; see § 19-4S.) 



CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

31. Thfe depmdence of one complex number on another. 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another. If z and f are two complex 
numbers, so connected that, if ^ is given any one of a certain set of values, 
corresponding values of ^ can be determined, e.g. if ^ is the square of e, or if 
^ — 1 when z is real and If s 0 for all other values of z, then C is said to be a 
function of z. 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic /unctionality. 

If ( ia a real function of a real variable t, then the relation between f and t, which 
may be written 

can be viaualiaed by a curve in a plane, namely the locus of a point whose coordinates 
referred to rectangular axes in the plane are (r, (). No such simple and convenient 
geometrical method can be found for visualising an equation 

f=/W, 

considered as defining the dependence of one complex number on another 

complex number t=s+iy. A representation strictly analogous to the one already given 
for real variables would require four-dimensional space, since the number of variables 
it tiXty IB now four. 

One suggestion (made by Lie and Weierstrass) is to use a doubly-manifold system of 
lines in the qutidruply-mauifold totality of lines in three-dimensional space. 

Another suggestion is to represent f and ^ seimrately by means of surfaces 

€■={(*, y). 

A third suggestion, due to Hefiter*, is to write 

then draw the surface y) — which may be called the moduiar^'Sur/ace of the 

function — and on it to express the values of ^ by Surface-markiDgB. It might be 
possible to modify this suggestion in various ways by representing d by curves drawn 
on the surface r-»r (ar, y). 

8'2. Continuity of fmctions of real vai^vihles. 

The reader will have a general idea (derived from the graphical represen- 
tation of functions of a real variable) as to what is meant by continuity* 

• ZeitiehHftfilr Math, und Phyt, xlix* (18S9), p. 285. 
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We now have to give a precise definition which shall embody this vague 
idea. 

f(^) be a function of x defined when a ^ ^ ^ 6. 

Let be such that If there exists a number I such that, 

corresponding to an arbitrary positive number e, we can find a positive 
number fi such that 

\f{x) - i I < e, 

whenever | » — | < 17, ® 4= . and a^x^h, then I is called the limit of f{x) 

as o? -►aTj. 

It may happen that we can find a number (even when I does not exist) 
such that \f{x) — I < e when < a: < arj + 17. We call /+ the limit of f{x) 
when X approaches from the right and denote it by f{x<^ + 0) ; in a similar 
manner we define /(«:, — 0) if it exists. 

If f{xi + 0), /(J 7 i), f{xi — 0 ) all exist and are equal, we say that f{x) is 
continvoua at dJi ; so that if f(x) is continuous at then, given s, we can find 
ri such that 

whenever j ay — ! < 17 and a^x ^b. 

If and exist but are unequal, f(x) is said to have an ordinary 
discontinuity^ at ari ; and if Z+ = L + f(^) is ss-id to have a removable 

discontinuity at Xj, 

If f{x) is a complex function of a real variable, and if f{x) = ^ -f i h (a?) 
where y (x) and h (x) are real, the continuity of f(x) at x^ implies the con- 
tinuity of g (x) and of k (x). For when |/(a?) — / (xi) | < e, then | gr (a?) — jr (a?i) | < e 
and I A (ay) — h (a;,) | < e ; and the result stated is obvious. 

Example. From ^ 2'2 examples 1 and 2 deduce that if f{x) and 0(.r) are con> 
tinuous at ari, so are /(a?) ±0 (a-), /(a?) x ^ (ar) and, if (a?i) 4^0, /(ay)/0 (x). 

The popular idea of continuity, so far os it relates to a real variable f{x) depending 
on another real variable x, is somewhat different from that just considered, and may 
perhaps best be expressed by the statement ^*Tbe function f{x) is said to depend con- 
tinuously on :ty if, as jy passes through the set of all values intermediate between any 
two adjacent values xi and x^, f{x) passes through the sot of all values intermediate 
between the corresponding values /(xi) and 

The question thus arises, how far this popular definition is equivalent to the precise 
definition given above. 

Cauchy shewed that if a real function /{x\ of a real variable x, satisfies the precise 
definition, then it also satisfies what we have called the popular definition this result 

^ If a fanetion is said to have ordinary disoontinuities at oartain points of an interval it 
if implied that it is continuous at all other points of the interval. 
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will be proved in $ 8*63. But the oonverse is not true, .as was shewu by Darboux. This 
fact may be illustrated by the following example*. 

Between * 1 and -|- 1 (except at 0). let/(0)-0. 

It can then be proved that/(^) depends continuously on x near in the sense of 
the popular definition, but is not continuous at in the sense of the precise definition. 

Example. If / (;r) be defined and be an increasing function in the range (a, 6), the 
limits /(.r±0) exist at all poirts in the interior of the range. 

[If/(^) be an increasing function, a section of rational numbers can be foimd such 
that, if a, d be any members of its X-class and its i^olass, a </(4r+4) for eveiy positive 
value of A and A >/(^ + A) for some positive value of A. The number defined by this 
section is /(^-f 0).] 

3'21. Simple curves. Continua. 

Let X and y be two real functions of a real variable t which are continuous 
for eveiy value of t such that a ^ f ^ 6. We denote the dependence of x and y 
on t by writing 

X (t), y^y (0- (a $ f C 6) 

The functions x (f), y (t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a<t<b. 

Then the set of points with coordinates (a?, y) corresponding to these values 
of t is called a simple curve. If 

X (a) ^x (6), y(a)^y (6), 
the simple curve is said to be closed. 

Example, The circle y*— 1 is a simple closed curve ; for we may write+ 

:r«iCOB^, y»Bin 

A two-dimensional continuum is a set of points in a plane possessing the 
following two properties : 

(i) If (a?, y) be the Cartesian coordinates of any point of it, a positive 
number B (depending on x and y) can be found such that every point whose 
distance from (a?, y) is less than S belongs to the set. 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set. 

Example. The pointa for which a!*+y*<l form a continuum. For if P be any 
point inside the unit circle such that OP««r<l, we may take A*! - r ; and any two 
points inside the circle may be joined by a straight line lying wholly inside the circle. 

The following two theorems^ will be assumed in this work ; simple cases 
of them appear obvious from geometrical intuitions and, generally, theorems 
of a similar nature will be taken for granted, as formal proofe are usually 
extremely long and difficult. 

* Due to ManeioD, MatheaU^ (2) xix. (1S99), pp. 129-181. 

t For a proof that the sine and oosine are oontinuoue funetioni, see the Appendix, § A *41. 

It Formal proofe wiU be found in Wateonfe Complex Intepration and Cauchy'a Theorem. 
(Cambridge Math. Traots, No. 16.) 
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(I) A simple closed curve divides the plane into two continua (the 
‘ interior ' and the ‘ exterior 

(II) If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Ox increases by ± 2v‘ or by zero, as P describes 
the curve, according as Q is an interior point or an exterior point. If the 
increase .is + 27r, P is said to describe the curve ‘counterclockwise.’ 

A continuum formed by the interior of a simple curve is sometimes called 
an open two-dimensional region, or briefly an open region, and the curve is 
called its boundary, such a continuum with its boundary is then called a 
closed two-di'/nensional region, or briefly a closed region or domain, 

A simple curve is sometimes called a closed one-dimensional region \ a 
simple curve with its end-points omitted is then called an open one-dimensional 
region, 

3*22. Continuous functions of complex variables. 

Let /(^) be a function of z defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let Zi be a point of region. 

Then f{z) is said to be continuous at Zy, if given any positive number e, 
we can find a corresponding positive number rf such that 

l/(^^)-/(^i)i<€> 

whenever | z — r, j < 17 and x is a point of the region. 

3*3. Series of variable terms. Uniformity of convergence. 

Consider the series 

07* ic* a?* 

i (TT^ ■■■ (T+V)’*'^ ■■■■ 

This series converges absolutely (§ 2*33) for all real values of x. 

If ^?n (®) be the sum of n terms, then 

5; («) = 1 + ; 

and so lim i8f„ (d?) 1 + a:* ; (o’ 0) 

but Sn (0) = 0, and therefore lim (0) = 0. 

OD 

Consequently, although the series is an absolutely convergent series of 
pontinuous functions of x, the sum is a discontinuous function of We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelf and WeierstrassJ, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-uniform convergence, which will now be explained. 

* Camb, Phil, Tram, vin. (1847), pp. 638-688. [CoUected Papers, i. pp. 286-818.] 
t MUnchener AbharuUungen, y. (1848), p. 881. 
t Get, Math. Werke, t, pp, 67, 76. 
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Iiet the functions Uj («), ««(«), ... be defined at all points of a closed region 
of the Argand diagram. Let 

8n («)=■ Uj (*)+«, (ir) + ... + Un (r). 

The condition that the series S Un (z) should converge for any particular 
value of z is that, given e, a number n should exist such that 

I ^n+p (^) •“ (*) I < c 

for all positive values of p, the value of n of course depending on e. 

Let n have the smallest integer value for which the condition is satisfied. 
This integer will in general depend on the particular value of z which has 
been selected for consideration. We denote this dependence by writing 
?? (z) in place of n. Now it may happen that we can find a number N, 
INDEPENDENT OF Z, SUch that 

n{z)<N 

for all valijes of z in the region under consideration. 

If this number N exists, the series is said to converge uniformly 
throughout the region. 

If no such number N exists, the convergence is said to be non-uniform 

Uniformity of convergence is thus a property depending on a whole set of 
values of x, whereas previously we have considered the convergence of a series 
for various particular values of Zy the convergence for each value being con- 
sidered without reference to the other values. 

We define the phrase 'uniformity of convergence near a point z* to mean 
that there is a definite positive number S such that the series converges 
uniformly in the domain common to the circle | z — i ^ S and the region in 
^hich the series convei-ges. 

3*31. On the condition for uniformity of convergence^. 

If {z) » Un+i {z) -h (5^) + . .. + {^)» we have seen that the 

CD 

necessary and sufficient condition that 2 t/n (^) should converge uniformly 

««! 

in a region is that, given any positive number e, it should be possible to 
choose N independent of z (but depending on e) such that 

l^w.i.(^)l<e 

for ALL positive integral values of jt?. 

*. The reader who ui unacquainted with the concept of uniformity of convergence will tiud it 
made much clearer by oonsulting Broinwioh, Serie»y Oh. vii, where an illuminating 

account of Osgood’s graphical investigation is given. 

t This section shews that it is indifferent whether uniformity of convergence is dchned by 
means of the partial remainder H^p(») or by Writers differ in the definition taken 

as fuudamental. 
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If the condition is satisfied, by § 2'22, Sn(e) tends to a limit, iS(«), say for 
each value of t under consideration; and then, since < is independent of p, 

I { lim JSjf,p (e)} I e, 

and therefore, when n>N, 

8 (e) - jS, (e) - { lim Bjr. , (^)} - Rh, —x («). 

J9 00 

and so \S(z)-‘ («) | < 26. 

Thus (writing Je for e) a necessary condition for uniformity of convergence 
is that \S(z)-- Sn (^) I < ^ > whenever n>N and N is independent of z ; the 
condition is also sufficient \ for if it is satisfied it follows as in § 2'22 (I) 
that I R^^p{z) I < 2€, which, by definition, is the condition for uniformity. 


Exaijhple 1. Shew that, if ^ be real, the sum of the series 


if, j iff 

(j;+l)(2«+l) 


+ ... + , 


i + ... 


is discontinuous at and the series is Don>uniformly convergent near x^O, 

1 


The Btim of the first n terms is easily seen to be 1 ^ ; so when a7»0 the 

nx-^l * 

sum is 0; when x^O^ the sum is 1, 

The value of R^{x)>=^8{x)^Sf^{x) is If so when x is small, say 

x»one-hundred-milljouth, the remainder after a million terms is -y— — or 

the first million terms of the series do not contribute one per cent, of the sum. And in 
general, to make — j < c, it is necessary to take 

Oon’eaponding to a given #, no number N exists, independent of a?, such that ^ for 
all values of x in any interval including ;r=0 ; for by taking x sufficiently small we can 
make n greater than any number N which is independent of x. There is therefore non- 
uniform convergence near x^Q. 


Example 2. Discuss the series 


x{n (n-H) j?* — 1} 


nil {l+7t»A’*}{l + (n+l)*xJ«}* 
(n-fl) X 


in which x is real. 

The nth term can be written so and 

(ra4>l) X 


[Note. In this example the sum of the series is not discontinuous at 4 r» 0 .] 

But (taking €<i, and J7+0), | I <« if 1) | | < 1 + ; i.o. if 

»+ 1 > I X I*”* or n+1 < Ixl*'. 
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Now it is not the oaee that the second inequality is satisfied for all values of n ffrMer 
than a certain value and for all values of x ; and the first inequality gives a value of 
n (x) which tends to infinity as x-^0 ; so that, corresponding to any interval containing the 
point there is no number independent of x. The series, therefore, is non-uniformly 
convergent near x^O. 

The reader wiU observe that n{x) is disoontinuous at a;«0; for n{x)-^vD as 
but »(0)«0. 

3*32. Cmmscwn of discontinuity with non-uniform convergence. 

We shall now shew that if a series of continuous functions of z is uniformly 
convergent for all values of z in a given closed domain, the sum is a continuous 
function of z at all points of the domain. 

For let the series be f^z) « w, ( 2 :) + «* («^) + . . . + Wn (^) + • • • * Sn W + -Rn {t)> 
where {z) is the remainder after n terms. 

Since the series is uniformly convergent, given any positive number c, we 
can find a corresponding integer n independent of z, such that | iZn (^) | < | € 
for all values of z within the domain. 

Now n and e being thus fixed, we can, on account of the continuity of 
Sn (z), find a positive number ff such that 

whenever \ z ^ z' \ < ij. 

We have then 

1 / W -/(^') I » I 5n (^) ~ (/) + Rn w -- Rn (z) | 

< ! s„(z)-s„(«') I + 1 I + 1 ! 

< e, 

which is the condition for continuity at z. 

Example 1. Shew that near the series 

i 

whore WiW***^) 

and real values of x are concerned, is discontinuous and non- uniformly convergent. 

In this example it is convenient to take a slightly different form of the test ; we shall 
shew that, given an arbitrarily small number #, it is possible to choose values of x, as 
small as we please, depending on n in such a way that | (^) | is not less than « for any 

value of n, no matter how large. The reader will easily see that the existence of such 
values of x is inconsistent with the condition for uniformity of convergence. 

The value of S^(x) is ; as n tends to infinity, (^) tends to 1, 0, or - 1, accord- 
ing as is positive, zero, or negative. The series is therefore absolutely convergent for all 
values of x^ and has a discontinuity at 
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1 

In this series (jr) 1 (x> 0) ; however great n may be, by taking* 

we can cause this remainder to take the value 1 — which is not arbitrarily small. The 
series is therefore non -uniformly convergent near jtbO. 


Example 2. Shew that near the series 


2 


nZi + 

is non-uniformly convergent and its sum is disoontinuoua 
The nth term can be written 

l-(l+^)* 1 

l+(l + 4?)» l-KH-r)— 

1 — ( 1 -f- z)* 

so the sum of the first n terms is • Thus, considering real values of z greater 

than ~ 1, it is seen that the sum to infinity is 1, 0, or — 1, according as « is negative, zero, 
or positive. There is thus a discontinuity at This discontinuity is explained by the 

fact that the scries is non-uniformly convergent near ; for the remainder after n terms 
in the series when z is positive is 


l-l-(l-fz)«’ 

and, however great n may be, by taking this can Ims made numerically greater 

2 

than j-”> which is not arbitrarily small. The series is therefore non-uniformly con- 
vergent near 2««0. 


3'3S. The distinction between absolute and xiniform convergence. 

The uniform convergence of a series in a domain does not necessitate 
its absolute convergence at any points of the domain^ nor conversely. Thus 


the series 2 pi converges absolutely, but (near z^O) not uniformly ; 

(1 + ^ ) 

while in the case of the series 


the series of moduli is 


2 (-)-* 


Zx\n^ z'^y 


which is divergent, so the series is only conulitionally convergent \ but for all 
real values of z, the terms of the series are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n + 1) terms, and so the remainder after 
n terms is numerically less than the nth term. Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number 6, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms* 

* This value of x eatiefies the condition | x | < S whenever 2a ^ 1 > log 
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Uniformly convergent eeries behave like series with a finite number of 
terms in that they are continuous if each term in the series is continuous 
and (as we shall see) the series can then be integrated term by term. 

8’84. A condition, due to Weieretrase*, for uniform convergence. 

A sufficient, though not neceeeary, condition for the uniform convergence 
of a series may be enunciated as follows : — 

If, for all values of z within a domain, the moduli of the terms of a series 

+ ... 

are respectively less than the corresponding terms in a convergent series 
of positive terms 

T Ml 4" M% + 4" . . ., 

where Mn is INDEPENDENT OF z, then the series S is uniformly convergent in 
this region. This follows from the fact that, the series T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of 8, is less than an assigned positive number e ; and since the value of n 
thus found is independent of z, it follows (§ 3*31) that the series S is uni- 
formly convergent ; by § 2*34, the series 8 also converges absolutely. 

Example. The aeries 

008 * oo8*« + ^ cos* *+ ... 

is uniforml^r oonvergent for all real values of because the moduli of its terms are not 
greater thau the oorreaponding terms of the oouvergent seriea 

whose terras are positive constants. 

3*341. l^mformity of convergence of infinite products f. 

A convergent product n {1 + (s)} is said to converge uniformly in a domain of values 

««■! 

of z if, given we can find m independent of z such that 

"n" {!+«,(/)}- n {14* »»,(«)} <f 

uni «»1 

for all positive integral values of p. 

The only condition for uniformity of convergence which will be used in this work 
is that the product converges uniformly if | Un («) | < if, where Mn is independent of z and 

•D 

2 converges. 

* Abkandlungen muz der Funktioneniehre, p. 70. The test given by this condition is usually 
deseribed (e.g- by Osgood, Annalz of Mmthemmtiez, m. (1989), p. 180) as the M-test. 

t The definition is, effectively, that given by Osgood, Funktioneniheorie, p, 469. The condition 
here given for uniformity of oonvergenoe is also established in that work. 


w. M.A. 


4 
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To prove the validity of the condition we observe that n (l<f if^) converges (§ S'7), 

n»l 

and so we can choose m such that 


n {i + lf,}- n 


and then we have 

«+p m m r iis+p “1 I 

n {i+w*W}- n {1+i^W} n {!+!£* ( 2 )} n {i+fi»(f)}-i 
H-l »-l 11*1 L »-•»+! J I 

<n(i+jwr"n’ {1+ir.j-il 

nml L J 

<»> 

and the choice of m is independent of 2 . 

3*36. ffardy't tests for um/orm confer 

The reader will see, from § 2*31, that if, in a given domain, | S On (0 where a„( 2 ) 

is real and i is finite and independent of p and 2 , and if /nW>/» + iW and/n( 2)-^0 
00 

unifomdy as n oo , then 2 a» ( 2 ) f^(t) converges uniformly. 

11*1 

Also that if 

m 00 

where h is indep&ndeni of z and 2 0 ^( 2 ) converges uniformly, then 2 On(2)w»W con- 

««! Hasl 

veiges uniformly. [To prove the latter, observe that m can he found such that 
are numerically less than s\k ; and therefore (§ 2*301) 

«+p 

, s »«(*)««(*) <fltm+l (*)/*<». 
and the choice of c and m is independent 0 / 2 .] 

Example 1. Shew that, if 3 >0, the series 

• cosn^ * sinn^ 

2 2 

i-i « n«l » 

converge uniformly in the range 

3<d<2fr-a. 

Obtain the corresponding result for the series 


2 

n«l 


( - )** 008 n B 
n ’ 


2 

fOel 


( — )" sin nB 


by writing for $, 

CO 

Example 2, If, when a^x^by | «,i ( 2 ?) | < and 2 | an+i ( 2 ?)— | where 

nxil 

kyy are independent of n and Xy and if 2 a„ is a convergent series independent of Xy 

fi»i 


then 2 a^e^^ (x) oonveiges uniformly when a ^x^ b. 


(Hardy.) 


* Proe. London Math. 8oe. (2) iv. (1907), pp. 247-265. These results, whioh are generalisa- 
tions of Abel’s theorem (§ 8-71, below), thongh well known, do not appear to have been published 
before 1907. From their resemblanoe to the tests of Diriohlet and Abd for oonveigenee, 
Bromwieh proposes to call them Diriohlet’s and Abel’s tests reqseotively. 
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[For we can ohooee 9ii> independent of x, such that 2 < C| and then, by g S*201 


coroUazy, we have i' aii«»(^) <(^i+^)«-] 

I 

3*4. Discussion of a particular double sei'ies. 

Let »i and be any constants whose ratio is not purely real; and let 
a be positive. 

1 


The series S 


in which the summation extends over 


„ (s + 2wo)i + 2n<»a)* ' 

all positive and negative integral and zero values of m and n, is of great 
importance in the theory of Elliptic Functions. At each of the points 
2 — 2mfi>i — 2no>a the series does not exist. It can be shewn that the series 

convolves absolutely for all other values of 2 if a > 2, and the convergence is 
uniform for those values of z such that | z + 2mck>i + 2nQ>s \^S for all integral 
values of m and w, where S is an arbitrary positive number. 

Let 2' denote a summation for all integral values of m and n, the term for 
which m = w = 0 being omitted. 

Now, if m and n are not both zero, and if | z + 2ma>i + 2nco2 i ^ S > 0 for 
all integral values of m and n, then we can find a positive number C, de- 
pending on S but not on z, such that 

< C 1 

(z + 2mo>i 4* 2«a)t)'* {2ma>i + 2n(o^ 

Consequently, by § 3*34, the given series is absolutely and uniformly* 
convergent in the domain considered if 

L 

I woi, 4- 710* I * 

converges. 

To discuss the convergence of the latter series, let 
Oi ■■ ofi 4- ifii , a>2 “ a* + 

where Uj, Oa, A, A are real Since o,/oj is not real, A - a,/8, + 0. Then 
the series is 

2' \ ^ 

{(oiWi + o,n)* + (/9 ,to + /8,n)*}*“ 

This converges (§ 2*6 corollary) if the series 

-s-s' — I- 
(m* -h n*)» 

converges ; for the quotient of corresponding terms is 

\ 1+/*’ J ’ 

* The reeder will eesily define oniformi^ of oonvergenee of doable aeries (see $ 8'6). 

4—2 
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i^ere This expression, qua function of a continuous real variable fi, 

can be proved to have a positive minimum* (not zero) since ai$t — thfii ’f 0 ; 
and so the quotient is always greater than a positive number K (independent 

of^)- 

We have therefore only to study the convergence of the series &. Let 


-S, 


'r.9 



i' 

»- -9 (m* + »*)*“’ 


;4 2 2' 


m =0 »=0 ( to * + n *)^“ 

Separating into the terms for which m == n, m. > n, and m < n, re- 
spectively, we have 






I 3s 2 j- + S 2 4* 2 2 7” . 

««i «n«i n-o (m* + »i*o (w* -f n*)** 


But 

Therefore 


*— 1 
2 


m 


««o (m> + 

* 1 *1 * 1 

iS^ 2 + 2 — + 2 

m*l 2® Wt* ma*l 771* * n*in* ^ 


But these last series are known to be cjouvergent if a — 1 > 1. So the series S 
is convergent if a > 2, The original series is therefore absolutely and uni- 
formly convergent, when a > 2, for the specified range of values of z. 

Example, Prove that the series 

s , 

(mj* + m2* + . . . 4- 

in whioh the summation extends over all positive and n<^ative integral values and zero 
values of mi, m 2 , ...m,., except the set of simultaneous zero values, is absolutely convei'gent 
if ti>ir. (Eisenstein, Journal fUr Math, xxxv.) 


3*6. The concept of uniformity. 

There are processes other than that of summing a series in which the idea 
of uniformity is of importance. 

Let € be an arbitrary positive number; and let f{z, f) be a function of 
two variables z and (T* which, for each point z of a closed region, satisfies the 
inequality lf(z, f) | < e when f is given any one of a certain set of values 
which will be denoted by ( ^g ) ; the particular set of values of course depends 
on the particular value of z under consideration. If a set can be found 
such that every member of the set (C)o is member of all the sets the 
function f(z, f) is said to satisfy the inequality uniformly for all points z of 

* The reader wiU find no difficolty in verifying this statement; the minimum value in 
question is given by 

A‘/*=i [«,* + a,*+/J,* + A‘- l(«i-A)*+(«»+ft)*}* + 
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the region. And if a function ^ («) possesses some property, for every positive 
value of e, in virtue of the inequality t) | < e> ^ (s) is then said to posaeaa 
the property uniformly. 

In addition to the uniforniity of convergence of aeries and products, we shall have 
to consider uniformity of convergence of integrals and also uniformity of continuity ; thus 
a series is uniformly convergent when \Rn(z)\<t^ f(«n) assuming integer values in- 
dependent of z only. 

Further, a function /(s) is continuous in a closed region if^ given c, we can find a 
positive number such that |/(s + f.) — /(«) | < < whenever 

o<|i;|<i7, 

and « + is a point of the region. 

The function will be uniformly continuous if we can find a positive number 17 indo- 
pendent of r, such that i;<i 7 , and |/(«+f)— /(«) | <€ whenever 

0<|f|<i7 

and is a point of the region, (in this case the set (Oo the set of points whose 
moduli are less than 17 ). 

We shall find later (§ 3*61) that continuity involves uniformity of continuity ; this is 
in marked contradistinction to the fact that convergence does not involve uniformity 
of convergence. 

3*6. Thfi modified Heine-Borel theorem. 

The following theorem is of great importance in connexion with properties 
of uniformity ; we give a proof for a one-dimensional closed region 

Given (i) a straight line CD and (ii) a law hy which, corresponding to 
each point\ P of CD, we can determine a closed interval I{P) of CD, P being 
an interiorX point of I (P). 

Then the line CD can be divided into a finite number of closed intervals 
J*!, Je, ... Jjc, such that each interval Jr contains at least one point (not an end 
point) Pry smh that no point of Jr lies outside the intei'val /(Pr) associated 
{by means of the given law) with that point Pr§. 

A closed interval of the nature just described will be called a suitable 
interval, and will be said to satisfy condition {A). 

If CD satisfies condition (A), what is required is proved. If not, bisect CD ; 
if either or both of the intervals into which CD is divided is not suitable, 
bisect it or them|l. 

* A formal proof of the theorem for a two-dimenuonal region will be found in Watson’s 
Complex Integration and Cauchy's Theorem (Camb. Math. Tracts, No. 15). 

t Examples of such laws associating intervals with points will be found in §§ 8*61, 5*13. 

t Except when P is at C or Z), when it is an end point. 

§ This statement of the Heine-Borel theorem (which is sometimes called the Borel-Lebesgue 
theorem) is due to Baker, Proo, London Math, Soc. ( 8 ) i. (1904), p. 24. Hobson, The Theory irf 
PufietUmt of a Beal Variable (1907), p. 87, points out that the theorem is practically given in 
Gtoursat’s proof of Cauchy*! theorem (Trane, American Math, Soe, u (1900), p. 14) ; the ordinary 
form of the Heine* Borel theorem will be found in the treatise cited. 

I) A suitable interval is not to be bUeoted; for one of the parts into which it is divided 
might not be suitabie. 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not. If it does terminate, the theorem is proved, for CD 
will have been divided into suitable intervals. 

Suppose that the process does not terminate ; and let an interval, which 
can be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition (B). 

Then, by hypothesis, CD does not satisfy condition (JB) ; therefore at least 
one of the bisected portions of CD does not satisfy condition {B). Take that 
one which does not (if neither satisfies condition {B) take the left-hand one) ; 
bisect it and select that bisected part which does not satisfy condition {B), 
This process of bisection and selection gives an unending sequence of intervals 
So, Si, Sg, ... such that: 

(i) The length of Sn is 2“*(72). 

(ii) No point of is outside Sn- 

(iii) The interval does not satisfy condition (.d). 

Let the distances of the end points of Sn irom C he Xn, Vn ’9 then 

< Vn+i^yn^ Therefore, by § 2-2, a?„ and have limits ; and, by the 
condition (i) above, these limits are the same, say ^ ; let Q be the point whose 
distance from C is f. But, by hjrpothesis, there is a number Bq such that 
eveiy point of CD, whose distance from Q is less than Bq, is a point of the 
associated interval /(Q). Choose n so large that ir^CD< Bq ; then Q is an 
internal point or end point of Sn and the distance of every point of 8 n from 
Q is less than Bq. And therefore the interval Sn satisfies condition (A), which 
is contrary to condition (iii) above. The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction ; 
therefore the process does terminate and the theorem is proved. 

In the two-dimensional form of the theorem*, the interval CD is replaced by a closed 
two-dimensional region, the interval I{P) by a circlet with centre P, and the interval 
t/f. by a square with sides parallel to the axes. 

3*61. Uniformity of continuity. 

From the theorem just proved, it follows without difficulty that if a 
function f{x) of a real variable x is continuous when a^x^b, then f(x) 
is uniformly continuous^ throughout the range a^x^b. 

For let € be an arbitrary positive number; then, in virtue of the con- 
tinuity of f(x), corresponding to any value of x, we can find a positive 
number depending on x, such that 

\/W)-/iw)\<\e 

for all values of a/ such that | a?' — a? | < S** 

* The reader will see that a proof may be oonatnioted on similar lines by drawing a square 
ciroumsoribing the region and carrying out a process of dividing squares into four equal squares. 

t Or the portion of the circle which lies inside the region. 

X This result is due to Heine; see Journal fUr Math. nzxz. (1870), p. 861, and lzziv. (1878), 
p. 188. 



3*6 1 , S *62] CONTINUOUS FUNCTIONS AND UNIFOEM CON VBRGSNCB 55 

Then by § 3'6 we can divide the range (a, b) into a findte number of eloeed 
intervals with the property that in each interval there is a number Wi such 

that I /(a?') — /(«i) I < j V, whenever a/ lies in the interval in which Wi lies. 

Let So be the length of the smallest of these intervals ; and let f ^ be 
any two numbers in the closed range (a, b) such that | f | < S#. Then 
(, ^ lie in the same or in adjacent intervals ; if they lie in adjacent intervals 
let fo be the common end point. Then we can find numbers Xi^ one in 
each interval, such that 

!/(?)-/(*.) I <je. 

i/(r)-/(«.) i< 5*. i/(f.) I < 5 e. 

so that 

i/(f) -/(f) I - 1 [m -/(*.)} - {/(ft) -/(«.)} 

- i/(f ) -M\ + {/(f.) -/(*.)} I 

<e. 

iff.r lie in the same interval, we can prove similarly that 

In either case we have shewn that, for wny number f in the range, 
we have 

l/(f)-/(f+0l<6 

whenever f 4- f is in the range and — So < f < where Sq is independent of f. 

The uniformity of the continuity is therefore established. 

Corollary (i). From the two-dimensional form of the theorem of § 3*6 we can prove 
that a function of a complex variable, oontinuous at all points of a closed ro^on of the 
Argand diagram, is uniformly continuous throughout that region. 

Corollary (ii). A function f{x) which is continuous throxighout the range a^x^b is 
hounded in the range ; that is to say we can find a number k independent of x such that 
I /(•ip) I < K for all points x in the ranga 

[Let n be the number of parts into which the range is divided. 

Let a, (i, ^ 2 ? fn-iy ^ ^ their end points ; then if x be any point of .the rth interval 
we can find numbers d?], J72y ••• ^ooh that 

l/(«)-/(4^.)l<i», l/(4.-.)-/(fl)|<l., |/(6)-/(^.)l<i«, 

... |/{*._i)-/WI<i*- 

Therefore | /(a)-/(j7) |< and so 

l/(*)l<!/(®)l+4»*. 

which is the required result, since the right-hand side is independent of j?.] 

The corresponding theorem for functions of complex variables is left to the reader. 

3*62. A real function, of a real variable, continuom in a eloeed interval, 
attains its upper hound, 

Let /(dr) be a real continuous function of x when a^x^h. Form a 
section in which the iZ-class consists of those numbers r such that r>f{x) 
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for all values of ^ in the range (a, b\ and the Z-cIass of all other numbers. 
This section defines a number a such that /(A7)<a, but, if S be any positive 
number, values of w in the range exist such that /(x) > a — Then a is 
called the upper bound of f(x); and the theorem states that a number of 
in the range can be found such that / (^) a* a. 

For, no matter how small S may be, we can find values of a: for which 
I /(a?) — a ; therefore | (/ (a?) - a] is not bounded in the range ; 

therefore (§ 8*61 cor. (ii)) it is not continuous at some point or points of the 
range; but since — a| is continuous at all points of the range, its re- 
ciprocal is continuous at all points of the range (§ 3*2 example) except 
those points at which /(a?) =* a ; therefore /(a?) = a at some point of the 
range ; the theorem is therefore proved. 

Corollary (i). The lower bound of a continuous function may be defined 
in a similar manner ; and a continuous function attains its lower bound. 

Corollary (ii). If f{z) be a function of a complex variable continuous in 
a closed region, \f{z) | attains its upper bound. 

3*63. A real function, of a real variable, continuous in a closed interval, 
attains all values between its upper and lower bounds. 

Let if, ui be the upper and lower bounds of f{x ) ; then we can find numbers 
s5# by § 3*62, such that /(«) « M,f{x) *= m ; let ^ be any number such that 
m< p< M. Given any positive number e, we can (by § 3*61) divide the range 
{x, ») into a finite number, r, of closed intervals such that 

where x^^'^ are any points of the rth interval; take xj^^^ to be 
the end points of the interval ; then there is at least one of the intervals 
for which — y, have opposite signs ; and since 

I “Ml - “ Ml I < €* 

it follows that | / (ic,<*'») — /a | < e. 

Since we can find a number to satisfy this inequality for all values 
of €, no matter how small, the lower bound of the function | f{x) — ^ | is 
zero ; since this is a continuous function of x, it follows from § 3*62 cor. (i) 
that /(a?) — /ii vanishes for some value of x. 

3*64. The fluctuation of a function of a real variable^. 

Lefc/{«^) be a real bounded function, defined when a^x^b. Let 

^Xn^b. 

Then I /(a) ^f{x,) | + | f{x,) ^f(x,) | -h . . . + i /(^n) -/(6) | ia called the 
fluctuation of f{x) in the range (a, 6) for the set of subdivisions Xy,x^, ... 

* Th« terminology of thia section is partly that ot Hobson, The Theory of Funetione of a Beal 
Variable (1907) and partly that of Young, The Theory of 8eU of Points (1906). 
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If the flactuation have an upper bound independent of n, for all choices of 
«i, 0 -,, ... then f(x) is said to have limited total fluatuation in the range 
(a, 6). F^ is called the total fltustuaUon in the rtmge. 

Example 1. If f{x) be monotonic* in the range (a, &), its total fluctuation in the range 
is \f{a)^f{h)\. 

Example 2. A fimotion with limited total fluctuation can be expressed as the difier- 
enoe of two positive increasing monotonic functions. 

[These functions may be taken to be ^ i /(^)}0 

Example 3. If f(x) have limited total fluctuation in the range (a, h\ then the limits 
f{x±0) exist at all points in the interior of the range. [See § 3*2 example.] 

Example 4. If f{x\ g{x) have limited total fluctuation in the range (a, b) so has 
f{x)g{x), 

[For \f{^) 9 {if)-f{x)g{x)\^\f(af)\.\g{af)-g{x)\-^\g{x)\.\f (af) -f {x) 1 , 

and so the total fluctuation of f(x)g{x) cannot exceed where f,gBie the 

upper bounds of \f(x) |, 1^(a*) |,] 

3‘7. Uniformity of convergence of power aeries. 

Let the power series 

Oo + ObiZ 4- ... 4* + ... 

converge absolutely when z = z^. 

Then, if |i;| 1 a„«" | « | |. 

K) Op 

But since 2 | | converges, it follows, by § 3’34, that 2 0 ^^** converges 

uniformly with regard to the variable z when | | ^ | | . 

Hence, by^§ 3‘32, a power series is a continuous function of the variable 
throughout the closed region formed by the interior and boundary of any 
circle concentric with the circle of convergence and of smaller radius (§ 2*6). 

3*71. AbeVs theorem^ on continuity up to the circle of convergence. 

OD 

Let 2 a^z^ be a power series, whose radius of convergence is unity, and 
00 

let it be such that 2 a„ converges; and let ; then Abel’s theorem 

naxo 

asserts that lim ( 2 * 2 a„. 

a :-*-! \ fi *0 / ««0 

For, with the notation of § 3*35, the function satisfies the conditions 

oo 

laid on Un{x), when consequently /(«)=* 2 anZ^ converges uni- 

* The fimotion is monotonio if {/{x)-/{x^))l{x-z') is one*fiigned or sero for all pairs of 
different valoes of x and x\ 

t Journal fiir Math. t. (1S3S), pp. 311-889, Theorem iv. AbePs proof employs directly the 
arguments by which the theorems of § 8*82 and | 8*85 are proved. In the case when S | an | 
oouveiges, the theorem is obvious from § 3*7. 
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formly throughout the range 0 < < 1 ; it is therefore, by § 8'32, a continuous 
functi<»i of m throughout the range, and so lim /(«)■• /(I), which is the 

• ♦l-O 

theorem stated. 


3'72. AbePs theorem'^ on multiplication of series. 

This is a modification of the theorem of § 2'5S for absolutely convergent 
series. 

I^et Cfi a^bf^ •4" Oib^^i + . . . “f* Oy^b^. 

Ob 00 00 

Thm the convergence of X On, X bn and X Cn is a sufficient condition that 

MhO iibO ft»0 

( 2 a„) ( i i,) - 2 c«. 

\fi*0 / VnokO / «»0 

For, let 

A{x)^ 2 a„«“, B(ar)— 2 i*®", (?(*)■« 2 

*1*0 

Then the series for A(x\ B(x), C(x) are absolutely convergent when 
I a? I < 1, (§ 2*6) ; and consequently, by § 2*53, 

A (x)B(x)—C(x) 

when 0 < a? < 1 ; therefore, by § 2*2 example 2, 

{ Urn A(x)}{ lim B(x)}^{ lim Cix)\ 

provided that these three limits exist; but, by § 3*71, these three limits are 
«0 00 

X On, X bn, X Cn ; and the theorem is proved. 

n»0 n^O i»mO 

3*73. Power series which vanish identically. 

If a convergent power series vanishes for all values of z such that | ^ | 
fdhere r^ > 0, then all the coefficients in the power series vanish. 

For, if not, let be the first coefficient which does not vanish. 

Then + + vanishes for all values of z (zero excepted) 

and converges absolutely when | j < r < rj ; hence, if s *= a^^., 4* Om^z + we 
have 

I 5 I ^ i I I 

n^\ 

and so we can find f a positive number S^r such that, whenever | z | ^ S, 

I ®m+i ^ ■ I ^ 2 I I * 

and then i Om + « | ^ | | — | s | > ^ I |, and so | + « | + 0 when | z j < 3. 


* Jawmal fUr Math. i. (1826), pp. 311-389, Theorem vi. This is Abel's original proof. In 
some text-books a more elaborate proof, by the use of Ceskro's earns (§ 8*48), is given, 

m 

t It is Buffioient to take 3 to be the smaller of the nnmbers r and i | 2 | 

HMl 
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We have therefore arrived at a contradictioD suppoeing that some 
coefficient does not vanish. Therefore all the ooeffidents vanish. 

CotoUary 1. We may * equate coireepoiiding ooeffioienie* in two power eer&es whoee 
mroB ore equal throughout the r^on | z |<d, where b >0. 

Corollary 2. We may alao equate ooeffioiente in two power series which are proved 
equal only when z is real. 
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Miscellaneous Examples. 


l. Shew that the aeries 


is equal to 


:ii(l-**)(l~r^*i) 
^ 


^ ^ when I z I < 1 and ia equal to ; when | * | > 1. 


la this fact connected with the theory of uniform convergence ? 


2. Shew that the series 

28inl+4sinl+.,.+2-Bin^+... 

converges absolutely for all values of z (mO excepted), but does not converge uniformly 
near zm^O. 

8. If 

SD 

shew that S Uh (x) does not converge uniformly near xmiO, (Math. Trip., 1907.) 


4. 


by Abel*8 rule) 


is divergent. 


1 

'Ti' 


V2 


Shew that the aeries -jr ~ "To + convergent, but that its square (formed 




5. If the convergent series ^ + — ^ multiplied by itself 


the terms of the product being arranged as in Abel’s result, shew that the resulting series 
diverges if r 4 ; J but converges to the sum r* if r > (Cauiohy and C^jori.) 
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6. If the two oouditlone^ly convergent eeries 




and 2 




•»1 W H^l «■ 

where r and t lie between 0 and 1, be multiplied together, and the product arranged as in 
Abel’s leeult, shew that the necessary and sufficient condition for the convergence of the 
resulting series is r+ol. (C^ori.) 


7. Shew that if the series + 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting series converges. (Ciyori.) 


8. Shew that the jth power of the series 

ai sin d+oa sin 2d+... +ansin »d+... 

is convergent whenever g{l — r)< 1| r being the greatest number satisfying the relation 
for all values of n. 

9. Shew that if d is not equal to 0 or a multiple of 2ir, and if Wi, «a» ••• be a 

sequence such that steadily, then the series 2u,| cos («d+o) is convergent. 

Shew also that, if the limit of is not zero, but m„ is still monotonic, the sura of the 
d d 

series is oscillatoiy if ^ is rational but that, if - is irrational the sum may have any value 
between certain bounds whose difference is a cosec Jd, where a* lira u„. 

n-^oo 

(Math. Trip., 1896.) 



CHAPTER IV 


THE THEOBY OF RIEMANN INTEGRATION 

4* * * § 1. The c<moept of integration. 

The reader is doubtless £ELmiliar with the idea of integration as the 
operation inverse to that of differentiation ; and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions. In order therefore to give 
a definition of the integral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function is the differential coefficient, we have recourse to the result that the 
integral* of /{a) between the limits a and h is the area bounded by the 
curve y =f («), the axis of x and the ordinates or « a, A We proceed to 
fiame a formal definition of integration with this idea as the starting-point. 

4*11. Upper and lower integrals^. 

Let fix) be a bounded function of x in the range (a, 6). Divide the 
interval at the points Xi, x^, ... x^^^ (a ^ ^ ^ Xn^i ^ b). Let U, L he 
the bounds of fix) in the range (a, 6), and let Ur, Lr be the bounds of f (a?) 
in the range (iCr-i, ^r), where x^ * a, b. 

Consider the sums| 

Sfi » Ui ixi — a) + U2 (^t ““ + . . . + Un (f> — ^11—1)1 

Sn “ A i^\ — a) + Xa (J3 b — a?i) 4- . .. + Xn (6 — 

Then U ih-^ a)> Sn> Sn> Lib - a). 

For a given n, Sn and Sn bounded functions of x^, x^, ,,, x^^. Let 
their lower and upper boundsg respectively be Sn, in, so that Sn, in depend 
only on n and on the form of fix), and not on the particular way of dividing 
the interval into n parts. 

* Defined ae the (elementary) function whose differential coefficient is / (jr). 

t The following procedure for eetabliehing ezistenoe theorems concerning integrals is based 
on that given by Gouraat, Cour* Analyte, i. Ch. iv. The concepts of upper and lower integrals 
are due to Darboux, Ann, de VJI^eole norm, tup. (2) iv. (1875), p. 64. 

$ The reader will find a figure of great assistanoe in following the argument of this section, 
represent the sums of the areas of a number of rectangles which are respectively 
greater and less than the area bounded by y^f{*), x=^a, »=^b and p=0. if this area be 
assumed to exist. 

§ The bounds of a function of n variables are defined in just the same manner as the bounds 
of a function of a single variable (g S'02). 
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Let the lower aod upper bounds of these functions of n be iS, «. Then 

Sn>S, 

We proceed to shew that « is at moat equal to ; i.e. £F > «. 

Let the intervals (a, Wi), z,), ... be divided into smaller intervals by 
new points of subdivision, and let 

o. yi, V; ••• yfc(“«i). y*+». ••• y<-», y/(-«»), yi+i. ... ym-i. i 

be the end points of the smaller intervals ; let Ur, X/ be the bounds of / (or) 
in the interval (jfr-i, y^. 


Let (yr-yr-i) IT,', <,»=• 2 (y,-yr-i)X/. 

r«l r»l 

Since Ux, U/, ... (7* do not exceed CTj, it follows without diflSculty that 

Now consider the subdivision of (a, h) into intervals by the points 
Xx, x^i, ... and also the subdivision by a different set of points 

ar/, ir/, ... a?V-i- Let ^ the sums for the second kind of sub- 

division which correspond to the sums 8n, Sn for the first kind of subdivision. 
Take all the points Xx, ... •• as the points yi, yj, ... y«». 

Then Sn ^ Tm ^ ^ » 


and ^ n' ^ ^ ^ 

Hence every expression of the t 3 rpe Sn exceeds (or at least equals) every 
expression of the type 8n > ; and therefore 8 cannot be less than s, 

[For i£ 8<s and s — 5 = 2^ we could find an Sn and an sV anch that 
jSn — 8 — 8n><rj and so s'n'>Sn, which is impossible.] 

The bound 8 is called the upper integral of f{x), and is vrritten j f(x}dx; 

8 is called the lower integral, and written j f{x) dx. 

If 8 ^8, their common value is called the integral of f {x) taken between 
the limits* of integration a and b. 

The integral is written J f{x)dx. 

We define J f(x)dx, when a< 6, to mean — J f{x)dxr 


Example 1. j j /(x)€bc-^j <l>{x)dx. 

Example 2. By means of example 1, define the integral of a continuous complex 
function of a real variable. 


* ‘Extreme values* would be a more appropriate term but ‘limits' has the aanotion of 
ottstom. * Termini ' has been suggested by Lamb, hifiniiuimaX Caleulw (1S97), p. 207. 
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4 * 12 . Riemann'$ condition of mtegroMity*, 

A function is said to be ' integrable in the sense of Riemann ’ if (with the 
notation of § 411) 8n and Sn have a common limit (called the Riemann 
integral of the function) when the number of intervals (^-i, «v) tends to 
infinity in such a way that the length of the longest of them tends to zero. 

The necessary and sufficient condition thal a bounded function should be 
integrable is that /Sn — «n should tend to zero when the number of intervals 
(^r-i» ^r) tends to infinity in such a way that the length of the longest tends 
to zero. 

The condition is obviously necessary, for if 8^ and Sn have a common limit 
>0 as n— > 00 . And it is sufficient ; for, since iSn ^ ^ ^ ^ it follows 
that if lim {8^ - «n) “ 0, then 

lim Sn *■ lim Sn^ 8 ^s. 

Note. A continuous function f{x) is Integrable.’ For, given c, we can find S such 
that |/(.2?')-/(4?") |<€/(fc-a) whenever |<S. Take all the intervals or,) 

less than S, and then £7,- Z,<€/(6 — a) and so ; therefore under the 

circumstances specified in the condition of integrability. 

Corollary, If Sn and «« have the same limit 8 for one mode of subdivision of (a, 6) 
into intervals of the specified kind, the limits of Sn and of for any other such mode of 
subdivision are both S. 

Example 1. The product of two integrable functions is an integrable function. 

Example 2. A function which is continuous except at a finite number of ordinary 
discontinuities is integrable. 

[If f{x) have an ordinary .discontinuity at o, enoloee o in an interval of length di ; 
given c, we can find S so that [ f{pf) -/(a?) j < c when J - a’ | < ^ and Xy sf are not in this 
interval. 

Then where k is the greatest value of |/(a?')— /( jf) |, when 

jPy xf lie in the interval. 

When ^-^0, ifc-*-|/(c+0)- /(c— 0)1, and henoe lim 

n~^ao 

Example 3. A function with limited total fluctuation and a finite number of o^inaxy 
discontinuities is integrable. (See 3*64 example 2.) 

4 * 13 . A general theorem on integration. 

Let f{x) be integrable, and let e be any positive number. Then it is 
possible to choose i so that 

i (x, - ar,H-i)/(® i>->) - f /(®) da <t, 

pal J • 

provided that a?,.-, < x',h-i < ®j>- 

* Biemann {Oee, Math, Werke, p. 239) bases his definition of an integral on the limit of the 
■am oooarring in § 4*13 ; but it is then difficult to prore the uniqueness of the limit. A more 
general defl^nition of integration (which is of very great hnportanoe in the modem theory of 
Functions of Beal Variables) has been given by Lebesgue, iliifiaff di Mat, (8) vn. (1908), 
pp. 831-<850. See also his Le^ $ur nnHSgratitm (Baris, 1904). 
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To prove the theorem we observe that, given «, we can choose the length 
of the longest interval, so small that - «« < «. 

Also Sn> S, («, - WjiK-O/CafV-i) ^ 

j>-i 

5'»>| /(x)da!^8n. 

S (itp — p^i) — f / (x) dx ^ — Sp 

pml J a 

<€. 

As an example* of the evaluation of a definite integral directly from the theorem 


Therefore 


of this section consider 


dx 

ider I 1 , 

;o (i-a,*)* 


where X < 1. 


Take arc sin X and let x«««Bin (0 <«d < ivr), so that 
V 

^•+ 1 - -* 4 *= 2 sin jldcos(«*fi)d<d; 


also let 
Then 


x/assin (s+J) A 

•*! C08(S-i)d 

«2/>sin 

■*arc sin X. {sin 

By taking p sufficiently laige we can make 

dx I ! 

U*(l-**)* •-> 1 

arbitrarily small. 

We can also make 
arbitrarily small. 

That is, given an arbitrary number «, we can make 

I jo /1_4 


aro8inA.fi?J*-l} 


-arc sin X <f 


by taking p sufficiently laige. But the expression now under consideration doe* not 
depend on p ; and therefore it must be zero ; for if not we could take i to be leas than it, 
and we should have a oontradiction, 

dx 


That is to say 
Example 1. Shew that 


jo a- 




>arc sinX. 


lim 


, . X , 2j? . . (»—!)« 

1+OOS- + COS h...+0O8i J. 

n n n sin ^ 


n X 

Example 2. If f{x) has ordinary discontinuities at the points U}, o^, ... a«, then 

when the limit is taken by making 8t, it , ... «i, «(, ... «« tend to -f 0 independently. 

* Netto, Z«iuekrift/Or Math, vad Phift. zu (1894). 
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Examji* 3. If/(#) ia integFaUa when a, <«<6| Mid if, when Aj <a <h< h, we write 

jj'(x)dx-^i^(a, b), 

and if /(&+0) exists, then 

lim 

*-►+0 ® 

Deduce that, if /(a;) is continuous at a and 6, 

Eofample 4. Prove by difierentiation that, if ^ {x) is a continuous function of x and 
^ a continuous fiinction of <, then 

Example 5. If /' {x) and {x) are continuous when shew from 

that 

y V' {*) 4> (a?) <** + y * ^ (*)/(*) <i»=/ (6) ♦ (h) -/(«) 4 > («)• 

Example 6. If /(xr) is integrable in the range (a, c) and a < & ^ c, shew that 
is a continuous function of 6. 

4*14. Mean Value Tkeoreme. 

The two following general theorems are frequently useful. 

(I) Let U and L be the upper and lower bounds of the integrable function f{x) in the 
range (a, h), * 

Then from the dehnition of an integral it is obvious that 

are not negative ; and so 

f{x)dx^Hb-a), 

This is known as the Eirei Mean Value Theorem^ 

If /(r) is ctmiinvuoue we can find a number £ such that a%(^b and such that/(() has 
any given value lying between V and X (§ 3*63). Therefore we can find ( such that 

Jy(x)dx~-(b - 

If E(x) has a continuous differential ooefiicient E'(x) in the range (o, b), we have, on 
writing E (x) for /(*), 

for some value of ( such that a ^(^b. 

Example, If f{x) is continuous and ^ (^)>0, shew that f can be found such that 
![/(*) ^ (*) J* ^ {x)dx. 


example 3 

jy(x)dx 


W. M. A, 


5 
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(11) Let/(x) and be integrable in the range (a, b) and let 0 ( 4 ?) be a paiitwe 
deet'eattng function of Then Bonnet^s* form of the Second Mean Value Theorem is 
that a number £ exists such that a ^ ^ and 


J V(*) <#> (*) rfar- 0 (a) J V W 


For, with the notation of g§ 4'1-4’13, consider the sum 

#=I 

Writing ao+aj + ... + a,«6„ we have 

p-i 

s ft*-i (^t-i - + ftp-i . 

Each term in the summation is increased by writing i for and decreased by 
writing h for h^^x* if 5, h be the greatest and least of fco» ^> 1 , ••• &p-i ; and so h<l>o^S 

m 

Therefore S lies between the greatest and least of the sums <^(jro) 2 

**=i 

where 2, 3, ... p. But, given f, we can find d such that, when 

S I ’’/(x)<i,{.v)dx <€, 

ft«l J *0 

I f^m I 

0(.*t) S {x,-x,.i)f{x,.x)-^ixa) / f{x)da-\<t, 

I «ssl J Co I 

and so, writing a, 6 for Xp, we find that j f(x)<f>(x)dx lies between the upper and 
lower bounds oft fbW where fi may take all values between a and ft. 

Let U and L be the upper and lower bounds of <p (a) j f(x) dx. 

Then £7^+ 2c ^ j f{x) <p{x)dx'^L- 2c for all positive values of c ; therefoi'e 

U'^j f{x)(ti{x)dx'^L, 

Since (f> (a) P' / (x) dx qua fuiiction of (] takes all values between its upper and lower 

“ Cb 

bounds, there is some value f, say, of ft for which it is equal to / f (x) <l> (x) dx. This 
proves the Second Mean Value Theorem. 

Example. By writing \<p{x)-<fi (ft) | in place of (f) (x) in Bonnet’s form of the mean 
value theorem, shew that if 4^{x) is a monotonic function, then a number | exists 
such that a and 

j f(x)4>ix)dx^<l>(a) f(x)dx^<l>(,^) j ^f{x!)dx. 

(Dll Bois Reymond.) 

* Journal de Math, xiv. (1849), p. 249. The proof given is a modified form of an investigation 
dne to Holder, Q'dtt, Naek. (1889), pp. 38-47. 

t Bj 9 4*18 example 0, since f{x) is bounded, f(x) dx is a continnous fnnetion of ft. 
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4 -2] 


4'2. Differentiation of integrals containing a parameter. 

The equation* /(^»a)da?«J —do? is true if f{x, a) posaesMs a 

Riemann integral with respect to x and /. |0 is a continmtia function of 

both'\‘ the variahlea x and cl 

^ d f* -X V , a -f A) — a) j 

T- f{x, a) da: « hm * (- — dx 

aCL J a h^Q .a a 

if this limit exists. But, by the first mean value theorem, since /« is a 
continuous function of a, the second integrand is /« (x, a + 0h), where 

But, for any given e, a number S independent of x exists (since the con- 
tinuity of /a is uniform J with respect to the variable x) such that 
I/, (a?, d) -/a (a;, a) | < 6/(6 - a), 

whenever | a' — a | < 0. 

Taking | A ] < 0 we see that ( A | < 0, and so whenever j A | < S, 

j I /(^* ^ 7 . /^^ dx- 1 /. (a?, a) da? j ^ J |/, (a?, a + dh) -/* (x, a) | dx 

< €. 

Therefore by the definition of a limit of a function (§ 3*2), 
li,n 

^-►0 J a " 

6 


exists and is equal to J fadx. 


Example 1. If a, 6 be not constants but functions of a with continuous differential 
coefficients, shew that 

Example 2. If /(.r, a) is a continuous function of both variables, j /(a?, tt)di: is a 
continuous function of a. 


* This formula was given by Leibniz, without specifying the restrictions laid on /(x, a), 
t y) is defined to be a continuous function of both variables if, given e, we can find 
5 snob that | <ft {x\ y") y)\<€ whenever {(x' - x)* + {y' - y)8}i < «. It can be shewn by § 3-6 

that if 0 (x, y) is a continuous function of both variables at all points of a closed region iiT 
a Cartesian diagram, it is uniformly continuous throughout the region (the proof is almost 
identical with that of § 3*61). It should be noticed that, if 0(x, y) is a continuous function 
of each variable, it is not necessarily a continuous function of both ; as an example take 

this is a continuous function of x and of y at (0, 0), but not of both z and y. 

X It is obvious that it would have been sufficient to assume that had a Riemanu integral 
and was a continuous function of a (the continuity being uniform with respect to x), instead 
of assuming that /« was a continuous function of both variables. This is actually done by 
Hobson, Functioru of a Real Variable, p. 699. 


5---2 
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4 * 3 . Double integrals and repeated integrals. 

Let/(a?, be a function which is continuous with regard to both of the 
variables x and y, when 

By § 4'2 example 2 it is clear that 

/a { M /« 

both exist. These are called repeated integrals. 

Also, as in § 3*62, f (x, y\ being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 
rectangle in a Cartesian diagram ; divide it into nv rectangles by lines parallel 
to the axes. 

I^t be the upper and lower bounds of /(a?, y) in one of the 

smaller rectangles whose area is, say, ; and let 

H V n V 

i«**l #i*l m=»l #4* 1 

Then Sn,^ >^n.i., and, as in § 4*11, we can find numbers Sn,^ which 
are the lower and upper bounds of respectively, the values of 

Sn,vt «n,i^ depending only on the number of the rectangles and not on their 
shapes; and We then find the lower and upper bounds {8 and s) 

respectively of I functions of n and p; and S^s^Sn,y, as in 

§4*11. 

Also, from the uniformity of the continuity of f{x, y), given e, we can find 
S such that 

(for all values of m and p) whenever the sides of all the small rectangles are 
less than the number S which depends only on the form of the function f(x, y) 
and on e. 

And then ^ « (6 — a) (/8 — a), 

and so — s < € (6 — a) ()8 — a). 

But 8 and s are independent of c, and bo 8^ s. 

The common value of 8 and s is called the double integral of f{x, y) and 
is written 

fa 

It is easy to shew that the repeated integrals and the double integral are all equal 
when / (or, y) is a continuous function of both variables. 
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4-3, 4-4] 

For let Ym, A„ be the and lower bounds of 

as X varies between and 

Then i T | P/(*,y)dy| dx^ 2 

>*=I J a U « ) «-l 

But* s <7«.M(ys-y»u.x)>Y«>A«> 2 

#i-l /iwl 

Multiplying these last inequalities by using the preceding inequalities and 

summing, we get 

«=1 M«1 J a \J ) m«I /biail 

and so, proceeding to the limit, 

UV(*. y)rfy|- da;»». 

But 

and so one of the repeated integrals is equal to the double integral. Similarly the other 
repeated integral is equal to the double integral. 

Corollary, If/ (a?, y) be a continuous function of both variables, 


4*4. Infinite integrals. 

If Jim Q /(^p) exists, we denote it by J / (a?) dx; and the limit in 
question is called an infinite integral f. 

Examples. 

<■> e-o-i- 

r xdx _ / 1 . I \ _ 1 

jo (**+a*)*” V 2(i*+o*)'*'2a»j“2a«’ 

(3) By integrating by parts, shew that (Euler.) 

Similarly we define / /(a:) dlar to mean lim / /(j?) d[r, if this limit exists ; and 

J -00 a-^-ao J a 

j f{x)€Lc is defined as f(x)dx^j^ f{x)dx. In this last definition the choice 


of a is a matter of indifference. 


* The upper bound ol /(x, y) in the reotangle upper bound 

of /(x, y) on that portion of the line which lies in the rectangle. 

t This phrase, due to Hardy, Proe. London Math. Soo, xxxiv. (1903), p. 16, suggests the 
analogy between an infinite integral and an infinite aeries. 
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4‘41. Infinite integrals of continuotis functions, Cmditiom for con- 
vergence^ 

A necessary and sufficient condition for the convergence of f (w) cUc is 

J a 

that, corresponding to any positive number e, a positive number X should 
exist such that f(x) dx < e whenever 

J m ’ 

x^'^x'^X, 

The condition is obviously necessary ; to prove that it is sufficient, suppose it 
is satisfied; then, if n ^ A — a and n be a positive integer and Sn ^ j f (a?) dx^ 
we have j Sn+p -8n\<€. 

Hence, by § 2*22, tends to a limit, S ; and then, if f > a -f- 

S — [ f{x) dx < I S - f f(x) da; ! + I r f(x) dx 
.'a 1 Ja ; \J a+n 

<26; 

and so lim f f{x)dx=> 8 , so that the condition is sufficient. 

J a 

4*42. Uniformity of convergence of an infinite integral. 

The integral [ f(x, a)dx is said to converge uniformly with regard to a 

in a given domain of values of a if, corresponding to an arbitrary positive 
number 6, there exists a number X independent of a such that 


/: 


f{x, o)dx'<e 


for all values of a in the domain and all values of x ^ X, 

The reader will see without diflSculty on comparing ^ 2*22 and 3*31 with 

§ 4*41 that a necessary and sufficient condition that j f (x, a)dx should 

J a 

converge uniformly in a given domain is that, corresponding to any positive 
number 6, there exists a number X independent of a such that 


f(x,o)dx <€ 
for all values of a in the domain whenever a?" ^x'^X. 


/: 


4*43. Tests for the convergence of an infinite integral. 

There are conditions for the convergence of an infinite integral analogous 
to those given in Chapter II for the convergence of an infinite series. 

The following tests are of special importance. 
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(I) Absolutely convergeni integrals. It may be shewn that f f{ic)da 

, J a 

certainly converges if j |/(«)|<ic does so; and the former integral is then 

•f a 

said to be absolutely convergent. The proof is similar to that of § 2*32, 

Exwnvple, The companion teet. If (/(^)|^y(jp) and f g(a;)djp convei^es^ then 
j f(x)dx converges absolutely, 

[Note. It was observed by Dirichlet* that it is not nAoeaary for the convergence of 

/ f{x)dx that /(jr)-*-0 as : the reader may see this by considering the function 

a 

/(jf)-(n + l)<(n + l-«){x- (» + l) + (« + l)-*} (n + 1 -(n+])-*<ar <» + !), 

where n takes all integral values. 

ft /'n-H 

Fnr / f{x)dx iiicmwes with ( and / (n + l)~2 ; whence it follows 

y 0 J n 

without difficulty that J f{x)dx converges. But when + l - J ; 

and so / (^) does not tend to zero.] 

(II) The Maclaurin-Cauchyf test If /(a?)>0 and /(a?)-^0 steadily, 

f oo 00 

f {x) dx and 2 / (ii) converge or diverge together. 

>> 1 n^i 

/ m+I 

/(x)rfj- >/(*»+!), 

ti /"b+I n+l 

and SO 2 /(»")>/ 2 /(wi). 

m*l J 1 m=S 

The first inequality shews that, if the series converges, the increasing sequence 

/ M+l 

f{x)dx converges (§ 2-2) when through integral values, and hence it follows 

* /*' 

without difficulty that / f{x)dx converges when ; also if the integral diverges, 

so does the series. 

The second shews that if the series diverges so does the integral, and if the integral 
converges so does the series (§ 2*2). 

(Ill) Bertrand' sX test If /(ar) « | f(x)dx converges when 

J a 

X < 0 ; and if /(x) = 0 («“' f{x) dx converges when X < 0. 

• J a 

These results are i^articular oases of the comiJarison test given in (1). 


* Dirioblet’s example was /(.T) = 8in ar® ; Journal /Ur Math, xvii. (1887), p. 60. 
t Maclaurin {FluxionSt t. pp. 289, 290) makes a verbal statement praotioally equivalent to this 
result. *Cauohy’s result is given in his Oeupra (2), vix. p. 269. 

Journal de Math, vxx. (1842), pp. 88, 39. 



72 


THB FB00BS8ES OF AKALTSIS 


[chap, rv 

(IV) Ohartim^a teat* for tntagrala involving periodic funcHona. 
If/(»)-^0 steadily as «-► 00 and if j J ^{as)dx is bounded as a; oo , 
then j /(«) ^ (a) dm is convergent. 

For if the upper bound of | / be d, we can ohooee Z such that f(m)<tjSA 

when and then by the second mean value theorem, when ^X, me have 

which is the condition for convergence. 

ExamipU 1. / — — dx converges. 

y 0 » 


ExampU 2 . 


f 


0 X 

X sin (a:*- air) <£r converges. 


4'4S1. Texts for uniformity of convergence of an infinite integral f. 

(I) De la VaUde Potisain's ieet^. The reader will easily see by using 

the reasoning of § 3-34 that j f{w, a) dx converges uniformly with regard 
to a in a domain of values of a if \f{x, a)\<ii,{x), where pix) is independent 
of a and f /i(x)dx conveigea [For, choosing X so that f /u(x)dx<e 

J a J 9f 

when x*’^x* we have I f{x, a)dx 
pendent of ol] 

Example, j 
I A 

(II) Tke method of change of variable, 

This may be illustrated by an example. 


< e, and the choice of X is inde- 
converges uniformly in any interval (d, B) such that 


Consider 
We have 




sin ox 


dx where a is real. 


So 


Jy X j aX y ^ 

Since j dy converges we can find Y such that j ^^^dy j<c when > Y. 

f dx <e whenever | ax' | ^ F; if | a | ^ d > 0, wo therefore get 

<t 


* Journal de Math, xviii. (1858), pp. 201-212. It is remarkable that this teat for eonditionaUy 
convergent integrals should hsve been given some years before formal definitioua of absolutely 
oonvergent integrals. 

t The results of this section and of § 4*44 are due to de la Vallde Poussin, Ann, de la 8oc, 
Scientifique de Bruxellee, xvi. (1892), pp. 160-180. 

This name is due to Osgood. 
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when jr-> 17®; and thie choice of JT is indqtendent of o. So the oonrragenoeie 

uniform when a>d>0 and when o^-d<0. 


Example, sin dx is uniformly convergent in any range of real 

values of a. (de la VaUie Poussin.) 

[Write and observe that j z^^Bmzdz | does not exceed a constant inde- 

pendent of a and x since j ^ sin « c£e converges.] 

(Ill) The method of integration by parte. 

If jfi^y «) dx^ip(x, a)^j X (4?, o) dx 

and if ^ (j?, a)-*-0 uniformly as x-^<xi and j x (^* ^ converges uniformly with regard 

to a, then obviously j f(x, a) dx conveiges uniformly with regard to a. 


(IV) The method of decomposition. 

Example. J ; 

both of the latter integrals conveige uniformly in any closed domain of real values of 
a from which the points a® ± 1 are excluded. 


4*44. Theorems concerning uniformly convergent infinite integrals. 

(I) Let I /(a?, a) dx converge uniformly when a lies in a domain 8. 

J a 

Then, if f{x, a) is a continuous function of both variahles when x^a and 

a lies in 8, j f(x, a)dx is a continuous function* of ou 
J a 

For, given e, we can find X independent of a, such that | j f(x, a) da; | < e 
whenever ^>X. 

Also we can find S independent of x and a, such that 
\f{x,a)-^f{x,a')\<el{X^a) 

whenever | a — a' [ < S. 

That is to say, given e, we can find 5 independent of a, such that 
/(«. o') dir- j* fix, o) da; j « j {/(«, o) -/(x, o')} dx 

+ j «')*’! + 1 

< 3e, 

whenever \d — a | < S ; and this is the condition for continuity. 

* This result is due to Stokes. His statement is that the integral is a eontinnous funotion 
of a if it does not * converge infinitely slowly.' 
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(II) Jf f {a, a) aadiiafies the same conditions as in (I), and if a lies in S 
when A ^a^B, then 




For, by § 4-3, 
Therefore 


I A 1 ^ ”” /« { i A 

\l a\ la ~ /* 1 a) d«| j 

” !/^ I /f 1 

< eda < e (S — 4), 

for all sufficiently large values of 

But, from §§ 2*1 and 4*41, this is the condition that 

should exist, and be equal to 

d /"* C/d) 

Corollary, The equation^ / ^(or, a)dx=l i® true if the integral on the 

right ooDverges uniformly and the integrand ie a continuous function of both variables, 
when x^a and a lies in a domain and if the integiul on the left is convergent. 

dd) 

Let J be a point of and let a), so that, by § 4*13 example 3, 

/* a)da>^<l>{x, (x, A). 

Then j a) A»| rf* converges, that is j {<^ (x, o)-0 (x, A)} dv converges, 

and therefore, since j tft (x, a) dx converges, so does j ^ (x. A) dx. 

^ C/« ^ ^ [/« ^ 


Then 


|y(x,«)<fx=y"grfx, 


which is the required result ; the change of the order of the integrations has been justified 
above, and the differentiation of j with regard to a is justified by § 4*44 (I) and g 4*13 


example 3. 
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4 - 5 , 4 * 51 ] 


4 * 6 . Imjfroper iidegraJU. Principal valnea. 

rb 

If 1 /(«?) l—foo a8Ar-*>a + 0, then lim | /(a?) dw may exist, and is 

written simply j f{x)dx\ this limit is called an improper integral. 

If l/(^) I 00 as a? c, where a < c < 6, then 

/ c-« rb 

f{x)dx+ lim I f(x)dx 

a 6'-^+oJ e+6' 

may exist; this is also written J f{x)dx^ and is also called an improper 

integral ; it might however happen that neither of these limits exists when 
6, S' — > 0 independently, but 

lim j { f{x) dx+ f f{x) <irl 
4^+0 (•/ J c+4 ) 

exists ; this is called * Cauchy's, principal value of / f(x) dx ' and is written 

b * 

for brevity P J f{x) dx. 


Results similar to those of §§ 4*4-4*44 may be obtained for improper 
integrals. But all that is required in practice is (i) the idea of absolute 
convergence, (ii) the analogue of Bertrand’s test for convergence, (iii) the 
analogue of de la Vall6e Poussin's test for uniformity of convergence. The 
construction of these is left to the reader, as is also the consideration 
of integrals in which the integrand has an infinite limit at more than one 
point of the range of integration*. 


Examples. (1) x^^ coh x dx ia a.ti improper integral. 

(2) p x^ ^ (1 - dx is an improper integral if 0 <X < 1, 0 <p< 1. 
It does not converge for negative values of X and fi. 

(„ is the principal value of an improper integral when 

0<a<l. 


4*51. Ths inversion of the order of integration of a certain repeated integral. 

General conditions for the legitimacy of inverting the order of integration when the 
integrand is not continuous are difficult to obtain. 

The following is a good example of the difficulties to be overcome in inverting the 
order of integration in a repeated improper integral. 


* For a detailed discnssion of improper integrals, the reader is referred either to Hobson's or 
to Pierpont’s t\inctions of a Real Variable. The oonneiion between infinite integrals and 
improper integrals is exhibited by Bromwich, Infinite Series ^ § 164. 
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Lei be a emHnmm fwnction of both mriahUe^ and let 0<X<1, 

0<f^<l ; then 

/o ^ {/o'" (1 V(*. y) «»y} 

“/o {/o * " * -y)”-^ /(*> y) • 

This int^al, whioh was first employed by Diriohlet, is of importance in the theory of 
integral equations ; the investigation whioh we shall give is due to W. A. Hurwits*. 

Let (1 -4(i-y)*'"*/(d7,y)«^ (^, y) ; and let M be the upper bound of \ f{x^y) |. 

Let h be any positive number less than 

Draw the triangle whose sides are x-^ fi, y » a?+y »= I - fi ; at all points on and inside 
this triangle if> (x, y) is oontinuous, and hence, by § 4 '3 corollary, 

/P* *^{/) * *^(*>y)‘*y}“/* *^(*>y)‘^}- 

Now 

/i”***' {/P ^ **^^1 ”/i {/*~*"~* ^ /a ** 

where /,-f* ^(ar, y)<fy, /,-/ A(*,y)dy. 

y 0 y 1— *— « 

But |/,i<y^i^i>-V~‘(i-*-y)’’'*‘^y 

< (1 - a; - dr-» I* y*-' dy, 

since (1 -jf— 

Therefore, writing (1 - 3) oti, we havet 

I y*"** i,€b; I $ jffl* yp (I -X- «)*”* d* 

< J/y* (1 - V"* (1 dx, 

i.)-.-0 88 8—0. 

The reader will pi*ove similarly that I^dx 0 as fi 0. 

HenceJ p^dx ^(x,y)dyj= {yp y)‘^y} 

“ ]*^/« ****" {/* " * ‘^■*'1 
* AnnaU of Mathematict^ xx. (1908), p. 188. 

t y* * 1 ^“^ (I -*,)•'-* (X, ») exiats if X>0, »>0 (| 4-6 azemple 2). 

X The repeated integral exists, and is, in fact, absolutely convergent; for 

yp !**-> ,<“>(1- *-y)»- V{*. y)dy ’"*yy ■*(! 

writing y=(l-x)«; and y^ Jfx*"^ (1 de . y* >'‘"*■(1 exiata. And ainoe the 

integral exists, its value whioh is lim * may be written lim f 

s, *-H) J B J s 
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bj what has been already proved ; but, by a precisely similar piece of work, the last 
integral is 

We have consequently proved the theorem in question. 

Corollary, Writing f=a+(t-o) jc, iy= 6 -( 6 -a)y, we see that, if ^((, 17 } is con* 
tinuous, 

- iy‘~' (’> - O ”'* « ((f n) 

»//■»{ /] a - «)*■ ^ (6 - i>r {<; - f)"* ^ (f, n) «*e} • 

This is called Dirichlet’s formula. 

[Note. What arc now called infinite and improper integrals were defined by Cauchy, 
Lefona aur le calc, inf. 18S3, though the idea of infinite integrals seems to date from 
Maclaurin (1742). The test for convergence was employed by Chartier (1853). Stokes 
(1847) distinguished between ^essentially* (absolutely) and non-essentially convergent 
integrals though be did not give a formal definition. Such a definition was given by 
Dirichlet in 1854 and 1868 (see his VorUaungen^ 1904, p. 39). In the early part of the 
nineteenth century improper integrals received more attention than infinite integrals, 
probably because it was not fully realised that an infinite integral is really the limit 
of an integral.] 

4 * 6 . Complex integration*. 

Integration with regard to a real variable w may be regarded as integration 
along a particular path (namely part of the real axis) in the Argand diagram. 
Let f{z\ (= P + iQ), be a function of a complex variable z, which is continuous 
along a simple curve AB m the Argand diagram. 

Let the equations of the curve be 

y^y{t) {a^t^h). 

Let a?(a) + iy(a)»s«, + 


Then iff x{t), y{t) have continuous differential coefficients J we define 

fZ 

I /(^) taken along the simple curve AB to mean 


The ‘ length ' of the curve AB will be defined as J isj dt. 

It obviously exists if ~ are continuous; we have thus reduced the 
discussion of a complex integral to the discussion of four real integrals, viz. 

/>S^ 


* A trsstment of complex integration based on a different set of ideas and not making 
BO many assumptions oonoeming the curve AB will be found in Watson's Comylax InUgraium 
and Cauchy^ Theorem. 

f This assamption will be made throughout the subsequent work. 

% Cp. § 4*18 example 4, 
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By § 4*13 example 4, this definition is consistent with the definition of an 
integral when AB happens to be part of the real axis. 

£xample$, j /(*) f{z) dss^ the paths of integration being the same (but in 

opposite directions) in each integral. 


Jf»o 


4'61. The fundamental theorem of complex integration. 

From § 4*13, the reader M^ill easily deduce the following theorem : 

Let a sequence of points be taken on a simple curve ; and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
z^^”\ . . . = ^oi = ^)'i let their parameters be ti^^, 

and let the sequence be such that, given any number S, we can find N such 
that, when n > < 3, for r = 0, 1, 2, ... , n ; let be any point 

whose parameter lies between ; i^hen we can make 

r-0 J 

arbitrarily small by taking n sufficiently large. 


4*62. An upper limit to the value of a complex integral. 

Let M be the upper bound of the continuous function \f{z) |. 


Then 


|/'/w*|«/j/wi|(|+i|) 

«/>{©■- ( 1 ) 1 * 


^Ml, 

where I is the ' length * of the curve ZqZ. 
cz 

That is to say, I f{z) dz cannot exceed Ml. 
J «• 


4*7. Integration of infinite seriee. 

We shall now shew that if + m* ( i?) + ... is a uniformly con- 

vergent series of continuous functions of z, for values of z contained within 
some region, then the series 

I Uy(z)dz+ I v^(z)dz^ 

JO J c 

(where all the integrals are taken along some path C in the region) is con- 
vergent, and has for sum J 8 (z) dz. 
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we have 


I /S (ir) d-jr «s [ Ui(:g)dz + + f V^(z)dz^f Mn (z) dz. 

J.c J c J c J c 


Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z^ such that when w ^ r we have 
I Rn W I < for all values of z in the region considered. 

Therefore if I be the length of the path of integration, we have (§ 4'62) 

I -^#1 dtZ ^ el>* 

J c 

Therefore the modulus of the difference between / 8 (z) dz and 

J c 

X^j^tim(z)dz can be made less than any positive number, by giving n any 

sufficiently large value. This proves both that the series S f iL^{z)dzi& 

convergent, and that its sum is f S (z) dz. 

J c 


Corollary. As in § 4*44 corollary, it may be shewn that* 

d 


4 2 K,(»). 
az , 1=0 




if the series on the right converges uniformly and the series on the left is convergent. 


Example 1. Consider the series 

* 2j? \n (7iH-l)8in*j?^ "- l}co8j:^ 

n»i {1 + w* sin* a:*} {1 + (n + 1)* sin* ’ 

in which x is real. 

The 9ith term is 

2am cos JT* 2j?(w4*l)cosar* 
l-|-w*ain*? I4*(n + l)*8in^a^* 

and the sum of n terms is therefore 


2j?c o8^r* _ 2ar(n-f l)cosa>^ 

1 + sin* jp* l + (n + l)*8in*47* * 


Hence the series is absolutely convergent for all real values of x except ±«^/(m9r} 
where Timl, 2, ... ; but 


R^{x)m, 


2r(n-Hl)oos 

lHh(n+l)*sin*i*’ 


and ifn be any integer, by taking a?=(n + 1)“* this has the limit 2 as . The series is 
therefore non^uniformly convergent near 


♦ means lim where fc-*-0 along a definite simple curve; this definition 

«w A^o * 

is modified slightly in § 6-12 in the oas4i! when f(z) is an anatptic function. 
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Now the sum to infinity of the serieB is ^ integral from 0 to « of 

the sum of the series is arc tan {sin jp*}. On the other hand, the sum of the integrals from 
0 to ^ of the first n terms of the series is 

arc tan {sin -arc tan {(n-t- 1) sin 
and as n^ao this tcmds to arc tan {sin — -(fr. 

Therefore the integral of the sum of the series differs from the sum of the integrala of 
the terms by Jir. 

ExamkpU 2. Discuss, in a similar maimer, the series 

* 2s*.r {1 -«(«- 

n (a+ij (1 (1 

for real values of x. 


Examfile 3. Discuss the aeries 
where 

for real values of z. 

The sum of the first n terms is nzir^^ so the sum to infinity is 0 for all real values 
of z. Since the terms Un are real and ultimately all of the same sign, the convergence 
is absolute. 


In the series 

/ Uidz+ I U2dz+ 1 1l3(fz4*...) 

0 Jo Jo 

the sum of n terms is ^ (1 - and this tends to the limit ^ as tends to infinity ; this 
18 not equal to the integral from 0 to p of the sum of the aeries 2uh> 

The explanation of this discrepancy is to be found in the non-uniformity of the 
convergence near «esO, for the remainder after n terms in the series + ... is - ; 

and by taking we can make this equal to which is not arbitrarily small ; the 

series is therefore non-uniformly convei^gent near # sO. 


Example 4. 

where 


Compare the values of 


rfx ^n]dz 

and 2 / u^dz. 

Jo U*I J 

n^lj 0 


2(n+l)>r 

(l+»V)log(n+l) 

{1 + (r + ] )***} log (n + 2) 


(Trinity, 190a) 
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Miscellaneous Examples. 

1. Shew that the inte^frals 

j j cos(4^)<ir, j d7exp(- J?*sin*ar)rfar 


Jo 1+^ 


(Dirichlet and Du Boia Bejmond.) 


(Stokee.) 


converge. 

2. If a be real, the integral 

is a continuous function of a. 

3. DiacuHS the uniformity of the convex^nce of drain {a^-ax)dx, 

1^3 ^JF sin (dr*- odr) rfdr— - 

-/(i^ 

(de la Yall^ Pousein.) 

4. Shew that / exp [ - (dr® - twt)] ddr converges uniformly in the range ( — Jir, Jir) 

J 0 

of values of a. (Stokes.) 

f * dJ^ dkiir 

6. Discuss the convergence of / - — y-: when tL, p are positive. 

y 0 1 "Td?*' i sin d? J" 

(Hardy, Messenger ^ xxxi. (1902), p. 177.) 

6. Examine the convergence of the integrals 




(Math. Trip. 191A) 


7. Shew that 


- exists. 


. r _dx 

J ^ Ji^ (sin dr)^^ 

8. Shew that j d:-**e^®*8in SjroZd? converges if a>0, «>0. (Math. Trip. 1908.) 

00 

9. If a series ^(«)« X (c„-c^^.i)8in (2i^-l-l) irx, (in which Cq—O), converges uniformly 

FmO 

YT ^ C 

in an interval, show that g (z) is the derivative of the series /(«)« sin 2i^frr. 

(Lerch, Ann. de Vic. norm. $np. (3) xil. (1895), p. 351.) 

_ . /■• f* dxidx^...dxn J [" P r rfd7,<idra,..t/.»H 

10. j ...j j ...J 

converge when o>ia and < I respectively. (Math. Trip. 1904.) 


11. If/ (dr, y) be a continuous function of both x and yin the ranges {a<d?<5), (a<y<5) 
except that it has ordinary discontinuities at points on a finite number of curves, with 
continuously turning tangents, each of which meets any line parallel to the coordinate axes 

only a finite numl)er of times, then J /{x, y) ddr is a continuous function of y. 

[Consider (’’ {/(.*, y+A)-/(*, y)}<fo. whore tho mimbors 

Ja y«»+*i J *fn+*n 

fij, 3a» ••• «i. ••• are so chosen as to exclude the discontinuities of /(jp, y+A) from the 

range of integration ; oi, aa» being the discontinuities of/ (.v, y).] (Bdoher.) 

6 


W. M. A. 



CHAPTER V 


THE FUNDAMENTAL PROPERTIES OP ANALYTIC FUNCTIONS ; 
TAYLOR'S, LAURENT® AND LIOUVILLE'S THEOREMS 

61. Property of the elementary fanoUme. 

The reader will be already &miliar with the term elementary function, as 
Qsed (in text-books on Algebra, Trigonometty, and the Differential Calcnlns) 
to denote certain analytical expressions* depending on a variable e, the 
symbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions ; examples of such 
expreasicms ate 

z\ eF, logx, arc sin 

Such combinations of the elementary functions of analj^is have in common 
a remarkable property, which will now be investigated. 

Take as an example the function eF, 

Write eF^f{z). 

Then, if x be a fixed point and if s' be any other point, we have 


m-m 

d —z 




X —X 


X —X 




and since the last series in brackets is uniformly convergent for all values of 
x', it fellows (§ 3*7) that, as x'-^x, the quotient 

m -m 

x'-x 

tends to the limit eF, uniformly for all values of arg (x' — x). 

This shews that the limit of 

f{^)-m 

x' — X 

is in this case independent of the path by which tite point x' tends towards 
coincidence with x. 

It will be found that this property is shared 'by many of the well-known 
elementaiy functions ; namely, that if /(x) be one of these functions and h be 

* The reader will obeerve that this ie not the tense in which the term function ie defined 
(1 8*1) in thii work. Thus e.g. c - iy and | r | are fmetUm of t ( bx + iy) in the tutec of i 8*1, 
bnt are not elemaDtary ftanotlont of the typ* under ooniideration. 
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any oomf^ex number, the limiting value of 

J(/(^+A)-/(x)} 

eodsU and is independent of the mode in which h tends to zero. 

The reader will, however, easily prove that, if f{z)» x — ty, where z^x-^iy, 
then Urn ^ is not independent of the mode in which A— ►0. 


5*11. Occasional failwre of ihs property. 


For each of the elementary functions, however, there will be certain points 
z at which this property will cease to hold good. Thus it does not hold for 
the function l/(z — a) at the point since 


lim \ 



1 






does not exist when z^a. Similarly it does not hold for the functions log z 
and 2 ^ at the point z^O, 

These exceptional points are called singular points or singularities of the 
function f (x) under consideration ; at other points f(z) is said to be analytic. 

The property does not hold good at any point for the function \z\. 


6'12. Cauchy's^ definition of an analytic function of a complex variable. 

The property considered in § 5*11 will be taken as the basis of the 
definition of em analytic function ^ which may be stated as follows. 

Let a two-dimensional region in the x-plane be given; and let a be a 
function of z defined uniquely at all points of the region. Let x, ^ + fix be 
values of the variable z at two points, and u^u^hu the corresponding values 

5ii 

of u. Then, if, at any point z within the area, ^ tends to a limit when Sx^O, 

$y-^0, independently (where fixs&r + tSy), u is said to be a function of z, 
which is monogenic or analyticf at the point. If the function is analytic and 
one-valued at all points of the region, we say that the function is analytic 
throughout the regioj^l. 

We shall frequently use the word * function ’ alone to denote an analytic 
function, as the functions studied in this work will be almost exclusively 
analytic functions. 


* See the memoir oiled in % 5*2. 

t The words * rogular ’ and ' holomorphio * are sometimes used. A dlstiootion has been made 
by Borel between * monogenic * and * analytic ' fonctions in the oase of functions with an infinite 
nnmber of aingulaiities. Bee § 6*51. 

X See i 5*2 cor. 2, footnote. 


6—2 
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In the foregoing definition, the function u hns been defined only within 
a certain region in the ir*plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of z not included in this 
region ; and (as in the ease of the elementary functions already discussed) 
may have singularities, for which the fundamental property no longer holds, 
at certain points outside the limits of the region. 

We shall now state the definition of analytic functionality in a more 
arithmetical form. 


Let f(z) be analytic at s, and let e be an arbitrary positive number; 
then we can find numbers I and B, (S depending on e) such that 


/iz')-/(z) ^ 


z — r 


< e 


whenever | r' — ^ | < S. 

If f(z) is analytic at all points z oi a region, I obviously depends on 2 : ; we 
consequently write 

Hence f(z) « f{z) 4- (/ - z) f' {z) + 1 ; - z), 

where t? is a function of z and such that I v | < c when | — 2 r | < S. 


Example 1. Fiud the points at which the following functions are not analytic : 


(i) 

1 

(iv) (a=0). 


(ii) cosec <2 (2 Mmir, any integer). 
(V) {(«-!)*}* (*=0,1). 


(iii) 


*-l 

2* -62 + 6 


(2»2, 3). 


Example 2. If /(2)*i4-f iv, where u, v, x, y are real and / is an analytic 

function, shew that 

0u dv du dv 


dx dy^ dy' 


dx' 


(Riemann.) 


6*13. An application of the modified Heins-Borel theorem. 

Let f{z) be analytic at all points of a continuum ; and on any point z of 
the boundary of the continuum let numbers f {z), S (S depending on z) exist 
such that 

!/(«') - /W - I < e I ^ * I 

whenever | / — x | < S and z' is a point of the continuum or its boundary. 

[We write fi (2) instead of /' (2) as the difierential coefficient might not exist when 
^ approaches 2 from outside the boundary so that (2) is not necessarily a unique derivate.] 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points. 

Applying the two*dimensional form of the theorem of § 3*6, we see that 
the region formed by the continuum and its boundary can be divided into 
a finite number of parts (squares with sides parallel to the axes and their 
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interiors, or portions of snch squares) such that vtudde or on the boundary of 
any part there is one point such that the inequality 

1/(^0 -fizd - - z^)f^ (^i) I < ^ I / - ^1 I 

is satisfied by all points z* inside or on the boundary of that part, 

6*2. Cauchy’s theorem* ok the inteoral of a function round a 

CONTOUR. 

A simple closed curve C in the plane of the variable z is often called 
a contour \ if Ay B, D be points taken in order in the counter-clockwise sense 
along the arc of the contour, and if f{z) be a one*valued contiimousf 
function of z (not necessarily analytic) at all points on the arc, then the 
integral 

f f{z)dz or f f(z)dz 

J ABDA j(0 

taken round the contour, starting from the point A and returning to A again, 
is called the integral of f (z) taken aiong the contour. Clearly the value of the 
integral taken along the contour is unaltered if some point in the contour 
other than A is taken as the starting-point. 

We shall now prove a result due to Cauchy, which may be stated as 
follows. If f{z) is a function of z, analytic al all points (yn\ cmd inside a 
contour C, then 

f f(z)dz^0. 

J (CO 

For divide up the interior of C by lines parallel to the real and imaginary 
axes in the manner of § 5*13 ; then the interior of C is divided into a number 
of regions whose boundaries are squares C], Cg, ... (7jf and other regions 
whose boundaries ••• -Dn are portions of sides of squares and parts 

of G ; consider 

S f /(£)dz+ 2 f f{z)dz, 

J (C«) (Byy) 

each of the paths of integration being taken counter-clockwise; in the 
complete sum each side of each square appears twice as a path of integration, 
and the integrals along it are taken in opposite directions and consequently 
cancel §; the only parts of the sum which survive are the integrals of f(z) 

* MSmoire tur let intigtaUs dSJinUt prUet entre des limitet intagimireB (1825). The proof 
here given is that due to Goorsat, Trans, American Math, Soe, x. (1900), p. 14. 

t It is Bufficient for f{x) to be oontinuous when variations of z along the are onlg are 
considered. 

It is not neoeBsaxy that f(z) should be analytic on C (it is suffloient that it be oontinuous 
on and inside C), but if f{z) is not analytic on C, the theorem is much harder to prove. This 
proof merely assumes that f* (r) exists at all points on and inside C. Earlier proofs made more 
extended assumptions; thus Cauchy’s proof assumed the continuity of Riemann'a 

proof made an equivalent assumption. Goursat’s first proof aseumed that /(«) was uniformly 
differentiable, throughout C. 

§ Bee § 4‘6i example. 
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taken along a number of arcs which together make up C, each arc being 
taken in the same sense as in / f{t)ds; these integrals therefore just make 

•'(C) 

ap /,«/(*)<**• 

j iC) 

Now consider f f(ji)dz. With the notation of | 6’12, 

J(Cn) 

f f{z) de^f {/(z,) + (z - s,)/' (s,) + (z- «,) t») dz 

J («,) J (CU) 

“ - ■*!/' (^i)l f +/' (*•) f ^dz+f (z- *,) vdz. 

J(C») J(Cn) JWiO 

f dz~[z]c, = 0. f -0, 

J(Cn) ' JW L JCn 


But 


by the examples of § 4*6, since the end points of Cn coincide. 

Now let In be the side of and An the area of Cn> 

Then, using § 4*62, 

!/ f(z)dz = / (z-Zi)vdz\^l \{z-zt)vdz\ 

'•/(Cl.) I.'(C») •'(C») 

<€lnV2. f I I = eln \/2 . 4in * 4feAn V2. 

J Cn 

In like manner 

/(z)dz\^[ \{z^z,)vdz\ 

\J{Dn) I JiD^ 

^4,€(An ^In'Ki) \/2, 

where An is the area of the complete square of which Dn is part, In is the 
side of this square and Xn is the length of the part of C which lies inside this 
square. Hence, if X be the whole length of (7, while I is the side of a square 
which encloses all the squares Cn and Dnj 

I f fiz)dz < f j f f(z)dz + 2 I f f(z)dz 

<4*^21 S An+ 2 A„'+l 2 

U-l »-l n-l ) 

<4ev'2,(i* + /\). 

Now € is arbitrarily smaU, and I, X and J ^^f{z)dz are independent of e. 

It therefore follows from this inequality that the only value which I f(z) dz 

J c 

can have is zero ; and this is Cauchy's result. 
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Cforolhuy 1. If there are two paUui »o^Z and tJBZ from le to ^ and if /(»} ie a 
fiinction of » Analytic at all points on these curves and throughout the domain sndosed by 

these two paths, then ^ ^ value whether the path of inti^gration is 

ZoAZ or z^Z, This fdUows from the fact that ^AZBz^ is a contour, and so the integral 
taken round it (which is the difference of the integrals along z^^AZ and t^BZ) is sera 


Thus, if /(s) be an analytic function of r, the value of 



dr is to a certain extent 


independent of the chdoe of the arc AB^ and depends only on the terminal points A and B, 
It must be borne in mind that tkU ii only ths ooze yfhenf{z) is an analytic function in the 
sense of § 5'12. 


Corollary % Suppose that two simple closed curves and C\ are given, such that 
completely encloses Ci, as e.g. would be the case if Co and 0\ were confooal ellipses. 


Suppose moreover that f{z) is a function which is analytic* at all points on Co and C\ 
and throughout the ring-shaped region contained between Co and Ci. Then by drawing a 
network of intersecting lines in this ring-shaped space, we can shew, exactly as in the 
theorem just proved, that thz integral 

I /(*) * 


iz zerOy where the integration is taJken round the whole boundary of the ring-shaped space; 
this boundary consisting of two cui'ves Cq and C|, the one described in the counter-clockwise 
direction and the other described in the clockwise direction. 


Corollary 3. In general, if any connected region be given in the r-plane, bounded by 
any number of simple closed curves Co, Ci, Ca, ..., and if /(r) be any function of z which 
is analytic and one-valued everywhere in this region, then 



is zero, where the integral iz taken round the whole boundary of the region ; this boundary 
consisting of the curves Cq, Ci, ..., each described in such a sense that the region is kept 
either always on the right or always on the left of a person walking in the sense in question 
round the boundary. 

An extension of Cauchy^s theorem ^/(r)dr=*0, to curves lying on a cone whose vertex 

is at the origin, has been made by Bavut {Nouv. Annates de Math (3) Xvi. (1897), 
pp. 366-7). Morera, Rend, del 1st. Lombardo, xxii. (1889), p. 191, and Osgood, Bull. 

Amer. Math. 8oc. ii. (1896), pp. 296-302, have shewn that the property j f{z)ds^0 

may be taken as the property defining an analytic function, the other properties being 
deducible from it (Sm p. 110, example 16.) 

Example. A ring-shaped region is bounded by the two circles | s 1 1 and | r | « 2 in the 

r-plane. Verify that the value of J y > where the integral is taken roimd the boundaiy 

of this region, is sera 


* The phrase ' analytic throughout a region * implies one-valuedness (§ 5*12) ; that is to say 
that after z has deseribed a closed path surrounding Cq, S(z) has returned to its initial value. A 
function such as log;e considered in the r^on l<|sK2 will be said to be * analytic at all 
points of the region. * 
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For the bouQdai7 oonaists of the ciroumferenoe described in the clockwise 

direotiony together with the ciroumferenoe |r|»B2, described in the counter-dookwise 
direction. Thus, if for points on the first circumference we write and for points on 
the secmid circumference we write then B and ^ are real, and the integral becomes 

Jo + Jo -^j^--Sirt+2».=a 

6 * 21 . The value of cm analytic function at a point, expressed as an integral 
taken round a contour enclosing the point 

Let C be a contour within and on which f(z) is an analytic function of z. 

Then, if a be any point Muthin the contour, 

/(^) 

z --a 

is a function of z, which is analytic at all points within the contour C except 
the point x = a. 

Now, given e, we can find S such that 

I /(«) -/(«)-(« - o)/' (a) k e I ^ - a| 

whenever | ^ — a | < 8 ; with the point a as centre describe a circle y of radius 
r < 8, r being so small that y lies wholly inside ( 7 . 

Then in the space between y and C f{z)l(z - a) is analytic, and so, by 
§ 5*2 corollary 2, we have 

f ^ f f{i) dt 

J c a jy z — a ' 

where j and j denote integrals taken counter-clockwise along the curves 

C and y respectively. 

But, since | ^ -* a | < 8 on 7, we have 

f « f /fa) +(z^ a)f (g) 4. t; (j: - g) 

Jy z --a Jy z — a * 

where \ v\<€\ and so 

f + f vdz. 

J (] Z a J y Z a J y J y 

Now, if be on 7, we may write 


where r is the radius of the circle 7 , and consequently 

r2ir ire^9fig 


and 


I _d£__p.r«~a. 

JyZ-a Jo Jo 

dz ire*^dd » 0 ; 


vdz <€.2wr. 


also, by § 4*62, 
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Thus 


I (a) I = |J^ wrfz « 27 rre. 


But the left-hand side is independent of e, and so it must be zero, since e 
is arbitrary ; that is to say 


/(a) 


, _L. [ 

2m Jc z — a 


This remarkable result expresses the value of a function f{z\ (which is 
analytic on and inside C) at any point a within a contour C, in terms of an 

integral which depends only on the value of f (z) at points on the contour 
itself. 


Coiottary. If f{z) is an analytic one-valued function of 2 in a ring-shaped region 
bounded by two curves C and C, and a is a point in the region, then 


/(a)=-i-. ^ i maz, 

^iri JcZ^a 2iri 


where C is the outer of the curves and the integrals are taken counter-clockwise. 


6'22. The derivatee of an analytic function f(z). 

The function /'(z); which is the limit of 

f(z + h) —f {z) 
h 

as h tends to zero, is called the derivate of f{z). We shall now shew that 
f'{z) if itself (in analytic /unction of z, and consequently itself possesses a 
derivate. 

For if C be a contour surrounding the point a, and situated entirely 
within the region in which f (z) is analytic, we have 

^-►0 a 


.ito 1 If m^L UMM 

2mh (Jc z — a — h Jc z—a ) 


'■ lim 


27rt lo(z — a)(z-a — hj 

1 . [ /(^>^ I lim M 

iriJciz- a)’ a.»o 2m J c {z — a)* (z — a — hj' 


f(z)dz 


2m 


Now, on C, f(z) is continuous and therefore bounded, and so is (z - a)~* ; 
while we can take | h\ less than the lower bound of g | z - « j. 
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Therefore 


/(*) 


|(i — aYie^d — A) ^ let its upper bound be K. 

Tben, if 1 be the length of C, 


Ihn 

A-»e 2wt 


i/o(«- 




and consequently 


aYie-a-h) 

•' ' ' 2m)c(>-ay 


< lim 1 h I (iiry^Kl * 0, 


a formula which expresses the value of the derivate of a function at a point 
as an integral taken along a contour enclosing the point. 

From this formula we have, if the points a and a + A are inside C, 

f'(a + h)^f'(a) ^ 1 f f{z)dz f 1 1\ 

h 2wt j c A — a — A)* (^r — a)*j 

2{z-a-\h) 

(z — a — hy (z — ay 




2mJ c{z — cLy 

and it is easily seen that Ah is a bounded function of z when | A | 


U-a| 


Therefore, as A tends to zero, hr^ {/' (a + A) — /' (a)} tends to a limit, 
namely 

Since f'{a) has a unique differential coefficient, it is an analytic function 
of a\ its derivate, which is represented by the expression just given, is 
denoted by f'* (a), and is called the second derivate of f (a). 

Similarly it can be shewn that f^\a) is an analytic function of a, possessing 
a derivate equal to 

^3 r f{z)dz ^ 

27rt J 

this is denoted by (a), and is called the third derivate of f (a). And in 
general an nth derivate (a) of f{a) exists, expressible by the integral 

7t ! f f (z) dz 

2in] c 

and having itself a derivate of the form 

0l± 2U f fi^)dz 

^jri 

the reader will see that this can be proved by induction without difficulty. 



5*23, 5’3] FUNDAMENTAL PB0PEETIB8 OF ANALYTIC FUNCTIONS 9X 

A function which possesses a first derivate with respect, to the wm^plw 
variable z at all points of a closed two-dimensional region in the s-plane 
therefore possesses derivates of all orders at all points iruride the region. 


6’28. Cauchy's inequality for /<"> (a). 

Let f (js) be analytic on and inside a circle 0 with centre a and radius r. 
Let M be the upper bound of f{z) on the circle. Then, by § 4*62, 

^ Jf . n I 

^ — - . 

02 02 

Example. If f{z) is aDalytic, z—x-riy and + gp > shew that 

V* log 1/ (r) I = 0 ; and V* | /(«) | > 0 

unless /(«)sbO or /' (Trinity, 1910.) 


6*3. Analytic funcii(m8 represented by uniformly convergent series, 

€B 

Let 2 /n(*) be a series such that (i) it converges uniformly along a 

«asr<) 

contour C, (ii) (z) is analytic throughout C and its interior. 

* .... 
Then 2 fn(z) converges, and the sum of the series is an analytic 

nssO 

function throughout C and its interior. 

OD 

For let a be any point inside C ; on <7, let 2 fn(z)^^^(z). 


Then 



by* § 4*7. But this last series, by § 5*21, is 2 /n(a); the series under 

consideration therefore converges at all points inside C; let its sum inside 
C (as well as on C) be called Then the function is analytic if it 

has a unique differential coefficient at all points inside C. 

But if a and a *f A be inside C, 


4> (g + A) - (g) _ 1 f ^(z)dz 

A 27ri J c (z a)(z — a ^ hy 

and hence, as in § 5*22, lim [{4> (g + A) - (g)} A“"*] exists and is equal to 


* Since | e - a |~Ub bounded when a ie fixed and z ie on C. the nniformity of the oonvergenoe 
of 2 (z)f{K - a) follows from that of S {z} 
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If ^(e) 

2m Jo (^ — ay therefore ^(r) is analytic inside 0. Further, by 
transforming the last integral in the same way as we transformed the first 

00 QD 

one, we see that <I>' (a) » 2 /n (a), so that 2 /» (a) may be ‘ differentiated 

tt *0 n *.0 

term by term/ 

If a serieB of analytic functions converges only at points of a curve which is not closed 
nothing can be inferred as to the convergence of the derived series*. 

^ cos njc 

Thus 2 ( — )“ — jj — coxivei^es uniformly for real values of x (§ 3'34). But the derived 
• * Hin nx 

series Z — converges non-imiformly near ^-b(2»i + 1) it, (m any integer) ; and 

m 

the derived series of this, via. Z ( - cos nx^ does not conveige at alL 

llarl 

Corollary, By § 37, the sum of a power series is analytic inside its circle of con- 
vergence. 

6*31. Analytic functions represented hy integrals. 

Let f{t,z) satisfy the following conditions when t lies on a certain path 
of integration (a, b) and z is any point of a region S : 

(i) /and ^ are continuous functions of t 

(ii) /is an analytic function of z, 

(iii) The continuity of qua function of z is uniform with respect to 
the variable t. 

Then J /(t, z)dt is an analytic function of z. For, by § 4*2, it has the 
unique derivate J <3?^. 

6*32. Analytic functions represented by infinite integrals. 

From § 4*44 (II) corollary, it follows that I f{t,z)dt is an analytic 

J a 

function of z at all points of a region S if (i) the integral converges, (ii) /{t, z) 
is an analytic function of z when t is on the path of integration and z is on /S, 

(iii) — — is a continuous function of both variables, (iv) j 

converges uniformly throughout S. 

For if these conditions are satisfied J f{t, z) dt has the unique derivate 


/; 


* This might have been anticipated as the main theorem of this section deals with uniformii^ 
of convergence over a twhdimrniUmal region. 
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A case of veiy great importance is afforded by the integral ( tr** /(f) dt, 

where / (t) is continuous and |/(0I < where K, r are independent of t ; 
it is obvious from the conditions stated that the integral is an analytic 
function of z when B (z) ^ rj > r. [Condition (iv) is satisfied, by § 4’431 (I), 

since I converges.] 

Jo 


6 * 4 . Taylor’s Theorem*. 


Consider a function f{z), which is analytic in the neighbourhood of a 
point z^a. Let C be a circle with a as centre in the ^-plane, which does 
not have any singular point of the function f{z) on or inside it; so that f(z) 
is analytic at all points on and inside C, Let z^a + h be any point inside 
the circle C, Then, by § 5’21, we have 


f(a + K)^^A 

^ 27ri J o 


A" 




{z — 0 )"+^ (z^ {z 


— a — A)| 




But when is on C, the modulus of 


/(^) 


z — a — h 

by § 3*61 cor. (ii), will not exceed some finite number JIf. 


is continuous, and so, 


Therefore, by § 4*62, 

\27n]c{z-a)^'^^{z — a--h) ^ 2w \i2/ 

where R is the radius of the circle (7, so that 2w22 is the length of the path 
of integration in the last integral, and R^\z — a\ for points z on the cir- 
cumference of 0. 


The right-hand side of the last inequality tends to zero as n — ► oo . 
have therefore 

/(o + A) « /(o) + hf (o) + |j /" (a) + •••+ /•"*(«*) + •••. 


which we can write 

/ W “ /(“) + (« - o) y (a) + ^ (a) + • . . + - j— /<*' (o) + . . . . 


We 


This result is known as Taylor’s Theorem- and the proof given is due to 
Cauchy. It follows that the radius of convergence of a pouter series is always 

* The formal expanaion wat first published by Dr Brook Taylor (1716) in his Hethodut 

Inerementorum, 
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at least so large as only just to exclude from the interior of the circh of oon* 
vergenoe the nearest singularity of the function represented by the series. And 
by § 5*3 corollary, it follows that the radius of convergence is not target' 
itAcm the number just specified. Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 
which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 


If /(a)aBO, the function f{z) is said to have a zero at the point z^a. 
If at such a point f (a) is different from zero, the zero of f{a) is said to be 
simple] if, however,/' (a), /"(a), (a) are all zero, so that the Taylor's 

expansion of f{z) at x « a begins with a term in (z — a)^, then the function 
f{z) is said to have a zero of the nth order at the point z « a. 


Example 1. Find the function / which is analytic throughout the circle C and its 

interior, whose centre is at the origin and whose radius is unity, and has the value 

a-cosd sind 

a- 


- + t 


'ssacus cFf j. a*-2aco8d+l 
(where a> 1 and B is the vectorial angle) at points on the circumference of (7. 
[Wo have 


/W(0) = 


2irt J 0 

/, 


n ! 

2irf 


e-^.ide 


a-oosd+isind 
a*-^oo8d + l * 


(putting 


f2we-ni0clB 

n I 

f 

d* 1 "1 

fo a — 

"*2tri 

/c*"**(»-*) 



n ! 


Therefore by Maclaurin’s Theorem*, 


or /(«)■■ (a- 2 ) for all points within the circle. 

This example raises the interesting question. Will it still be convenient to define f{z) 
as at points outside the circle 7 This will be discussed in § 5'6l.] 


Example 2. Provo that the arithmetic mean of all values otz~^ 2 for points z on 

the circumference of the circle | r | » 1, is if Za^z^ is analytic throughout the circle and 
its interior. 

« f{p) (0) 

[Let X a,z‘'»/(^), so that — J— . Then, writing and calling C the circle 

1*1-1, 

L JL f / (*)& ^ /<">(0) _^ 1 

2iry 0 *** 2wl J c ^ i 


* The result /(r) as/ (0) + f/' (0) + ,j/" (0)+ obtained by putting asaO in Taylor’s Theocem, 

is usually called MaeUmrin'z Theorem; it was discovered by Stirling (1717) and pablished by 
Blaclaurin (1742) in his FluxUm. 
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ExdumpieZ, Let then /(«+A) is an analytic function of h when |A|<|iK| 

for all values of r ; and so (« +«»'“' A i*”"* A*+..., this aeries converging 

when I A I < I f |. This is the binomial theorem. 

Example 4. Prove that if A is a positive constant, and (1 -S^A+A*)^ is expanded in 
the form 

1+APi(x)+A*P,(x)+A»P8(«)+ (A), 

(where P^{i) is easily seen to be a polynomial of degree n in x), then this series converges 
so Jong as X is in the interior of an ellipse whose foci are the points 1 and — 1, and 
whose semi-major axis is ^ (A-fA’O* 

Let the series be first regarded as a function of A. It is a power series in A, and 
therefore converges so long as the point A lies within a circle in the A-plane. The centre 
of this circle is the point A»0, and its circumference will be such as to pass through that 

singularity of (1 - 2*A+ A*) " ^ which is nearest to A—0. 

But l-2*A+A«-{A-*+(i*-l)J}{A-*-(**-l)i}, 

so the singularities of (1-2*A+A*)~^ are the points A™*— (**-1)^ and A«»+(a*— 1)V 
[These singularities are branch points (see § 5*7).] 

Thus the series (A) converges so long as | A | is less than both 
|*_(*«_l)i|and|*+(**-l)*(. 

Draw an ellipse in the r-plane [lassing through the point z and having its fo5i at ±1. 
Let a be its semi-major axis, and B the eccentric angle of z on it. 

Then i—acoBd+t (a*- 1)^ sind, 

which gives « + («*- l)i «= {a ± (a* - 1)^} (cos B ±i sin d), 

so I — 1)^ |*a±(a*- 1)^. 

Thus the series (A) converges so long as A is less than the smaller of the numbers 
1)^ and a -(a*- 1)4, i.e. so long as A is less than a- (o*— 1)4. But A a— (a* -1)4 
when a «» (A -f- A" ^). 

Therefore the series (A) converges so long as 2 is within an ellipse whose foci are 1 and 
- 1, and whose semi-major axis is ^ (A-»-A~*). 


6*41. Forms of tlie remainder in Taylor's series. 

Let / (ir) be a real function of a real variable ; and let it have continuoua 
differential coefficients of the first n orders when a^x^a + h. 

If ^*1, we have 

a CC S *>} - <•+*)- <“ + “)■ 

Integrating this between the limits 0 and 1, we have 
/(a + A) -/(a) + V ^ /<*' (a) + /<•> (a + tA)dt. 

Let /\l - <)—/<"• (a + th)dt ; 

and let be a positive integer such that p^n. 
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Then En - £ (1 - . (1 - <)»-<'/(»» (a + th) dt. 

Let U, L he the upper and lower bounds of (1 — <)"~p jfw (a + th). 

Then 

rZ(l- dt< [\l- t)p-' . (1 - /<«! (o + th)dt<f U(l- dt 

Jo Jo Jo 

Since (1 — (a + th) is a continuous function it passes through all 

values between U and L, and hence we can find 0 such that 0 ^ ^ < 1, and 

r (1 - (a + th) rfe (1 - 0)^P /w (a -f eh), 

J 0 

An 

Therefore R„ = (« + 

A” 

Writing p = n, we get Jin * (a + which is Lagrange's fomi for 

A** 

the remainder ; and writing p = 1, we get Bn ** j y | (a + dh), 

which is Cauchy's form for the remainder. 

Taking n»l in this result, wo get 

/(a+A)--/(a)=A/' (a + ^A) 

if f{x) is continuous when a^x^a + k ; this result is usually known as the First 
Mean Value Theorem (see also § 4*14), 

Darboux gave in 1876 {Journal de McUh, (3) ii. p. 291) a form for the remainder in 
Taylor’s Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of real variables. 

6*6. The Process of Continuation, 

Near every point P, Zq, in the neighbourhood of which a function f{z) is 
analytic, we have seen that an expansion exists for the function as a series 
of ascending positive integral powers of (z-Zq), the coeflBcients in which 
involve the successive derivates of the function at z„. 

Now let A be the singularity of /(z) which is nearest to P, Then the 
circle within which this expansion is valid has P for centre and PA for 
radius. 

Suppose that we are merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the condition that the function is to be 
analytic throughout the interior of the larger circle. Then the preceding 
theorems enable us to find its value at all points wMiin the smaller circle 
and to determine the coefficients in the Taylor series proceeding in powers 
of z-Zo. The question arises, Is it possible to define the function at points 
outside the circle in such a way that the function is analytic throughout 
a larger domain than the interior of the circle! 
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In other words, giwn a power series which converges and represents a 
function only at points within a circle, to define by means of it the nalues 
of the function at points outside the circle. 

For this purpose choose any point Pi within the circle, not on the line 
PA. We know the value of the function and all its derivates at Pi, {n>m 
the series, and so we can form the Taylor series (for the same hinction) 
with P| as origin, which will define a function analytic throughout some 
circle of centre Pj. Now this circle will extend as far as the singularity* 
which is nearest to Pi, which may or may not be A ; but in either case, this 
new circle will usually f lie partly outside the old circle of convergence, and 
for points in the region which is included in the new circle hut not in the old 
circle, the new series may be used to define the values of the function, although 
the old series failed to do so. 

Similarly we can take any other point P9, in the region for which the 
values of the function are now known, and form the Taylor series with P9 
as origin, which will in general enable us to define the function at other 
points, at which its values were not previously known ; and so on. 

This process is called continuationX. By means of it, starting from a 
representation of a function by any one power series we can find any number 
of other power series, which between them define the value of the function 
at all points of a domain, any point of which can be reached fipom P without 
passing through a singularity of the function; and the aggregate§ of all 
the power series thus obtained constitutes the analytical expression of the 
function. 

It is important to know whether continuation bj two different paths PBQ, will 
give the same final power series ; it will be seen that this is the case, if the function 
have no singularity inside the closed curve PBQB'P, in the following way : Let Pi be any 
point on PBQ, inside the circle C with centre P ; obtain the continuation of the function 
with Pi as origin, and let it converge inside a circle Ci ; let Pi be any point inside both 
circles and also inside the curve PBQFP; let S, Si, Si be the power series with P, Pi, 
Pi as origins; then||i9iSiS'i' over a certain domain which will contain Px, if Pi be taken 
sufficiently near Pi\ and hence Si will be the continuation of 8i; for if Ti were the 
continuation of S^, we have Ti^Si over a domain containing Pi, and so (§ 373) 
corresponding coefficients in S\ and Ti are the same. By carrying out such a process a 
sufficient number of times, we deform the path PBQ into the path PBQ if no singular 
point is inside PBQBP. The reader will convince himself by drawing a figure that 
the process can be carried out in a finite number of steps. 

* Of the function defined by the new series. 

t The word * usually ’ must be taken as referring to the oases which are likely to come 
under the reader's notice while studying the less advanced parts of the subject. 

J French, prolofigmrnt ; Qermtai, FurUettung. 

§ Snoh an aggregate of power series has been obtained for various funotions by M. J. M. Hill, 
by purely algebraical processes, Proe. London Math. See. xxxv. (1908), pp. 886-416. 

II Biuoe each is equal to 8, 


W. M. A. 


7 
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5 +^ + 5 + ^+- 


ExampU. The series 
represents the function 

/(*)- 

only for points z within the circle | « | ar | a | . 




But any number of other power series exist, of the type 

1 t-h {z^hf (z-b)^ . 

(a (a -6)* ^ 

if bja is not real and positive these converge at points inside a circle which is partly 
inside and partly outside | x | = | a { ; these series represent this same function at points 
outipde this circle. 


5*601. On functionz to which the continuation-procczt cannot he applied. 

It is not always i>ossible to carry out the process of continuation. Take as an example 
the function / (z) defined by the power series 

which clearly converges in the interior of a circle whose radius is unity and whose centre 
is at the origin. 

Now it is obvious that, as x-^1-0, /(«)-► -f® ; the point +1 is therefore a 
singularity of /(x). 

But /(«) “«*+/(«•)» 

and if x*-^l-0, /(x*)-*-® and so /(x)-^®, and hence the points for which ^re 
singularities of/(x) ; the point x>b - 1 is therefore also a singularity of /(x). 

Similarly since 

/(x)-x«+x*-H/(x*), 

we see that if x is such that x^ -b 1, then x is a singularity of /(x) ; and, in general, any root 
of any of the equations 

x2«l, x*-l, x8-l, x« = l, ..., 

is a singularity of /(x). But these points all lie on the circle | x | » 1 ; and in any arc 
of this circle, however small, there are an unlimited number of them. The attempt to 
qarry. out the process of continuation will therefore be fhistrated by the existence of this 
unbit>ken front of singularities, beyond which it is impossible to pass. 

In such a esse the function /(x) cannot be continued at all to points x situated outside 
the circle | x | « 1 ; such a function is called a lacunary function, and the circle is said to be 
a limiting circle for the function. 


B* 81 . The identity of two functions. 

The two series 

1 + + ... 

and + (^-2)-(^-2)* + (^-2)•-(2-2)^-|.... 

do not both converge for any value of x, and are distinct expansions. 
Nevertheless, we generally say that they represent the same function, on the 
strength of the fietet that they can both be represented by the same rational 
1 

expression ^ . 



5*501, 5*51 ] Taylor’s, laurrkt’s and liouyillb's thboreics 99 


This raises the question of the identity of two functions. When can two 
different expansions be said to represent the same function ? 

We might define a function (after Weierstrass), by means of the last 
article, as consisting of one power series together with all the other power 
series which can be derived from it by the process of continuation. Two 
different analytical expressions will then define the same function, if they 
represent power series derivable from each other by continuation. 


Since if a function is analytic (in the sense of Cauchy, § 5*12) at and near 
a point it ccm be expanded into a Taylor's series, and since a convergent 
power series has a unique differential coefficient (§ 5*3), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy. 

It is important to observe that the limit of a combination of analytic 
functiona can represent different analytic functions in different parts of the 
plane. This can be seen by considering the series 




The sum of the first w -f 1 terms of this series is 



z 



1 


The series therefore converges for all values of z (zero excepted) not on the 
circle | x | = 1. But, as w — > oo , jr" | 0 or | x" | oo according as | x | is less 

or greater than unity ; hence we see that the sum to infinity of the series is 

z when | x | < 1, and ^ when | x | > 1. This series therefore represents one 

function at points in the interior of the circle | x | = 1, and an entirely different 
function at points outside the same circle. The reader will see from § 5*3 
that this result is connected with the non-uniformity of the convergence of 
the series near | x { « 1. 

It has been shewn by Borel* that if a region € is taken and a set of points S such that 
points of the set are arbitrarily near every point of (7, it may be possible to de6ne 
a function which has a unique differential coefficient (i.e. is monogenic) at all points 
of € which do not belong to S\ but the function is not analytic in C in the sense of 
Weierstrass. 


Such a function is 


OB n » 


/(«)S5 X X Z 
j)«o 


exp ( - exp n*) 


* Proc, Math, Congress, Cambridge (1912), i. pp. 187-138. Lemons sur Us fonetums motto- 
jfhnes (1917). The functions are not monogenic striotiy in the sense of § 5*1 because, in the 
example quoted, in working out {f{o + h)-f{e))lh,U must be supposed that R(r-f A) and 
are not both rational firaotious. 


7—2 



100 


THE FBOCEBSES OF ANALYSIS 


[OHAF. V 


6*6. Lauhent’s Theorem. 

A very important theorem was published in 1848 by Laurent* ; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let C and be two concentric circles of centre a, of which C* is the inner; 
and let /(x) be a function which is analyticf at all points on C and C' and 
throughout the annulus between C and C\ Let a + & be any point in this 
ring-shaped space. Then we have (§ 6*21 corollary) 


/(a + k) 


JL, [ /(^) 

— a — h 


dz — 


27ri J c — h 


dz, 


where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circles. 


This can be written 


/(«+^)=2S A {^a + ••• + 

. 1 r ^/ ^ fl . . . (^-ay (xr-o)“+' 1 J 

A* o-A)) 


We find, as in the proof of Taylor’s Theorem, that 

f , f f{z)dz{z-aY*'^ 

j »)*■*■* {z^a-^h) J (s — a — A) 

tend to zero as n — > cx) ; and thus we have 

y (a h) ^ cLq + dih ’h + ... ^ **’* 


wWre; a. - 2^ (« - «)-’/<») *■ 

This result is Laurent* s Theorem] changing the notation, it can be 
expressed in the following form : If f(z) be analytic on the concentric circles 
C and C* of centre a, and throughout the annulus between them, then at any 
point z of the annulus f{z) can be expanded in the form 

f(z)Mmao^a, + -f 

where and A, - ^ (« -«)»-/(«) 

An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C\ namely at the centre a. In this case 
the circle C* can be taken as small as we please, and so Laurent’s expansion 
is valid for all points in the interior of the circle C, except the centre a. 


* Comptet Rtndua, xvn. (1848), pp. 848-349. The theorem is contmoed in a paper which waa 
written by Weieratraea in 1841, but apparently not publiahed before 1694, Werke, i. pp. 51-86. 
t See § 5*2 corollary 2, footnote. 

t We catiTiot write (ii)/w! an in Taylor’a Theorem nince / (r) is not necessarily analytic 

inside C. 
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Example 1. Prove that 






where 


1 


cos {nB ~ X sin 6 ) dB. 


[For the function of z under oonsideration is analytic in any domain which does not 
include the point e^O ; and so by Laurent’s Theorem, 


where 


^ 2 fn J c • 2n*iy<y 

and where C and C* are any circles with the origin as centre. Taking C to be the circle of 
radius unity, and writing z=^e**, we have 

cos (7id-arsind)€W, 

/ 2ir 

^ sin (nd-^sin d) ifd vanishes, as may be seen by writing 27r — for B. Thus 

and 6^=s(-)«a,j, since the function expanded is unaltered if — be written 
for «, so that ~ (or), and the proof is complete.] 

Example 2 . Shew that, in the annulus defined by|a|<|2|<|6|, the function 


5 »+^S, 5 .(^+J), 
1.3...(af-l).1.3...(2f+2w-l) /aV 


can be expanded in the form 


where ;S.« 2^ ! 

The function is one* valued and analytic in the annulus (see § 5 * 7 ), for the branch-points 
0, a neutralise each other, and so, by Laurent’s Theoi'em, if C denote the circle | r |>-r, 
where | a | < r < | & |, the coefficient of r” in the required expansion is 

j_ { <fe f fa 

2iri J (7 ^ - «)j 

Putting zmkT^^ this becomes 

hi :- — 


« 1.3...(2*-l)r*««* - 1.3... (2f- !)«»<!-“* 


i -TT ,to iTTT- -TT ' 

the aeries being absolutely convergent and uniformly oonveigeut with regard to B. 

The only terms which give integrals different from aero are tho^ for which 
So the coefficient of is 


hi 


... 2 1.3...{2f-l) 1.3...(2f+2»-l) «* 5, 

0 2 ‘*»;-(r+„)-r Jirir-js- 


Similarly it can be shewn that the coefficient of ~ is 
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Examplt 3. Shew that 

z z* 

where 0 ,^= ^ coa {(« v) sin 3 - n3) cW, 

1 /* ftr 

and I {(v~t»)sind-n^}<id. 


6*61. 27ie wafMre q/* ^ singidarities of one-vcUtied fmctions. 

Consider first a function f{z) which is anal 3 rtic throughout a closed 
region S, except at a single point a inside the region. 


I<et it be possible to define a function ^{z) such that 
(i) ^ (x) is analytic throughout S, 


(ii) when t a, f (e) 4> (z) + 4 + 


4 


-gn 

(z — a)”' ’ 


Then f(z) is said to have a *pole of order n at a'; and the terms 

B S B 

— + / - —;r^ + ... + — ” v„ are called the principal part of f{z) near a. 
z a yz a) \Z a) 

By the definition of a singularity (§ 5T2) a pole is a singularity. If n= 1, 
the singularity is called a simple pole* 


Any singularity of a one-valued function other than a pole is called an 
essential singularity. 


If the essential singularity, a, is isolated (i.e. if a region, of which a is an 
interior point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of {z — a) 
valid when A > | x - a | > S, where A depends on the other singularities of the 
function, and S is arbitrarily small. Hence the ‘ principal part ' of a function 
near an isolated essential singularity consists of an infinite series. 

It should be noted that a pole is, by definition, an isolated singularity, so 
that all singularities which are not isolated (e.g. the limiting point of a 
sequence of poles) are essential singularities. 

There does not exist, in general, an expansion of a function valid near a non-isolated 
singularity in the way that Laurent’s expansion is valid near an isolated singularity. 

Condlarg, If f(z) has a pole of order n at a, and («)■»(«- a)"/ (^) (*#<*)> 

^(a)« lim {z-a)^f{z\ then ^(z) is analytic at a. 

g^a 

EzampU 1. A function is not bounded near an isolated essential singularity. 

[Prove that if the function were bounded near the coefficients of negative powers 
of x-a would all vanish.] 
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EtcmupU 2. Find the singularities of the function «»"«/{«<» - 1}. 

At the numerator is analytic, and the denominator has a simple zero. Hence 
the function has a simple pole at 

Similarly there is a simple pole at each of the points Snirta (n» jfc 1, ±2, ±3, ...); the 
denominator is analytic and does not vanish for other values of 

At the numerator has an isolated singularity, so Laurent’s Theorem is applicable, 
and the coefficients in the Laurent expansion may be obtained from the quotient 

1 I ^ ^ _i_ 

which gives an expansion involving all positive and negative powers of (« - a). So there is 
an essential singularity >at x«a. 

Ejeample 3. Shew that the function defined by the series 

* 1 } 

has simple poles at the points x=(l-f 1, 2, ... « — 1 ; »“1, 2, 3, 

(Math. Trip. 1899.) 

6'62. The * point at infinity* 

The behaviour of a function f (z) as | ^ ! — ♦ oo can be treated in a similar 
way to ite behaviour as z tends to a finite limit. 

If we write « = ^ , so that large values of z are represented by small 
’ z 

values of / in the r'-plane, there is a one-one correspondence between 
z and z', provided that neither is zero; and to make the correspondence 
complete it is sometimes convenient to say that when / is the origin, z is 
the ‘ point at infinity.’ But the reader must be careful to observe that this 
is not a definite point, and any proposition about it is really a proposition 
concerning the point z' » 0. 

Ijet/(r) « ^(«')- Then is not defined at ^ * 0, hut its behaviour 
near z' -0 is determined by its Taylor (or Laurent) expansion in powers 
of z' • and we define 6(0) as lira 6(z') if that limit exists. For instance 

the function if>(z') may have a zero of order m at the point s'-O; in this 
naap. the Taylor expansion of if> (z') will be of the form 

Az”* + Bz'”*-^' + (?«'"•+» +..., 

and so the expansion of f(z) valid for sufficiently large values of | z | will he 

of the form . » « 

.... 

In this <saBe,f(z) is said to have a zero of order m at 'iujmity! 
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Again, the fhnction ^(/) may have a pole of order m at the point ^ 0; 
in this case 

+ + •••■♦• 7 + + + P*'*+...; 

and so, for sa£5ciently large values of | ^ | , /(«) can be expanded in the form 
/(*)*»As“ + + + + iix + ilf + — + ^ + .... 

Z Zt 

In this QBs&,f{z) is said to have a pole of order m at ‘ infinity.* 

Similarly f(z) is said to have an eseential singularity at infinity, if f^{z) 
has an essential singularity at the point ^ » 0. Thus the function s' has an 

1 

essential singularity at infinity, since the function eF’ or 

1 . 




31 


has an essential singularity at z » 0. 

Example, Diacuas the function represented by the ^ries 


* 




n 1 

The function represented by this seria*^ has singularities at and 

(n« 1, 2, 3, ...), since at each of these points the denominator of one of the terms in the 
series is zero. These singularities are on the imaginary axis, and have 2=^0 as a limiting 
point ; so no Taylor or Laurent expansion can be formed for the function valid throughout 
any region of which the origin is an interior point. 

For values of /, other than these singularities, the series converges absolutely, since the 
limit of the ratio of the (n + l)th term to the nth is lim (n+l)'’ia“*=»0. The function is 

an even function of z (i.e. is unchanged if the sign of ^ be changed), tends to zero as 
1 2 , and is analytic on and outside a circle C of radius greater than unity and centra 

at the origin. So, for points outside this circle, it can be expanded in the form 

^ , ^4 . ^6 , 

sF iF ■*’’ 

where, by Laurent’s Theorem, 

iT! 


Now 


n»o n I 




This double series convei^ges absolutely when | « | > 1, and if it be rearranged in powers 
of z it converges uniformly. 

(-)*-'«“*** 


Since the coefficient of is 2 

H»o n 

zero integral is the term in z^\ we have 


‘■-e I, 


2 

n^o 

isBso wTn®* 


and the only term which furnishes a oon- 

(,)ar-lq-llmgfc 


n I 
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Therefore, when | « | > 1, the Ihnction oan be expanded in the form 

i JL i 

The funotion haa a zero of the second order at infinity, sinoe the expansion begins with 
a term in a"*, 

S*63. Liouville’s Theorem*. 

Let f{z) he analytic for aU values of z and let \f{z) | < K for all values 
of z, where K is a constant {so tiiat \f(z) | is hounded as \z\^ ao). Then 
f{z) is a constant. 

Let z, z* be any two points and let (7 be a contour such that x, z* are 
inside it. Then, by § 5 21, 

/W if ; 

take C to be a circle whose centre is z and whose radius is p > 2 1 x x | ; on 

C write + since s' \ when f is on 0 it follows from § 4*62 
that 


1/(0 -/(^)h 


1 f z-z 

1 /**’ 
irr Jo 




/(f) d? 


Stt ; 0 ip 
s* 2 I / — X I ^p“^ 

Make p — ► oo , keeping z and z' fixed; then it is obvious that f(z^) —fis) « 0; 
that is to say, f(z) is constant. 

As will be seen in the next article, and again fieqaently in the latter half of this 
volume (Chapters xx, xxi and xxii), Liouyille’s theorem furnishes short and convenient 
propfs of some of the most important results in Analysis 

6*64. Functions with no essetitial singularities. 

We shall now shew that the only one-valued functions which have no 
singularities, except poles, at any point {including oo ) are rational functions. 

For let f{z) be such a function ; let its singularities in the finite part 
of the plane be at the points c^, Cg, ... cit\ and let the principal part (§ 5*61) 
of its expansion at the pole Cr be 

^>1 . , I. 

Z^Cr {s-Crf {s- Cr)^' 

Let the principal part of its expansion at the pole at infinity be 

OiX + OaS®-!- ... + 

if there is not a pole at infinity, then all the coefficients in this expansion 
will* be zero. 

• This theorem, which ie really due to Cauchy, Cimpies Eetuius, xix. (1844), i^. 1877, 1878, 
was given this name by Borohardt, Journal fUr Math, Lxxzvm. (1880), pp. 277-810, who heard it 
in Liouville’s lectures in 1647. 
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Now the function 


r-ll*-Cr («'-Cr)* («-Cr)^j 




has clearly no singularities at the points Cj, C|, ... Ct, or at infinity; it is 
therefore analytic everywhere and is bounded as j « | —> oo , and so, by 
Liouville’s Theorem, is a constant ; that is, 


/(i^) — (7+ o,^ + 0,** + . . . + o„i’* + 


r«l Cr — CrY 


+ ... 





where (7 is constant ; / (^) is therefore a rational function, and the theorem is 
established. 


It is evident from Liouville’s theorem (combined with § 3'61 corollary (ii)) 
that a function which is analytic everywhere (including oo) is merely a 
constant. Functions which are analytic everywhere except oo are of 
considerable importance ; they are known as integral functions^. Examples 
of such functions are e*, sin z, From § 5*4 it is apparent that there is no 
finite radius of convergence of a Taylor s series which represents an integral 
function ; and firom the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singularities at oo . 


6*7. Many-valved functions. 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of z. 

But frinctions may be defined which have more than one value for each 
value of z ; thus if r » r (cos 0~\-i sin 0), the function z^ has the two values 


^ ^cos I ^ 1 sin 2 ^ j ■ cos \{0 ^ 27r) + i sin ^ (^ + 27r)| ; 


and the function arc tan x {x real) has an unlimited number of values, viz. 
Arc tan x + nir, where — ^ tt < Arc tan a? < | tt and n is any integer ; further 

examples of many- valued functions are logzr, z^^, sin {z^). 

Ehther of the two functions which z^ represents is, however, analytic 
except at z » 0, and we can apply to them the theorems of this chapter ; and 

the two functions are called 'branches of the many- valued function z^* 
There will be certain points in general at which two or more branches 
coincide or at which one branch has an infinite limit ; these points are called 

* branch-points.’ Thus z^ has a branch-point at 0 ; and, if we consider the 
change in z^ aa z describes a circle counter-clockwise round 0, we see that 0 


* French, fonetion entitre ; Germnn, game Funktion. 
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increaees by 27 r, r remains unchanged, and eiiher brcmch of the fwnctim paeees 
over into the other branch. This will be found to be a general characteristic 
of branch-points. It is not the punpose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions in regions not containing branch- 
points, so that there will be comparatively little diflSculty in seeing whether 
or not Cauchy’s Theorem may be applied. 

Thus we cannot apply Cauchy’s Theorem to such a function as when the path of 
integration is a circle surrounding the origin ; but it is permissible to apply it to one of 

the branches of when tfafi path of integration is like that shewn in § 6'24, for through- 
out the contour and its interior the function has a single definite value. 

Example, Prove that if the difierent values of a*, corresponding to a given value of «, 

represented on an Argand diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a, 

(Math. Trip. 1899.) 

The idea of the difierent branches of a function helps us to understand such a paradox 
as the following. 

Consider the function 

for which ^ .r* ( 1 + log jf). 


When X is negative and real, ^ is not real. 


But if X is negative and of the form 


..JL- 

2^+1 


(where p and q are positive or negative integers), y is real. 


If therefore we draw the real curve 


we have for negative values of a? a set of conjugate points, one point con'espondiug to each 
rational value of x with an odd denominator \ and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous ; and 

thus when derived from the Inclination of the tangent to the axis of x, would appear 

to be reaL The question thus arises, Why does the ordinary process of difierentiation 

give a non-real value for The explanation is, that these conjugate points do not all 

arise firom the same branch of the function y » We have in faot 

^ ^ log »+8ibr<* 


where k is any integer. To each value of k corresponds one branch of the function y. 
Now in order to get a real value of y when x is negative, we have to choose a suitable 
value for k : and this value of k varies as we po from one conjugcUe point to an aSfaomt one. 
So the ooigugate points do not represent values of y arising fh>m the same branch of the, 

function y—jr*, and consequently we cannot expect the value of ^ when evaluated 

for a definite branch to be given by the tangent of the inclination to the axis of x of the 
line joining two arbitrarily dose members of the series of conjugate points. 



108 


THB PBOCB8SES OF ANALYSIS 


[chap, V 


REFERENCES. 

£. Goubsat, Coutb ^AnalyH^ ii. (Faria, 1911), Cha. xiv and xvi. 

J. Hadamabd, La S4fU de Taylor et aon prolongoment analytiqm (Soientia, 1901). 

K LibdelOf, Le Cahml dea Riridma (Paris, 1905). 

O. J. DE LA VallAe Poubbib, CouTa (TAnalyae InfiniMmale^ i. (Paris and Louvain, 
1914), Ch. X. 

£. Bobbl, Le^ma aur lea Fonctuma Enivkrea (Paris, 1900). 

O. N. Watbon, Complex Integration and Caitohy^a Theorem (Camb. Math. Traots, 
no. 16, 1914). 


Miscellaneous Examples. 

1. Obtain the expansion 

/(■)-/(«)+ » frv (i±2) + ('-?) * . 


and detennine the circum8t4inoes and range of its validity. 

2. Obtain, under suitable circUknstances, the expansion 

/W-/(«)+*-^“[/'(«+*^)+/’ («■ 


(2w -- 1) (« - a) 


2m 


i] 




6 

3. Shew that for the series 


(2m— 1) (a -a ) 
2m 

(2m- 1) (j! — g )’ 
2m 


}] 

}] 


(Corey, Ann. of Math. (2), l. (1900), p. 77.) 
I 


««o + 

the region of convergence consists of two distinct areas, namely outside and inside a circle 
of radius unity, and that in each of those the series represents one function and represents 
it completely. 

(Weierstrass, Berliner Monataherichte^ 1880, p. 731 ; Oea. WerkOy ii. (1895), p. 227.) 

4. Shew that the function 

Ob 

s *»' 

l*s=0 

tends to inhnity as r-*-exp {2irtplm !) along the radius through the point ; where m is any 
integer and p takes the values 0, 1, 2, . .. (m ! - 1). 

Deduce that the function cannot be continued beyond the unit circle. 

(Lerch, Sitz. BOhm. Acad., 1885-6, pp. 571-~582.) 

5. Shew that, if 1 is not a positive real number, then 

(1 *»} ^+2 ^2.4^^*"^ 2.4...2« 

(Jacobi and Soheibner.) 
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6. Shew thet^ if t - 1 is not a positive reel number, then 

nl J Q 

(Jacobi and Scheibner.) 

7. Shew that, if b and l-z are not negative real numbers, then 

(Jacobi and Scheibner.) 

8. If, in the expansion of (a+ai^+os^*)** by the multinomial theorem, the remainder 
after n terms be denoted by RnX^)n bo that 


shew that 


9. If 


^ (*) = (o + a, * + 


(a + ai<4-a*^*)"‘‘^> 


dL 


(oo + oiii + aji!*)”*"* J (ao+ai«+a2r*)*»rfr 


(Scheibner.) 


be expanded in ascending powers of z in the form 

Aiz + Aii^+ ..., 

shew that the remainder after n - 1 terms is 

(Scheibner*.) 

10. Shew that the series 

»r»0 *** 

where X,(«)= — + 


and where 0 (z) is'analytic near «n0, is convergent near the point z^O ; and shew that if 
the sum of the series be denoted by f{z), then / (r) satisfies the differential equation 

(Pincherle, Betid, det Ltnoex (5), v. (1896), p. 27.) 

11. Shew that the arithmetic mean of the squares of the moduli of all the values of 
the aeries on a circle |«|“=r, situated within its circle of convergence, is equal 

in*0 

to the sum of the squares of the moduli of the separate terms. 

(Outsmer, Afatk, Aun. xxxii. (1888), pp. 596-600.) 

* The results of examples 5, 6 and 7 are special oases of formulae contained in Jacobi’s dis* 

sertation (Berlin, 1826) published in his Gez. JFerlce, ui. (1684), pp. 1-44. Jacobi’s formulae 

were generalised by Scheibner, Ltipziger Berieht^, xnv. (1898), pp. 482-448. 
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12. Shew that the eariee 


oonvergeB when 1 1 1 < 1 ; and that, when a>0, the function which it repreeents can also 
be repreeented when | r | < 1 by the integral 

/a\* p flb? 

W Jo 


and that it has no singularities except at the point 1. 

(Lerch, M&natshefie fUr Math, und JPAyj. viil.) 


13. Shew that the series 


■ ^ 1(1 - iv - 2v*ti) (iv +2i.'«)* (1 - 2» - iv'z - * t) (2v + Sk'* ' > t)*J ’ 


in which the summation extends over all integral values of v, except the combination 
(h» 0, ■''■>0}, converges absolutely for all values of z except purely imaginary values ; and 
that its siun is + 1 or - 1, according as the real part of z is positive or negative. 

(Weierstrass, Berliner Monateherichte^ 1880, p. 736.) 


14. Shew that sin ^ expanded in a series of the type 

in which the coefficients, both of x" and of are 


16. If 


1 

siu (2u coe $) 008 nff d$. 


nal 


«*«*+ a** 


shew that / (z) is finite and continuous for all real values of Zy but cannot be expanded as 
a Madaurin’s series in ascending powers of z ; and explain this apparent anomaly. 

[For other cases of failure of Maclaurin’s theorem, see a posthumous memoir by Cell4rier, 
Bull, dee Sd. Mat A. (2), xiv. (1890), pp, 146-599 ; Lerch, Journal fUr Math. oiii. (1888), 
pp. 126-138 ; Pringsheim, Math. Ann. XLii. (1893), pp. 163-184 ; and Du Bois Reymond, 
Miinchener Sitzumgeberiehtey vi. (1876), p. 236.] 


16. If f{z) be a continuoui one- valued function of z throughout a two-dimensional 
r^ion, and if 

f{z) dzsaO 


h 


for all closed contours C lying inside the r^on, then f{z) is an analytic function of z 
throughout the interior of the region. 


[Ii6t a be any point of the region and lot 

//(»)*• 

It follows from the data that F{z) has the unique derivate f(z). Hence F(z) is 
analytic (§ 6*1) and so (§ 6*22) its derivate f{z) is also analytic. This important converse 
of Cauchy’s theorem is due to Morera, Bendieo^iti del R. let, Lombardo {Milano)y XXll. 
(1889), p. 191.] 



CHAPTEK VI 


THE THEORY OF RESIDUES ; APPLICATION TO THE EVALUATION OP 

DEFINITE INTEGRALS 


6‘1. Residues. 

If the has a pole of order m at zbo, then, by the definition 

of a pole, an equation of the form 


where ^ (z) is analytic near and at a, is true near a. 

The coefficient u_i in this expansion is called the residue of the function 
/(z) relative to the pole o. 

Consider now the value of the integral j f{t)dt, where the path of 

integration is a circle* a, whose centre is the point a and whose radius p is so 
small that ^(z) is analytic inside and on the circle. 

We have f /(z)dzm J, a-rf f 

J a r“l J a J a 

Now J ^ (z) dz - 0 by § 5 ' 2 ; and (putting z — o « pz") we have, if r ^ 1 , 
But, when r * 1 , we have 


Hence finally 


f = f id0^2in. 
J,z-a Ja 

j /(z)dz = 2 iria_,. 


Now let C be any contour, containing in the region interior to it a number 
of poles a, b, c, ... of a function /(z), with residues a_„ {»_„ c_i, ... respec- 
tively; and suppose that the function /(z) is analytic throughout Cand its 
interior, except at these polea 

Surround the points a, 6 , c, ... by circles «, /9, 7 , ... so small that their 
respective centres are the only singularities inside or on each circle ; then the 
function /(z) is analytic in the closed region bounded by 0 , a, 7 , .... 

* The nietonoe of enoh a oirola ie implied in the definition of a pole u an iaolated 
eingnlailty. 
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Hence, by § 5*2 c<nollary 3, 

j f{t)dz + 1 ^/(e)dz + ... 
« 2ma^i + 2irib^i + .... 


Thus we have the theorem of residues, namely that if f{z) be analytic 
throfughout a contour C and its interior esccept at a number of poles inside the 
contour, then 


f /(^)dt 

J G 


2ir%StR, 


where XU denotes the sum of the residues of the function f (z) at those of its 
poles which cure situated within the contour C. 

This is an extension of the theorem of § 5*21. 


Not®. If a is a simple pole of f(z) the residue of f(z) at that pole is lim {(«- a)/{z)}. 
6*2. The evaiuation of definite integrals. 

We shall now apply the result of § 6*1 to evaluating various classes 
of definite integrals ; the methods to be employed in any particular case may 
usually be seen from the following typical examples. 


6*21. The evcUuation of the integrals of certain periodic functions taken 
between the limits 0 and 2ir, 


An integral of the type 


j: 


R (cos 0, sin 6) d0y 


where the integrand is a rational function of cos 0 and sin 0 finite on the 
range of integration, can be evaluated by writing e*^ = z ; since 

costf = + = -«-*). 

the integral takes the form f S (z) dz, where S (z) is a rational fhnction of z 

J c 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin. 

Therefore, by § 6*1, the integral is equal to 27ri times the sum of the residues 
of S(f) at those of its poles which are inside that circle. 


Example IfO<p<l, 

jo 1 --2p cos 


The only pole of the integrand inside the circle is a simple pole at p ; and the residue 
there is 


lim 

z^p 




1 

»( 1 ^’ 
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/.V 


tU ^ iw 
^ooetf+p*** 1 — F*' 


BxampU 2. If 0 <p < 1, 
r*r 


/•«> oo,«atf / «&/l .^1 _A* 1 

Jo l-SpoosStf+F* ) (1 -F**) (1 “/»"*) 


where Xif denotes the enm of the reeidnee of . . „ ; at its pedes inside Oi these 

poles are 0, -pi, pi ; end the residues at them are ’ 

and hence the integral is equal to 

«•(! -F+F* ) 

1-F * 

Xxamph 3. If a be a positive integer, 

/ Sv 9 /Sir 

^ (nd— aind)dd*=jj^, / e^^^sin (nd— Bind)c20«O. 


Example 4. If a > 6 > 0, 


dd 2f^ 

Jo (o+hcoBtf)*~(a»-6*)l’ io 


dS ^ f r 

(a+i>oo8*tf)* a^(a-f6)^ 


6*22. The emluatim of certain types of integrals taken between the limits 
— 00 and H-oo . 

We shall now evaluate I Q(x)dw, where Q(s) is a function such that 
J —00 

(i) it is analytic when the imaginary part of z is positive or zero (except at a 
finite number of poles), (ii) it has no poles on the real axis and (iii) as { z ^ go , 
zQ(z)~-¥0 uniformly for all values of argz such that O^argx^Tr; provided 
that (iv) when x is real, a:Q(a?)—>0, as a?— »±oo, in such a way* that 

I Q(x)dx and Q(x)dx both converge, 

Jo J -«c 

Given e, we can choose po (independent of argz) such that |xQ(^)| < ejvr 
whenever \z\> po and 0 ^arg z $ w. 

Consider / Q (z) dz taken round a contour C consisting of the part of the 
J c 

real axis joining the points ± p (where p > po) and a semicircle F, of radius p, 
having its centre at the origin, above the real axis. 

Then, by § 61, f Q {z) dz ^ 2w%tR, where SiJ denotes the sum of the 
» c 

residues of Q{z) at its poles above the real axisf. 


* The oondition xQ («) 0 it not in itself suffioient to teoure the oonvorgenoe 6t j 

J 0 

oonaider Q (x) a (x log x)‘^K 

t Q (£) has no poles above the real axis ontside the oontoor. 

W. M. ▲. 


Qlx)iix; 
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fience 


lim [ Q (*) (i* » 0. 

Jr 


This result is Jordan’s lemmA 
Now 

r Q (x) + s-^ Qi-x)]da!^ iirilR -f e^Q (ir) dz, 

and, making , we see at once that 

f Q (w) + Q (— fl5)) da ■« 27 nZR, 

J 0 

which is the result corresponding to the result of § 6*221. 

ExamfU 1. Shew that, if a > 0, then 

/: 

Example 2. Shew that, if a ^ 0, 6 > 0, then 
’ ooB2aj?— 006 2&r 


0084? j IT ^ 
I — sCM?=*5-e“*. 

f 0 + 2<2 


/. 


' dx^ir{b-a). 

1 0 ^ 

(Take a contour oonsisting of a large semicircle of radius p, a small sei 
radius d, both having their centres at the origin, and the parts of the real axis joi 
ends ; then make od , d-^0.) 

Example 3. Shew that, if 6 > 0, ei > 0, then 

Example 4. Shew that, if it > 0, a > 0, then 


/: 


/: 


X sin ax . , 


Example 5. Shew that, if m ^ 0, a > 0, then 

f- 

Jo ^ 


Bin mx w 7re“*" 

(jr*+a*)*®*“2a* To*" 


'(”+!)• 


(Take the contour of example 2.) 

Example 6. Shew tliat, if the real jiart of s be positive, 


[We have 




lim 

{/."t-J 


lim 


f"— *.} 


U* < J 

Ze u f 

lim 

3-^0, p-^tB 

{/r=?- 

irT^h 


since e’~* is analytic inside the quadrilateral whose comers are 3, 3f, pZp p. 
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6-28, 6-24] 

Now aap-^oo whan B (f) > 0 ; and 


6*23. Princi^Hd valuu of inUgraJU. 

It was assumed in §g 6*22, 6*221, 6*222 that the function, Q {x) had no poles on the real 
axis ; if the function has a finite number of mmpU poles on the real axis, we can obtain 
theorems oorresponding to those already obtained, except that the integrals are all principal 
values (§ 4*5) and SB has to be replaced by sB+^3iZo> where sBo means the sum of 
the residues at the poles on the real axis. To obtain this result we see that, instead of 
the former contour, we have to take as contour a circle of radius p and the portions of the 
real axis joining the points 


-p, a— a+di, c — 

and small semiciroles above the real axis of radii dg, ... with oen^^s a, 6, c, ..., where 
a, 6, c, ... are the poles of Q {z) on the real axis ; and then we have to make V 8,. 
call these semicircles >1, >4, .... Then instead of the equation 

we get P Q(;i;)d!c+2 lim { ^(z)dz-i‘ f Q(z)dzmmMSP. 

Let a' be the residue of Q (z) at a ; then writing on we get 

j Q(z)dt=J^Q(a-h^i^)iiie^ idB, 

But Q(a+di uniformly as di-^0; and therefore lim / Q{z)dz^ -iriti' ; 

», -►© J Yi 

we thus get 

P J* Q{t)d$+ I^Q{i)dt<^iviSR+iriiR9, 

and hence, using the arguments of § 6*22, we get 




Sirt 


The reader will see at once that the theorems of §g 6*221, 6*222 have precisely similar 
generalisations 

The process employed above of inserting arcs of small circles so as to diminish the area 
of the contour is ccdled indorUitig the contour. 


6*24. Evaluation of integrals of the form j Q (ar) dx. 

Let Q(x) he a, rational function of x such that it has no poles on the 
positive part of the real axis and aPQ{x)'^0 both when xb— and when 
XB— aoo. 



118 


THB PBOCB8SES OF ANALYSIS 


[CHAF. VI 


Consider Q(«)(2« taken round the contour C shewn in the figure, 


consisting of the arcs of circles of radii 
p, S and the straight lines joining their 
end points ; (— is to be interpreted 
as 

exp|(a-l)log(-r)} 

and 

log (- X) » log ! r I + 1 arg (- «), 
where — w<arg(-r)«:w; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q (z). 

Hence, if Sr denote the sum of the 
residues of (— z)^^ Q (z) at all its poles, 



( (— Q(z)dz=^ 2m%r, 

J c 

On the small circle write — ^ and the integral along it becomes 
— J (— -8^)* Q (^) idff, which tends to zero as S— ►0. 

On the large semicircle write — z pe^^, and the integral along it becomes 
- J (- z)® Q (z) idO, which tends to zero as oo . 

On one of the lines we write —z ^ on the other ^ z — and 
(— becomes 

Hence 

lim r ^Q{x)- Q (x)] dx * 27rtSr ; 

p-^QD)J B 

and therefore / aj®“> Q (x) dx^ir coseo (air) Sr. 

Jo 

Corollary. If Q(x) have a number of simple poles on the positive part 
of the real axis, it may be shewn by indenting the contour that 

P f «®”* Q(x)dx^ TT cosec (avr) Sr ^‘rr cot (utt) S/, 

Jo 

where Sr' is the sum of the residues of z^^ Q(z) at these poles. 

ExampU 1. If 0 < a < 1, 

/ • /*• ^-1 

= da?»fr oosecair, P\ dursvr cotair. 

0 1 y 0 1 —jp 
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EnamfiU’L If 0<(<1 and -ir<a<«, 
ExampU 3. Shew that, if - 1 < « < 3, then 




(Minding.) 


r dg.jLiizf). 

Jo (1+^)^* 4 COB iff# 

Example 4. Shew that, if - 1 <p< 1 and -ir <\<n^ then 

r *1^^—. !L_ (Euler.) 

jo 1+2jroosX4*^ sin/Mr siuX 

6*3. Cauoh^a integral. 

Wo shall next discuss a class of contour-integrals which are sometimes found useful 
in analytical investigations. 

Let C be a contour in the f-plane, and let/(8) be a function analytic inside and on C, 
Let ^ ($) be another function which is analytic inside and on C except at a finite number 
of poles ; let the zeros of ^ (z) in the interior* of (7 be Oi, oo, , and let their degrees of 
multiplicity be ... ; and let its poles in the interior of C be 5], ..., and let their 

degrees of multiplicity be Zi, jf, ... . 

Then, by the fhndamental theorem of residues, ( f(jB) de is equal to the sum 

2»rt j c w W 

of the residues of *^^$^.— ^ at its poles inside C, 

<f> (*) 

Now /M£(£) 

can have singularities only at the poles and zeros of ^ ( 2 ). Near one 

vW 

of the zeros, say O}, we have 

</) (2)« ^ (z-o,y. -I- /^(r-a, )»•*** + ... . 

Therefore 0' (*) « dri (* — Oj)*’! - 1 4* (n -H 1) (z — a|)ri -f- , . , , 

and /(z) «/(ai) -|-(z - ai)f (Oj) + . . . . 

Therefore analytic at ai , 

Thus the residue of‘^~~^, at the point z— Oj, is r^{ai), 

0(z) 

Similarly the residue at z«6i is — Z|/(ii); for near z>«6], we have 

and /(z) «/(6i) +(z- hi)/' (hi) 4- ... , 

4- is analytic at hi, 

0 (z) z — 0| 

Hence - 2»i/ (6i)i 

the summations being extended over all the zeros and poles of ^ (z). 

6*31. The number 0 / roots of an equation contained within a contour. 

The result of the preceding paragraph can be at once applied to find how many roots of 
an equation ^ (z)*0 lie within a contour C, 

For, on putting /(z)nl in the preceding result, we obtain the result that 

-L.f ma. 

2ntjc4>(*) 

is equal to the excess of the number of zeros over the number of poles of ^ (z) contained in 
the interior of C, each pole and zero being reckoned according to its degree of multiplicity. 
* ^(z) most not have any zeros or poles on C. 
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Awn^l. Shew thkt*|Mlynomkl^<t) of degree mhumroota. 
Let ^(*)-ao*"+aii*-»+...+o*, (oo+O). 


Then 


— -fa—i 

♦ (*) ao»“4-...+Oiii 


Conaequently, fi>r letge ealuea of | « |, 

Thus, if C7 be a circle of radius p whose centre is at the origin, we hare 


But, as in § 6*22, 


’■‘-ffi/oT+is//®*— +5i//(?)'^ 


as p~^cD ; and henoe as ^(f) has no })oles in the interior of C, the total number of 
seroB of ^(s) is 

ii„ » r 

2fr%Jc4^M 

ExamjlU 2. If at all points of a contour C the inequality 

|a*s‘(>|ao+ai«+...+afc«,r*’‘»+an.,**-^i + ...+a*,i*"| 
is satisfied, then the contour contains k roots of the equation 

+ Oi« - 1 ^ + ai « + oo- 0. 

For write /(»)“««•**• + a„. i -fail - kio. 


Then 




1 + 


4*... +«*+!«* "^^+04 -I +ao\ 

' ) 


where | ^ | ^ a < 1 on the contour, a being independent* of z. 
Therefore the number of roots of f{z) contained in C 


1 f f(s)^ Iff*:. 1 dU\^ 

/ dz 

— «« 2 w 2 ; and, sinoe | U\<\^ we can expand (1 + uniformly oon- 

C * 


vergent series 


Therefore the number of roots contained in (7 is equal to k. 
Example 3. Find how many roots of the equation 

«®+6s4-10*r0 

lie in each quadrant of the Argaod diagram. 


(Claie, 1900.) 


* I (7| is a oontinuous fonotion of z on C7, and so attainz its upper bound (f 3*fi2). Henoe its 
upper bound a most be less than 1. 
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8 * 4 * 0<ifiiiiik$xiM^heho98n,th^wm^$of afwiuftioii^umd 

Haodonald* hM sbefwn that *y/(i) be afmeUm oft anaiyiie Ihffmgkouit ike Merior of 
a itn^U oloeed coniour ( 7 , de/(ned fy the eqwxtwn \f{t) |- JT, where Miea oonetani, then the 
number of teroe of f(t) in thie region ewoeede the nun^er of teroe of the defined fimetion 
f (f) in the eame region hg im%. 

On C \o\,f{f)waMd^ ; then at points on C 

HeDoe, by § 6*31, tbe exoew of the number of eeroe of /{*) over the number of aeroe 
of/'(*) ineidet Cie 


-L 


/, 


CM, 

c/'(*) 



dt. 


Let $ be the arc of C measured from a fixed point and let ^ be the angle the tangent to 
C makes with Ox ; then 


Now 



is purely real and its initial value is the same as its final value ; and 


log 


dt 


; hence the excess of the number of zeros of f(t) over the number of zeros of 


f* («) is the change in in describing the curve C ; and it is obvious J that if 0 is any 
ordinary curve, yfr increases by 2ir as the point of contact of the tangent describes the 
curve C ; this gives the requir^ result. 


Example 1. Deduce from Macdonald’s result the theorem that a polynomial of degree 
n has n zeros. 


Example 2. Prove that, if a polynomial f{f) has real coefficients and if its zeros are all 
real and different, then between two consecutive zeros of /(z) there is one zero and one only 

of/ (A 

[Dr Pdlya has ^minted out that this result is not necessarily true for functions other 
than polynomials, as may be seen by considering the function (z* - 4) exp (j^/3).} 


REFERENCES. 

M. C. Jordan, Cowe d^ Analyte^ ii. (Paris, 1804), Ch. vi. 
E. Goubsat, Court Analyte (Paris, 1911), Ch. xiv. 

E. LiNDBiidF, Le Calcul dee Eetidut (Paris, 1905), Oh. ii. 


* Proc, London Math. Soe. xzxz. (1808), pp. 576, 577. 

t /’ (f) does not vanish on C unless C has a node or other singular point ; for, if 


where ^ and ^ are real, sines follows that if /'(r)ssO at any point, then 

Sz* ^ vanish; and these are suffioient oonditione for a singular point on 

:t For a formal proof, see Proc. London Math, Soe. (2), xv. (1916), pp- 227-848. 
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Miscellamkous Examples. 


i: 


1. A ftiDction 0 (i) ia aero when and is real when g is real, and is analytic when 

I « K 1 ; if /(of, y) is the coefficient of t in ^ if - 1 < « < 1, 

(Trinity, 1808.) 

2. By integrating ^ round a contour formed by the rectangle whose comers are 
0, jR, i (the rectangle being indented at 0 and t) and making , shew that 

(Legendre.) 


/, 


sinojr . 1 «•+! 

0 ^ ^ - 1 


2a ' 


3. By integrating log ( — z)Q (z) round the contour of ^ 6'24, whei^ Q («) is a rational 
function such that mQ(£)-^0 as | and as | « | -»- oo, shew that if Q(g) has no poles 

on the positive part of the real axis, j Q(x)da} in equal to minus the sum of the 

residues of log(-s) Q(t) at the poles of ^(z) ; where the imaginary part of log (-«) lies 
between ±«r. 


A Shew that, if a>0, 5>0, 


/, 


dx 


«•«»** sin (a sin bx) 

0 




Shew that 

r*- 

r 0 


II 


1 


• frlog(l+a“**), (a*>l) 


Shew that 

r* sin^ijp sin^^ sin^^ 


(Cauchy.) 


/; 


sin ox , w . . . 

oo8<iiJr...cosa«,A7 


Fo * X X X 

V ^9 Cl* flit ••• dm ^ ^ positive and 

a>l 1 + ) ^ 1+ ... -bl ^ l-f I ai |-f ... +1 |. 

(Bt8rmer, Acta Math, xix.) 

7. If a point g describes a circle C of centre a, and if f(g) be analytic throughout 
C and its interior except at a number of poles inside C, then the point u^f{g) will 
describe a closed curve y in the «>plane. Shew that if to each element of y be attributed 
a mass proportional to the corresponding element of the centre of gravity of y is the 

point r, where r is the sum of the residues of at its poles in the interior of C. 


(Amigues, N<ntv. Ann. de Math, (3), xii, (1803), pp. 142-148.) 


8. Shew that 


9. Shew that 


/: 


dx w(Sa+b) 

, («*+6») («*+a*)» “ 2a*6 (a+S)* ' 
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10. If (f)«« n H (1 - shew that the series 

ai«l p-il 






i»»9 -!)«**' 

is SD Analytic function when « is not a root of any of the equations ; and that the 
sum of the residues of /(s) contained in the ring-shaped space included between two 
circles whose centres are at the origin, one having a small radius and the other having 
a radius between n and n + 1) is equal to the number of prime numbers less than a •!- 1. 

(Laurent, Nouv, Ann, d« Math, (3), xvnL (1899), pp. 234*-241.) 

11. If d and B represent on the Argand diagram two given roots (real or imaginary) 
of the equation /(s)>»0 of degree n, with real or imaginary coefficients, shew that there is 
at least one root of the equation f' (z)^0 within a circle whose oentre is the middle point 


of AB and whose radius is ^AB cot - . 

12. Shew that, if 0 < v < 1, 


(Grace, Proe. Comb. Phil, Soc, xi.) 


1 


n 


[Consider / — ^ round a circle of radius n-|-i : and make »-*-qo .] 

*■ j sinir« r-o? ** 


13. Shew that, if m > 0, then 


(Kronecker, Jowmal fU/r Math, cv.) 


/: 


’ sin* mi 


dt 




Discuss the discontinuity of the integral at tasO. 

14. If d + J3+ (7+ ... «0 and a, 6, c, ... are positive, shew that 

' dcoBaj?-H^c 08 6^-H...4-iro o8 he 
fo X 


/: 


-dx^ 


- d log o - 5 log 6- ... - iTlog A 

(Wolstenholme.) 


dt taken round a rectangle indented at the origin, shew 

that, if i(:>0, 


and thenoe deduce, by using the contour of § 6*222 example 2, or its reflexion in the real 
axis (according as ^ ^ 0 or a* < 0), that 


Umif' 

p-^00 ^ J -“P 


according as j; > 0, .rwQ or ^ < 0. 

[This integral is known as Cauchys duoimtinuous fa^or.] 
16. Shew that, if 0<a<2, 6>0, r>0, then 
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17. Let ^ > 0 and let 





By ooDflidering j — jdk round a rectangle whoee oornen are ±(iV'4‘J)±S where 
is an integer, and making , shew that 

/ •-< /•»+f , 

1 * “ /_.+( .»«• - 1 

By expanding these integrands in powers of e”****, e®*** respectively and integrating 
term-by-term, deduce from § 0*82 example 3 that 

+ (*)-• A V'O/of* e—Ar. 

{nty J -« 

Hence, by putting \ shew that 

(This result is due to Poisson, Journal de ViiooU polyUohnique^ xii. (cahier xix), (1823), 
p, 420 ; see also Jacobi, Journal fUr Math, xxxvi. (1848), p. 109 [Om. Werkey ii. (1882), 
p. 188].) 

18. Shew that, if r > 0, 


|l+2 2 e-’‘*»/*oo8 2n»ra| . 


(Poisson, de VAcad. dee Sou vl (1887), p. 692 ; Jacobi, Journal fUr Math. iii. 

(1828), pp. 403-404 [Oee. Werke, I. (1881), pp. 264-266] ; and Landsbeig, Journal filr 
Math. OZL (1893), pp. 234-263 ; see also § 21*61.) 
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THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


71. A formula due to Darbowe*. 

Let /(«) be analytic at all points of the straight line joining a to s, and 
let ^(t) be any polynomial of degree a in t. 

Then if 0 < t < 1, we have by differentiation 

^ I (-)*(«- (<)/""' (a+ 1 (#- o)) 

- - - o) (t) f'(a + t(z- a)) + (-)" (z - o)»+« ^ (t) /<»+•» (a + tiz- o)> 

Noting that (I) is constant » (0), and integrating between the 

limits 0 and 1 of t, we get 
^'•.(0)(/(s)-/(a)} 

- i (!)/<“> (s)-^'*-«'(0)/<"‘>(o)) 

m» 1 

+ (-)« (z - a)»+^ P <!> a)) dt, 

Jo 

which is the formula in question. 

Taylor's series may be obtained as a special case of this by writing 
^ (<) «(<-.!)» and making n—>oo . 

Example. By substituting 2n for n in the formula of Darboux, and taking^ (t)mz — I)", 

obtain the expansion (supposed oonvergent) 

/(*)-/(«)- 

and find the expression for the remainder after n terms in this series. 


7‘2. The Bernotdlian nu/mbere and the Bemotdlian polynomials. 

The function ^ z cot ^ is analytic when \z\< 2ir, and, since it is an even 
function of z, it can be expanded into a Maclaurin series, thus 

izoot|«-l 


then Bn is called the nth Bemoullian number 'f. It is found thatt 

D 1 

42 » so* ^* 66 ' 


* Joufitat de Math. (8), it. (1S76), p. 271. 

t These numbers were intr^uoed by Jakob Bernoulli in his An Conjectandi, p. 97 (published 
posthumously, 1718). 

t The first sixty- two Bemoullian numbers were oomputed by Adams, Brit. A 99 . ReporU, 1877; 
the first nine significant figures of the first 250 Bemoullian numbers were subsequently published 
by Glaisher, Tram. Comb. Phil. Sot. xn. (1879), pp. 884-*891 . 
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These numbers can be expressed as definite integrals as follows : 

We have, by example 2 (p. 122) of Chapter VI, 


Since 


1 + Mi+s w I 

~ 2p 2j> r 2! •®» 41 + •••)• 

a!" sin + j ni^ 


— 1 


converges uniformly (by de la Vall4e Poussin’s test) near p » 0 we may, by 
§ 4*44 corollary, differentiate both sides of this equation any number of 
times and then put p«B 0 ; doing so and writing 2t for x, we obtain 


Bn = 4,n f 
Jo 




A proof of this result, depending on contour integration, is given by Garda, Manatihfffte 
f(kr Math, und Phy%. v. (18^4), pp. 321-4. 


Examfle, Shew that 


** w** (2*"- 1) Jo sinh :r ' 


^“1 


Now consider the function t — - , which may be expanded into a 
Maclaurin series in powers of t valid when | ^ | < 27r. 

The Bemovllian polynomial^ of order n is defined to be the coefficient of 


n\ 


in this expansion. It is denoted by (^X so that 


itlzi.. 

V-l 


* n\ • 


n*! 


This polynomial possesses several important properties. Writing 
for z in the preceding equation and subtracting, we find that 

n-l ^ • 

On equating coefficients of on both sides of this equation we obtain 

“ 4>n{^ + 1) - ^n(^). 

which is a difference-equation satisfied by the function (^)- 

* The name wae given by Baabe, Journal f&r Math, xlii. (1851), p. 848. For a fail dieociesion 
of their properties, mo Ndrlond, AeUt Math. xuii. (1920), pp. 121-196. 
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Ad explicit expression for the BernooUian polynomiab can be 
as fbllowA We have 


and 


t 


ef-l 


Hence 


2 ! ^ 8 ! 

* < < 1 < . b;** 


I ♦.(«)!* 

• •>1 til 


(. , s»<* 

r+^+8r + 



iu-M 1 

2^ 21 “ 4! 


From this, by equating coefficients of «" (§ 8'73), we have 

^ (i:) » - i »*»-» + ,0,5, «»-» - ,C,5|«"-‘ + ,C,5,a»-* - . . . , 


the last term being that in ^ or s' and nC^» nCi, ••• being the binomial 
coefficients; this is the Maclaurin series for the nth Bemoullian polynomial. 
When ( is an integer, it may be seen from the difierenee-equation 
4, (*)/« = !»-* + 2»-*+ 1)»- ». 

The Maclaurin series for the expression on the right was given by Bernoulli. 

Emunple. Shew that, when k> 1, 

4. (*)-(-)• 4. a-*). 


7'21. The Evler-Maolaurin ea/pansian. 

In the formula of Darboux (§ 71) write ^(«) for 4(e), where 4,(e) is the 
nth Bemoullian polynomial. 

Differentiatiug the equation 

4»(t+l)-4»(«) = n<*"* 

n — K times, we have 

4n'»-*' (e + 1) - 4,<-*> (e) = n (n - 1) . . . w-\ 

Putting e = 0 in this, we have 4»‘*‘“‘’ (1) •“ 4n'"''*’ (0). 

Now, from the Maclauriu series for 4n(x), we have if )fc > 0 

^‘“-^(0)-0, 4,«-»(0)-^-2^j(-)*-.5*. 

4,.<»-«(0) i.n!. 4,(»>(0)-n!. 

Substituting these values of (1) and (0) in Darboux^s result, 

we obtain the Evler'-Maclaurin sum formula^, 

* A history of th« formaU ia given by Barnes, Prwi. London Math. Soe. (2), iil (1905), p. 253. 
It was discovered by finler (1732), but was not published at the time. Euler oommunioated 
it (Jane 9, 1786) to Stirling who relied (April 16, 1788) that it inoluded his own theorem (see 
1 19-88) as a particular case, and also that the more general theoram had been discovered by 
Maclaurin; and Euler, in a lengthy reply, waived his daims to priority. The titeorem was 
published by Euler, Comm. Acad. Imp, Potrop. vi, (1782), [Published 1786], pp. 68-97, and by 
M a ol a nrin in 1742, Tnatiso on Pluoionot p* 672. For information concerning the oorrespondenoe 
between Euler and Stirling, we are indebted to Mr 0. Tweedie. 
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•‘•A ^ {/<->(^)-/‘*»«(a)} 


111*1 


- ^ {o + (* - o) t] dt. 

In oertain cases the last term tends to zero as n-^oo » and we can thus 
obtain an infinite series for / (z) — /(a). 

If we write e> for - a and F{(c) for /' (x), the last formula becomes 

fa+m . 

I F(a)dj!*Bia {F(a) + F(a + m)} 

1C <“ + ")- (“)} 

Jo ^ (a + a>0 

Writing a + w, a + 2®, a + (r — 1) ® for a in this result and adding up, 
we get 

J |i/'(o) + ^(o + «) + /'(o + 2®) + .., + ! J'(o + rci))| 

+ - - ^2w,yr ~ (o)) + j{^. 

l»8»+i rl ir-l ^ 

where -Bn » ^ (0 | (a + w® + ®0 1 *. 

This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite integrals. It is valid if F(x) is analytic at 
all points of the straight line joining a to a + r®. 


ExampU 1. If f{z) be an odd function of shew that 

Excm^ 2. Shew, by integrating by parts, that the remainder after n terms of the 
expansion of i « cot - « may be written in the form 

+ l r\ 

(Sft)l8in« j^^(0<»«(*0*- 

(Math. Trip. 1904.) 

7*3. BUrmann’a thewem *. 


We shall next otoisider several theorems which have for their object <A« 
wpwMioa of one function in powers of anoUter Jimetion. 


* lUmoirti it I’lnstitut, n. (1799), p. 18. See aim Dixon, Proe. London Math. Sot. xxxn. 
(1908), pp. U1-16S. 
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Let ^ («) be a fiinction of e which is analytic in a closed region 8 of which 
a is an interior point ; and let 

4>{a) = b. 

Suppose also that (a) ^ 0. Then Taylor’s theorem ftimishes the 
expansion 

^ (x) - 6 » (o) (x - a) + (s - a)* + . . . , 

and if it is legitimate to revert this series we obtain 

which expresses x as ao analytic function of the variable {^(^)— &}i for 
sufficiently small values of |x — a|. If then /{z) be analytic near z^a, it 
follows that /(x) is an analytic function of [(f> (x) — 6} when | x — a | is sufficiently 
small, and so there will be an expansion of the form 


/(s) =/(a) + a. {4> (2) -b]+^^{<t> (2) - b\» + \i> (X) - 61» + . . . . 

The actual coefficients in the expansion are given by the following 
theorem, which is generally known as Bilrmann*$ iJiewrem, 

Let •^{z)be a funation of z defined by the eqwition 


yfr(2) = -- 


X— a 


0(x)-6^ 


then an analytic function /(x) can, in a certain domain of values of z^ he 
expanded in the form 


Az) -/(a) + ’X [/' (a) {^(a)}-] + Bn. 


MBl 




where 


JL r [ (^) - (t) 4^' j z) dtdz 

27riia Jy ' 


and y is a contour in the t-plane, enclosing the points a and z and such that, if 
( be any point inside it, the equaHon (0 ^ (0 ^ roots on or inside the 

contour except* a simple root ^ = f. 


To prove this, we have 

f f'(t)4>'(Odtdi: r«£« 

Zni J a Jy 4^{t)-^b I 0 (0 — M 


I (♦(O-M'" 


I- 


* It i« Miamed ibst snob • eontoar oan be oboeen if | « - > ) be aaffleieBtly'nnsU ; eee i 7*81. 
W. H. A. 9 
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But, by I 4*8, 

J_ f f (C) - M * r (0 jl (f ) dam (^) - f /'(t)dt 

iiriJm Jy ^(t) — b 2iri (m +1) Jy {^ (<) - ft}**'*'* 

2in'(»» + l) Jy (t-o)’"+‘ (m + 1) t da«»*-^ i )iY\ /i J 

Therefore, writing m — 1 for m, 

/(,)-/(») -I- X (*W-‘l* gl[/-(a)(^r(«)|-] 


4M«1 


. j_ f f r »(g) 

SttiJh jy ^(0"'^(f) 


If the last integral tends to zero as n-^oo, we may write the right-hand 
side of this equation as an infinite series. 


Example 1. Prove that 


where 


11*1 


(-)**“» (z - a)» e*‘(**“«*) 
n! * 


1 • 2 I 

To obtain this expausion, write 

in the above expression of fiiirmann’s theorem ; we thus have 

*=.«+! _l (4 _«)• «-(••-••> . 

»-i » I j 

But, putting 8sa-h^ 

1) 1 X the coefl&cient of in the expansion of 


s (n — 1) ! X the coefficient of in Z 

r*0 


(^)*‘w*‘r(2a + < )*‘ 
r 1 


«(W—1)!X Z j = r r fg. TTVl ' 

r*o {» — 1 ~r)l (3r-n + l) ! 

The highest value of r which gives a term in the summation is roe 91 - 1. Airanging 
therefore the summation in descending indices r, beginning with r»n ~ 1, we have 

(2na)-»+ ...| 

<7., 

which gives the required result. 

Example 2. Obtain the expansion 

s*«sin*s+| . Isin^^+I^ , |siu«r+.... 
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JSsto/faipl 0 3. a lina p ba drawn through the origin in tho f-plano, peipondicular 
the line whioh joine the origin to tmj point a. If j be any point on the a-plane which 
on the same aide of the liney> ae the point a ii^ shew that 

J. dri Cisr*' 

7*81. Teixmra'a eoAevided form of BilrrnamCa theorem. 

In the last section we have not investigated closely the conditions of 
convergence of BtLrmann’s series, for the reason that a much more general 
form of the theorem will next be stated ; this generalisation bears the same 
relation to the theorem just given that Laurent’s theorem bears to Taylor’s 
theorem: vis., in the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a function in positive and negative powers 
of the second function. 


The general statement of the theorem is due to Teixeira*, whose exposi- 
tion we shall follow in this section. 


Suppose (i) that/(x) is a function of z analytic in a ring-shaped region A, 
bounded by an outer curve C and an inner curve c ; (ii) that ^ (x) is a function 
fimaly tic on and inside 0, and has only one zero a within this contour, the zero 
being a simple one ; <iii) that a? is a given point within A ; (iv) that for all 
points ^ of C we have 

\e{w)\<\0(z)u 

and for all points x of c we have 

The equation 0(z)-~$ (x) =» 0 


has, in this case, a single root in the interior of (7, as is seen from the 
equation t 


— f 

imJc 


ff{z)dz 




ffld\ 


of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6'31) and the number of the 
roots of the equation 0(z)^»O contained within C. 


Cauchy’s theorem therefore gives 

j-ff fML^ 


r f{z)ffiz)dz -] 

L 0{z)^e{x)^ 


* Journal fUr Math. curu. (1900), pp. 97-128. See alio Bateman, Tram, Am§r. Math, Son. 
axvm. (1926), pp. 846-4166. 

t The expaneion ie joatifled by 1 4*7, ainoe X converges nniformly when * is on C. 


8 a 
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The iotegrals in this formula can be expanded, as in Laurent’s theoran, 
in powers of 6{x), by the formulae 


• 1 
i »>0 




///(*) -V(*) “ " Ji ^ 


f{z)ff{z)dz 

Td(4}-^' ’ 


We thus have the formula 


where 




lk//« 

Integrating by parts, we get, if 




,{0{z)Y-' -^-^2nin, 

This gives a development of /(x) in positive and negative powers of 
valid for all points x within the ring-shaped space A. 

If the zeros and poles of/(,g) and ${ 2 ) inside C are known, An and Bn can 
be evaluated by § 6*22 or by § 6*1. 

Example 1. Shew that, if | 4 ? | < 1, then 


1.3 
■^2.4.6 


(fS.)*- 


2 Vi+j;»y ^2.4 vi+W 

Shew that, when | | > 1, the second member represents 

Example 2. If denote the som of all combinations of the numbers 


taken m at a time, shew that 


% sin^"^ (2w-|-2; 


2 a, 4», 6*,...(2«-2)*, 


! l2n-i-3 2n-|-l^-^ 3 » 


the expansion being valid for all values of z represented by points within the oval whose 
equation is | sin | » 1 and which contains the point *»0. (Teixeira.) 

7*32. Lagvangea theorem. 

Suppose now that the function f{z) of § 7*31 is analytic at all points in 
the interior of C, and let B {x) mm {x a) 0^{x), Then B^Xx) is analytic and 
not zero on or inside C and the contour c can be dispensed with ; therefore 
the formulae which give An and now become, by § 6*22 and § 6*1, 


1 r r{z)dz _ 1 d"-» |/-(a)^ 

29rtn } c (z - o)» {^, (x)}» n ! do»-> {«>,» (o)j ^ ^ 


A,- 


iriJc ^,(x) x-o •'W. 


2irt 

0 . 
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The theorem of the last aeotion aoecwdingly takes the following form, if 
we write 

^ (g) be fitnctCone of g omalyUe o» and inside a eontaur C 
swTounding a point a, and let the such that ihs inequality 

\til>{g)\<\g-a\ 

is eatis/isd at all points s on the perimeter of C ; then the equation 

regarded as an equation in f, luu one root in the interior ofC; and furOter 
any funetion of ( analytic on and inside C can be ewpanded as a power series 
in t by the formula 

/(t) -/(a) + f ^ I* Wl-} 

Thifl result was published by Lagrange* in 1770. 


Example 1. Within the contour surrounding a defined by the inequality | « (jp — a) |>-| a | , 
where | a | < J | a the equation 


«-a — *0 
z 


has one root the expansion of which is given by Lagrange’s theorem in the form 

^ ^ K-i w (»— 1) ! 

Now, from the elementaiy theory of quadratic equations, we know that the equation 


z 

ha. two roots, namely + 1 {l- -^/O+S)}' our expansion 

the former f of thus on/y— an example of the need for care in the discussion of 
these series. 


Example 2. If y be that one of the roots of the equation 

y«il-|-jy« 


which tends to 1 when shew that 

w(H+6)(«+6)(n+7) .. . n(«+6)(s-K7)(w+8)(s+») . . 
4 ! 6 ! 

so long as 1 1 1 < ^. 

Example 8. If be that one of the roots of the equation 

jr*l+ys^ 

which tends to 1 when y-^0, shew that 


fc. ?V-‘ . .. . 


the expansion being Tidid so long as 

|y|<|(a-l)»-‘a-*l. 


* Jftfm. de VAead, de Berlin, xxxv,; Oeueree, n. p. 28. 
t The latter is outside the giTsn eontour. 


(McClintook.) 
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7 ' 4 . The etspanaion of a daea of fundima in rationai fradiona*. 

CcHisider a fdnction /(«), whose only singnlarities in the finite, part 

of the plane ore simple poles a,,a„af where |ai| <|ai|<|a«| < : let 

hi, bt, ... be the residues at these poles, and let it be possible to choose a 
sequence of circles Gm (the radius of Cm being J2») with centre at 0, not 
passing through any poles, such that \f(z) | is bounded on Cm. (The function 
cosec t may be cited as an example of the class of functions considered, and 
we take = (to + J) tt.) Suppose further that Rm—* oo as m-* ce and that 
the upper boundf of \f(z) \ on Cm is itself bounded asj m — »ao ; so that, for all 
points on the circle Cm, \f{z) | < M, where if is independent of m. 

Then, if as be not a pole of f{z), since the only poles of the integrand are 
the poles of f(a) and the point s = «, we have, by § 6'1, 


j_ f m 

2iri J Cm 




■/(*) + 2 
r 


br 

Or — OP* 


where the summatien extenda over all poles in the interior of Cm.. 


But ±1 .«£)*. 1/ m±'+‘t 

ZTrt J Cm Z--X 2ir% J 0 ^ z zin J c^z(z ~-x) 

+ + f(‘)da 

^ ^ Or 2lri JcmZ(z — ai)’ 

if we suppose the function f(z) to be analytic at the origin. 

Now as m-* oo , f jg Q (Bm'^), and so tends to zero as m tends 

./ cv ^ (« - ®) 


to infinity. 


i.e. 


Therefore, making w , we have 


which is an expansion of f (x) in rational fractions of x ; and the summatior. 
extends over all the poles of f(x). 


I <^m| < 1 1 series oonvorges uniformly throughout the region given by 

where a is any constant (except near the points a^). For if be the radius 
of the circle which encloses the points | O] |, | |, the modulus of the remainder of the 

terms of the series after the first n is 


X f /(z)dz Ma 

l2fnjc^£(z-x)l Em-a* 

by g 4*62 ; and, given t, we can choose n independent of x such that Mal(Em-^ci ) < #. 


* Mitteg-LefBer, Aeta 8oe, Sdent. Fennieat, n* (1880), pp. 278-298. Bee also Acta Math, nr. 
(1884), pp. 1-79. 

t Whxeh is a function of m, 

} Of course Em fireqiuently must not) tend to infinity oontinuoasly ; e.g. in the 

example taken (in + i) where m assumes only integer values. 
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The oonToganoe ia obvioiuly still nniform even if | a. | <( | Om^i | provided the tenns of 
the Aeiias are grouped ao as to oombine the terma oorresponding to polee of e^ual inodulL 

If, inatead of the condition \f{z) | < Jf, we hare the condition | /(a) j < where M ia 

independent of m when a ia on Cl„, and jti ia a positive integer, then we ahoald have to 

expand ( by writing 

j 0 * 1 ? 

JL^I.4,^4. • 

a-ar a ^ “*"a^*«*^(*-a?)* 

and ahould obtain a aimilar but somewhat more complicated expansion. 

Example 1. Prove that 

ooeec a-i+ g { - )• f -i— H- JL'\ 
a ^ Va-nir nw/’ 

the su mma tion extending to all positive and negative values of n. 

To obtain this result, let cosec a - i *=/(a). The singularities of this function are at the 

points where n is any positive or negative integer. 

The residue of /(*) at the singularity mr ia therefore (-)*, and the reader will easily 
see that \f(z) | is bounded on the circle | a |«(n-f i) ir as «-^oo . 

Applying now the general theorem 
where is the residue at the singularity a,^, we have 

/(*)-/(0)+s (-)» j— i— + —I . 

' (a-ntr nw) 

But /(O)- lim 

asm a 

Therefore cosec a«-+J(-)«r — — + — 1, 

a ' ' La-»fr 

which is the required result 

Example 2. If 0 < a < 1, shew that 

a" ^ . 5 2acos2»iair— 4»»r sin 2na»r 
a*+4a*ir* 

Example 3. Prove that 

1 « -L - ^ I . 2 _1 _ 

2ira^^cosb x - cos x) “ 2xx* " - a-*' ir* ^ ~ a“**^ (2Tr)*TJa?* 

3 1 

The general term of the series on the right is 

(-)*•»• 

which is the residue at each (f the four singularities r, ->r, ri, - ri of tbs function 

fra 

(irV+^a?*) (a^ - r-**) sin ira * 
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The singularitieB of this latter funotion which are not of the type r, r, n, - n are 
at the five points 

n (±1±»> 

5- . 


At the residue is 


2yr 

2 


at each of the four points g— the residue is 

jJir 


Therefore 


{2irJ?* (cos X - cosh 


4 S 




^ 

(rBr)^ + ii* irA'*(008hsr-COS4f) 

^ 1 f ntdz 

“ 2iri J Q (tr^g* + (g»* - g-«*) sin nz ’ 

where O' is the circle whose radius is n+n* an integer), and whose centre is the origin. 

But, at points on C, this integrand is 0(\z |*^) ; the limit of the integral round C is there- 
fore zero. 

From the last equation the required result is now obvious. 

Exof,^ 4. Prove that sec;r-4.r ...) . 

ExampU^. Provethatoo*«har=l-5S*(;^-^j;^ 

__8 . _6 _ . 

»ir*+4a*^26w»4:4i» 

Examph 7. Prove that coth . 


Example 8. Prove that 2 2 » . “ Iex e 


^ coth jra coth vb, 

(Math. Trip. 1899.) 


7’5. The expansion of a class of functions as infinite products. 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products. 

For let /(s) be a function which has simple zeros at the points* 
a,, Oj, a,, where lim | an I is infinite ; and let f{z) be analytic for all values 

»-^oo 

of Z, 

ff (g) 

Then (z) is analytic for all values of z (§ 5*22), and so 
singularities only at the points Ui, a,, a*, .... 

Consequently, by Taylor's theorem, 

/{t) - - a,) /' (Or) + /" (o.) + . . . 


and 


f (Z) -/'(Or) + (* - Or)/" (Or) + .... 

’ ThM. being the only eeioe of /(<) : and o^^O. 
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It follows immediately that at each of the points a,, the function 
has a simple pole, with residue + 1. 

If then we can find a sequence of circles of the nature described in 

ff /g\ 

§ 7*4, such that bounded on (7,n as m^oc^ it follows, from the 

expansion given in § 7*4, that 

/(^) /(O) »-l V - On ^ On) 

Since this series converges uniformly when the terms are suitably grouped 
(§ 7*4), we may integrate term-by-term (§ 4*7). Doing so, and taking the 
exponential of each side, we get 

/ * ( / « \ 

/(.)-»« n|(i-£)^}, 

where c is independent of z. 

Putting X = 0, we see that / (0) «• c, and thus the general result becomes 

/W-/(0)/»-n|(i-£)4). 

This furnishes the expansion, in the fcs*m of an infinite product, of any 
function f(z) which fulfils the conditions stated. 

Example 1. Consider the function /(«)*»^^, which has simple seros at the points 
ffr, where r is any positive or nogative integer. 

In this case we have /(O) =» 1, /' (0)*»0, 

and so the theorem gives immediately 




for it is easily seen that the condition concerning the behaviour of as 
fulfilled. 


Example 2. Prove that 

{‘*m {-(sl-J} {-(sl-J’) 

cosh It- cos jr 
1 -cos j; 

(Trinity, 1892.) 

7*6. The factor theorem of Weierstraae^, * 

The theorem of § 7*5 is very similar to a more general theorem in which 
the character of the function /(s), as |x|-^oo , is not so narrowly restricted. 


Berliner Ahk. (187S), pp. U-SO; Math. Werke, n, (1895), pp. 77-'184. 
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Let /(«) be a fonetion of e with no essential singularities (except at ‘ the 
point infinity ’) ; and let the zeros and poles of /(«) be at o,. a,, a«, . . . , where 
0<|a,|<|a«|<|a,|.... Let the zero* at On be of (integer) order mn. 

If the number of zeros and poles is unlimited, it is necessary that 
ja„|— * 00 , as n— *oo; for, if not, the points Ow would have a limit point+, 
which would be an essential singularity of / (r). 

We proceed to shew first of all that it is possible to find polynomials 
g% (e) such that 

.?.[{(- £)-“r] 

converges for all{ finite values of z. 

Let K be any constant, and let \z\<Ky then, since jOnl— ^oo, we can 
find N such that, when n > i\r, | | > 2K. 


The first JT factors of the product do not affect its convergence^ ; consider 
any value of n greater than N, and let 







Then + 


I 

km 90 

2 , 

<2|(irOn-)*-|, 


l(‘ 


since \za^-'^\<l. 

Hence 

where | «„ (a:) | -g 2 1 m„ \ . 

Now and On are given, but kn is at our disposal ; since we 

choose to be the smallest number such that 2|mn(Jro*~*)*«l< 6„, where 

2 is any convergent 8eries§ of positive terms. 

Hence H nfl --£.')«»»« T'] = fi e“-«, 

where | Un (z) i < 6n ; and therefore, since bn is independent of z, the product 
converges absolutely and unifoi:mIy when | r | < £*, except near the points On* 


* We here regard a pole bb being a aero of negatiye order, 
t From the two-dimenelonal analogue of § 2*21. 

t Provided that z is not at one of the points for which is negative. 
I £.g. we might take 



139 


7 ‘7] TOE EXPANSION OF FUNCTIONS IN INFINITB SBBIBB 


Then, i£ /(t)-i-F(s)mOt(t). Giit) i* «n integral fonctiwi (§6'<;4) of * 
and has no zeros. 


It follows that ^ (■*) “ analytic for all finite values of t ; aiid 

OB 

SO, by Taylor’s theorem, this function can be expressed as a series 2^ tiinS" ‘ 
ccmvmrging everywhere ; integrating, it follows that 


where <?(«)“ 2 6«z** and c is a constant ; this series converges everywhere, 

«■>! 

and BO G (z) ia an integral innotion. 

Therefore, finally, 

/(x)-/(0)s®<*)nJj(l-|;)s-«}"“], 

where 0 (z) is some integral function such that G (0) ■> 0. 

[Note. The presence of the arbitrary element O (g) which occurs in this formula for 
/{») is due to the lack of conditions as to the behaviour of/W as 1 « l-^® .] 

CoroUar^, If h It is suflScient to take w, by § 2*36. 


7*7. The expansion of a does of periodic functions in a series of 
cotangents. 

Let f{z) be a periodic function of z, analytic except at a certain number 
of simple poles ; for convenienoe, let w be the period of /(x) so that 

/ + •»»■)• 

Let x — a + ty and let f(z)-^l uniformly with respect to a? as y-^+ x , 
when 0 ; similarly let/(x)—>r uniformly as y— > — x . 

Let the poles of f(z) in the strip 0 < a? ^ w be at ai, a«, . . . cin > ^d let the 
residues at them be Oi, c,, ... Cn. 

Further, let ABCD be a rectangle whose comers ore* — tp, ir — ip, 
V + ip' and ip' in order. 

Consider J /(O w* (< “ * 

taken round this rectangle ; the residue of the integrand at o, is (v oot (o, - z), 
and the residue at z is /(z). 

Also the integrals along DA and CB cancel on account of the periodicity 
of the integrand; and as p-*<x> , the integrand on AB tends uniformly to I't, 
while as p'-+ao the integrand on OD tends uniformly to - K ; therefore 

1 (y 4 . 1 ) (s) + 2 c, cot (Or - s). 

» rmi 

* n sny of tho poto «• on *=ir, sWft tho roetenelo sUghtiy to tbo, ri^t j ^ »m to bo 
takoa 00 bugo that oi, og, ... a„ inoide tbo rooton^. 
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That is to saj, w« have the expansion 

/(*)" 5 (^' + 0+ 2 <vcot(x — Or). 

* r«l 

ExampU 1. 

oot(j?-a|)oot(i?— a8)..«oot(4r-a»)>B 2 oot (a,.— ai oot(a^—a») oat (jp—ay)+(-)^i 

r*l 

ft 

or « 2 cot((ir-ai).,.*.,.oot (a;r-<yii)oot(x-ar), 

r»l 

according as n ia even or odd ; the * means that the factor cot (a,.— <x^) is omitted. 


Example 2. Prove that 


sin (x - 6t) sin (x - b^) 
sin (x- <* 1 ) sin (x— a*) 


sin(x-6J ^ 8iD(ai->5t)...sin (at-6,) x 

sin (x— a„) sin (ai — a*) . . . sin (aj - c^) ^ "* 


^ ain(gg-6i) 
’’"sin ( 02 - 0 ]) 


sin(qa~60 

8in(a2-a0 


cot (X-Og) 


+ 

+ cos (ai 4*a2+ ••• +ait”- - Alt)- 

7*8. BoreVs theorem^. 


Let f(z) = 2 OnX” be analytic when | x j <r, so that, by § 6*23, \ Onf^ | < M, 

nmo 


where Jf is independent of n. 


®o Ctfi 

Hence, if ^ (x) » 2 — p ^ (x) is an integral function, and 

«|bO ^ 1 


and similarly | | < ifel^l/»*/r". 

Now consider /^(x)— | (et) dt ; this integral is an analytic function 
Jq 

of X when | x 1 < r, by § 5*32. 

Also, if we integrate by parts, 

(z) « j^— ( 2 t) j j 4>' (zt) dt 

m-O L Jo JO 

But lim s“*^*"*> (xf) = I and, when | x | < r, lim (xf) * 0. 

Therefore Ai*)"" 2 o^iT + Bnf 


t Ltfont MW 1m t4rU$ divergenu* (1901), p. 94. Sm alio the memolM than dtad. 
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where 

as n—>QO. 

Coneeqviently, when \z\<r, 

/iW- 2 

and 80 /(^)“= / 

J 0 

where ^(-r) = 2 “ ; 0(z) is called BoreUe function associated with 2 

N«0 ^ • n»0 

If 8^ S Om and S and if we can establish the relation 8^ f 

hbO *«o ^ • y 0 

the series is said (§ 8'41) to be ^mmmahle {BY; so that the theorem just proved 
shews that a Taylor’s series representing an analytic function is summable (B). 

7 * 81 . BoreVB integral and analytic continuation. 

We next obtain Borel’s result that his integral represents an anal 3 rtic function in 
a more extended region than the interior of the circle | z | ^r. 



This extended region is obtained as follows ; take the singularities a, 6, c, ... of/(r) and 
through each of them draw a line perpendicular to the line joining that singularity to the 
origin. The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it. 

Then BorePa integral repreaenta an analytic function (which, by § 6*6 and § 7*8, is 
obviously that defined by /(«) and its continuations) throughout the interior of thia 
polygon* The reader will observe that this is the first actual formula obtained for the 
an^ytic continuation of a function, except the trivial one of § 5*5, example. 

For, take any |>oint P with affix f inside the polygon; then the circle on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 

* The reader will see thiK from the figere; for if there were sneh a singnlarity the correspond- 
ing side of the polygon would pass between O and jp ; i.e. P would be outside the polygon. 
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lai^ oonoentrio circle* * * § C with no singokritf on or inside it. Then, by g 5*4^ 



and 80 




8irt 




dM\ 


but % ~ converges uniformly (§ 3*34) on C since f{») is bounded and | s | > 3 > 0, 

HaiO ^ ^ 

where 3 is independent of s ; therefore, by § 4*7, 


* /o *"*/(') exp dt, 


and so, when t is real, | ^ (CO j < ^(f) where /’(f) is bounded in any closed region lying 
wholly iinside the polygon and is independent of t ; and X is the greatest value of the 
real part of (/s on 0. 


If we draw the circle traced out by the point z/C we see that the real part of (jz is 
greatest when z is at the extremity of the diameter through and so the value of X is 
lf|.{|fl+3>-i<l. 

• We can get a similar inequality for <l>' (0) and hence, by § 6*32, j dt is 

analytic at { and is obviously a one-valued function of C 
This is the result stated above. 


7*82. Expansions in series of inverse factorials. 

A mode of development of functions, which, after being used by Nicolef 
and Stirling^ in the eighteenth century, was systematically investigated by 
Schldmilch§ in 1863, is that of expansion in a series of inverse factorials. 

To obtain such an expansion of a function analytic when | s | > r, we let 

the function be /(x) = 2 and use the formula /(z)«« f (f) df, 

ii«0 Jo 

CO 

where ^ (t) >■ S Ont^Hn !) ; this result may be obtained in the same way as 

nniO 

that of § 7'8. Modify this by writing s~* = 1 — f, ^ (t) = /’(f) ; then 

J 0 

Now if f = w + IV and if t be confined to the strip — 7r<v<7r, fisa one- 
valued function of f and F{^) is an analytic function of f and f is restricted 
so that — TT < arg (1 — f) < tt. Also the interior of the circle | f | « 1 corresponds 

* The differsDoe of the radii of the oiroles being, say, 3. 

t MSm de VAcad. d€$ Sei. (Paris, 1717) ; see Tweedie, Pros. Edin. Math. 8oc. xzxvi. (1918). 

t UzihodvM Differeniialu (London, 1780). 

§ Conifiendium der kSheren Analysu. More recent investigations are due to Kluyver, Nielsen 
and Pinoherle. See Comptez EenSuz, cxzxm. (1901), cxxxxv. (1902), AnnaU$ de vAeoU norm, 
evp. (8), XIX., XXII., xxm., RendUonti dei Lineei, (8), xx. (1902), and Palermo Rmdictmti, xxxxv. 
(1912). Properties of functions defined by series of inverse factorials have been studied in an 
important memoir by Norland, Aeta Mat^. xxxviz. (1914), pp. 827-387. 
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to the intetior of the curve traced out by the point — log ^2 oo« + ^*0, 
(writing f ■« exp (t (0 + ir)}) ; and inside this curve 

U|-ii(<)«[{ii(t)}» + 7r«]*-ie(0-^0, 

as R(t)-*ao. 

It follows that, when ] f | < 1, | i’(f) | < J/s'i*' < Afi j s'* |, where jMj is in- 
dependent of t ; and so F(^ < Jf, | (1 - f)-' |. 

Now suppose that < 1 ; then, by § 6-23, where 

^ Mt is the upper bound of |J^(s)| on a circle with centre P and radius 
P<l-l 

Taking p - ^^(1 - f) and observing that* (1 + «->)» < s we find that 

[l - {f + 

< Mi 0 (n H- 1/ . n ! (1 - 

Remembering that, by § 4*6, means lim J , we have, by repeated 
integrations by parts, 

/(^)- lim r\i^^yF'(i)dS 

L Jo ^0 

- “?!.[-<■ [-(1 


V 6] Jl) 


where = lim [-(I - (f)T"* 

L Jo 

- Ffw (0), 

if the real part ofx-|-7i-r-n>0, i.e. if R (e) > r ; further 

3f,s(n + 2)’'.n t 

I (s + 1) (s -1- 2) . . . (s + n) I . ^2 (x — r) 

^ M,e(n + 2y.n\ 

(r+l + S)(r + 2 + S)...ir + n + Sj:i’ 

where 8 - jR (x - r), 

* (!+*“*)* inenMM with *; for r-^x", when y<l, and eo log ('r-i-^>y. That ie to 

r-y \i-y/ 

•ay, puttingy->=il+ir, jj|j*log(l+*->)=Iog(l+*-‘)-j^>0. 
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Now 




tends to a limit (§ 2*71) as n— f oo , and so j if (n + 2/6 

to zero ; but 

r»+i dx 


-(r+a)Sl/m 


tends 


• rw+i 

2 1/m > f — — log (n + 1), 

Jl 00 


by §4-43 (ii), and (n + 2/(n+ when S >0; therefore i2»— >0 as 

n— ^ 00 , and so, when R {z) > r, we have the convergent expansion 


^ ^ + 1 + 1) (z + 2) (5 + 1 ) (z + 2) . . . (* + n) 

ExampU 1. Obtain the same expansion by using the results 

(TnjFTsfciTi^) 

Example 2. Obtain the expansion 

, /. 1\ 1 aj 02 

log 1) (^+2) *" 

- <) (2 - 0 ... (to - 1 — 0 dt, 


+ .... 


where 

and discuss the region in which it converges. 


(SchlOmilch.) 


REFERENCES. 

E. Qoubsat, Coure d^Awxlyee (Paris, 1911), Chs. xv, XVL 
E. Borbl, Lef<me sur lee e^riee divergentee (Paris, 1901). 

T. J. I*A. BbomwichO, Thearg of Infinite Series (1908), Chs. vili, x, xi. 

0. SohlOmiloh, Compendium der hbheren Analysie, ii. (Dresden, 1874). 


Miscellaneous Examples. 

1. If y-47-0(y)-iO, whore ^ is a given function of its argument, obtain the 
expansion 

/(»)-/(-)+ J, i (♦ W)- (,-4,^, 

where / denotes any analytic function of its argument, and discuss the range of its 
validity. (Levi-Civith, Rend, dei Linceiy (6), xvi. (1907), p. S.) 

2. Obtain (from the formula of Darboux or otherwise) the expansion 

/(*) {/<•' w - »-/"•> («;} ; 

find the remainder after to terms, and discuss the conA-eigence of the series. 

* The expansions considered by Bromwich are obtained by elementary methods, i.e. without 
the use of Cauchy’s theorem. 
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8. Shew that 


/(*+A)-/(x)- ( -)— « - £ {/«->(*+ 

+( - )• A»+ ‘ y, (<)/«»+*) (»+ Ao 

where 

and shew that (x) is the coefficient of n ! ^ in the expansion of ((1 ~ tr) (1 + ^ - tx)} ^ in 
ascending powers of t. 


4. By taking 




in the formula of Darboux, shew that 


/(,»+A)-/(*)- -^8^ a„ |/l">('»+A)-^/<’">(*)J 

+(_)«A»+J J ‘0 (<)/<•+») (:r+ AT)*, 




6. Shew that 


/{t)-/(a)-‘ S (-)' 

mwel 


2g«(2=»»-l)(^-a)»"-» 

2m ! 


{/<*"-»> (a)+./P"-*)(*)} 


+ J' «)/»•*•> {a+<(*-o)} <*, 


6. Prove that 


/ (*.) -/ (*•)-<?• (*» - * 1 )/' (*>) + (*. - *x)‘/" (*i) - C-. (*, - *,)»/'" (*«) 

- C4 (*j - (*i) + — + (-)*(*«- («*• sech «)|- ^ » (*i +<*! - <*i) * : 

in the aeries plus signs and minus signs occur in pairs, and the last term before the 
integral is that involving also Cn is the coefficient of in the expansion of 


cot — 1 ^' in ascending powers of 


(Trinity, 1899.) 


7. If Xi and are integers, and ^ (x) is a function which is analytic and bounded for 
all values of z such that x^^R (xX J7g, shew (by integrating 

[ >W<fe 

round indented rectangles whose comers are jti, xrs± eo », Xi ± 00 1 ) that 

^ (a?i)+^(jfi + l)-h^(j?i+2) + ...+^(jJ*-l)*f J^(x<) 

_ /* » (J^i-ny) - » (^1 ty) +» (Ji - y) 


~fy(s)d*+l l~*(fi±M^Li(fi±S 

Hence, by applying the theorem 

/ • «*»-! 




W* M, A. 


10 
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where Bu Bt ^ ... are BemouUi’e numbere, shew that 

^ (1) +0 (8) ^ + 0 (»)» Ch- J 0 (») ^ (*) <ir+ ^ (»), 

(where O' is a oonstant not involving n), provided that the last series converges. 

(This important formula is due to Plana, Mem. Mia R. Aeoad. di Torino^ xxv. (1880), 
pp. 403-418; a proof by means of contour integration was published by Kronecker, 
Journal fUr Math. cv. (1889), pp. 345-348, For a detailed history, see LindelOf, Le CalM 
dee Rdeidue. Some applioatious of the formula are given in Chapter xxi.) 


8. Obtain the expansion 

8^,*/ ' «1 2« 

for one root of the equation xmSu+«*, and ahew that it oonrei^ so long as | x | < 1. 


9. If denote the sum ot all oombinations of the numbers 


1* 3*. ft*, ... (8»»-l)*, 

taken m at a time, ahew that 

coes _1_ . f (-)*** f 8*<»'*'*l „(i) 8** . 

M “sin* ,i.(8«+8) ! l8»+3“ *‘»+‘>2»+l 


(Teixeira.) 


10. If the function /(z) is analytic in the interior of that one of the ovals whose 
equation is | sin (where C'^l), which includes the origin, shew that/(«) can, for all 
points z within this oval, be exi>anded in the form 


- /••••(0)+^''/«*“-*)(0) + ... + ^^‘‘’/'(0) . „ 
/W-/(0) + s.-' — ~ — ^ 


sal 

- ./i»»+')(o)+<Vi/^"*(o)+...+52;v./(o) , 

'^nlo (2n + l)! 


where is the sum of all combinations of the numbers 


2», 4» 6*, ... (2n-2)», 

taken m at a time, and denotes the sum of all oombinations of the numbers 

1*, 3*, 5* ...(2a-l)* 

taken m at a tima (Teixeira.) 


11. Shew that the two series 


9c8 


I 


and 


2z 2 / 2x y 2^ / 8s Y 

l-ra'Ts* Vl-W '^3.6*V1-«V 


represent the a'lme function in a certain region .of the z plane, and can be transformed 
into each other by Biirmann’s theorem. 

(Kapteyn, Nieuw ArdUef^ (2), iii. (1897), p. 226.) 


12. If a function f{z) is periodic, of period 2ir, and is analytic at all points in the 
infinite strip of the plane, included between the two branches of the curve |sinf 
(where €> 1), shew that at all points in the strip it can be expanded in an infinite series 
of the form 


/(x)«d^-f sin «+ ... 

-f cos z {Bi'^B% sin x4* ... + -^1 sin*** x+...) ; 


and find the ooefEioients and Bn* 
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13. W0M»d/*r#<jounectedby the«qttati<» 

of which one root is a, shew thet 

1^^ {PF-'s -iTsTTiS^)^ (**)" (/•^y +..., 

(«*)'" (/*/“)■' 

the general term being (— )«• - ^ «»„u- r j . 

J^iai ““«iphed 1^ a determinant in which 

the elements of the first row are A' {^*Y, j 

^ ““ ”” ^ 

14. If the function W (a, b, or) be defined by the series 

ffr(a, b, ^ 

which convei^ so long as I*!*- * 

«hew that £ ,r(a. b. :r)-l+(«-6) r(a-6. 6, *), 

and shew that if y-r(a,6,,), 

*-W’(6, a,y). 

Examples of this function are 

S'(l,0,4r)-»*-l, 

»r(0, 1, «)=log(l+ar), 


16. Prove that 


where 


(Jeiek.) 


2a, 

4a, 

6a, 


RacQ 


= - — I- 2 ^ 


«o 

3a, 

6a, 


0 

4a, 


0 

0 

3oo 


0 

0 

0 


«*(n-l)ao 


(2n-2)an-x 

»»«ii («- l ) aR - i . 

and obtain a similar expression for 

16. Shew that »ap. (3),xiT.) 

1 


Z Of.x'' 
ratO 


-«-n r4- 1 ^ 


10—2 
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where Sr is the sum of the rth powers of the reciprocals of the roots of the equation 

n 

2 OrOf tmO, 
raO 

(Gambioli, Bologna Memorie, 1892.) 

17. If fn (*) denote the »th derivate of /(s), and if /-,»(*) denote that one of the nth 
integrals of /(«) which has an n-ple zero at z>*0, shew that if the series 

s /«(*)?-«(») 

MM — 00 

is convergent it represents a function of z+j: ; and if the domain of convergence includes 
the origin in the j?-plane, the series is equal to 


2 /-n(s+^)ir»(0). 
nao 

Obtain Taylor’s series from this result, by putting g (z) « i. (Quichard.) 

18. Shew that, if be not an integer, 

ma-p F(S? + »l)^(STn)i 

as , provided that all terms for which m=n are omitted from the summation. 

(Math. Trip. 1896.) 


19. Sum the series 




where the value ns=0 is omitted, and p, q are positive integers to be increased without 
limit. 

(Math. Trip. 1896.) 

20. If /’(a:) shew thftt 






and that the function thus defined satisfies the relations 

/’(*)/’(! -x)-2sinjr>r. 

Further, if V' W“*+p + ^,+ — - - 7> 


shew that 


21. Shew that 


1 1 I<1. 


(Trinity, 1898.) 


ISr {1 - 2e-«» 006 (* + /9,) + {1 - 2 «-«b 008 (* - 3,) +« - Kj}* 

2^** (1 - cos jp)*** 

re Op—itsin^^-Zi. ,r^ fr, 


0<«<2ir. 


(Mildner.) 
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82. If I A* I < 1 and a is not a positive integer, shew that 
; aJ** _ 2fr£r* , x f 




f o 

whore C is a contour in the ^plane enclosing the points 0 , jp. 

(Lerch, Coiopit^ xxi. (1892), pp. 65-68.) 

23. If ^i(s), ^(r), ... are any polynomials in s, and if F{x) be any int^grable 
function, and if ^ (s), ^s(a), ... be polynomials defined by the equations 


/: 

/, 


f-ap 


/: 


shew that 


F{*) in (*) (*), 

• Z’^X 

F(x) in (*) in {if) — itm-t {*) t” (*)• 

r . iiW 4. I 

Ja *-* ^i(*) i>i(^)'i>t{f) i>i{f)i>t{*)in{*) 

F(x)in{x)in{ie) — i>m{x) 




^(*)^(*) —i>m{*) i>l{f)i>i{f) — i>m{f)j 


24. A system of functions jdo (0, pi (2), pt (2), ... is defined by the equations 

where a„ and are given functions of n, which tend respectively to the limits 0 and 1 
as n-^ao. 

Shew that the region of convergence of a series of the form Se„pi,(jB), where Sj, 62, ... 
are independent of is a Cassini’s oval with the foci -f 1> - 1* 

Shew that every function f(z\ which is analytic on and inside the oval, can, for points 
inside the oval, be expanded in a series 

where 

/ (®*'*'*) ?• W/W *' ®»' “2^* /?» (»)/(*)*• 

the integrals being taken round the boundary of the region, and the functions («) being 
defined by the equations 

(Pincherle, Rend, dei Zinost, (4), v. (1889), p. 8.) 


25. Let Che A contour enclosing the point a, and let if> {z) and f{z) be analytic when 
t is on or inside C. Let | f | be so small that 

l<^(»)|<|»-a| 

^beii z is on the peripheiy of C, 


By expanding 




in ascending powers of t, shew that it is equal to 
Hence, by using g§ 6*3, 6'Sl, obtain Lagrange’s theorem. 
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ASYMPTOTIC EXPANSIONS AND SDMMABLE SERIES 


81. Simjde example of an aaympMio expansion. 

Consider the function f(x) = I t**' where x is real and positive, 

J m 

and the path of integration is the real axis. 

By repeated integrations by parts, we obtain 


X a? a? fl;** 


(-)*n! f 

J fl 


t»+» ■ 


In connexion with the function f{x\ we therefore consider the expression 


and we shall write 




af* 


» 

m«0 


X 1? a? 


+ 


(-)"n! 

a«+i 




Then we have | oo as m->oo. The aeries 2u,„ is there- 

fore divergent for all values of x. In spite of this, however, the series can 
be used for the calculation of /(«); this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of Sn- 
We have 

and therefore, since ^ 1, 

|/(jr)-S„(af)! = (« + l)!j’^ + 


For values of x which are sufiiciently large, the right-hand member of this 
equation is very small. Thus, if we take x > 2n, we have 


which for large values of n is very small. It follows therefore that the value 
of ike function f{x) can be calculated with great accuracy for large values of x, 
by talcing the sum of a suitable number of terms of the series %v^. 

Taking even fairiy small values of x and » 

N«(10)-0'09152, and 0</(10)-N»(10)<0'00012. 



ASYMPTOTIC BXPAK810KS 


151 


8 - 1 ^ 8 - 21 ] 

The aeries ia on this account said to be an asymptoftic tapanaim of the 
function f{a). The precise definition of an asymptotic expansion will now 
be given. 

Definition of an aaymptotic expanaim. 

A divergent series 



in which the sum of the first (n 4 * 1) terms is Sn (x), is said to be an aaymptotic 
expansion of a function f(z) for a given range of values of axgs, if the 
expression = {/(^) — iSn(x)} satisfies the condition 

lim 2Zn(jp) — 0 (n fixed), 
even though lim \Rn(z)\»oo (x fixed). 

When this is the case, we can make 

where e is arbitrarily small, by taking | z [ sufficiently large. 

We denote the fact that the series is the asymptotic expansion of f(z) by 
writing 

/(z)^ 2 Anz-^. 

( 9|b0 

The definition which has just been given is due to Poincar^*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth centuiy by Stirling. Maclaurin and Euler. Asymptotic expan- 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy ; some applications will be given in subsequent 
chapters of the present work. 

The example discussed in § 8*1 clearly satisfies the definition just 
given : for, when x is positive, [ af^ {/(^p) — Sn (a?)} |<nla;’"^-40a8a?— > 00 . 

For the sake of simplicity, in this chapter we shall for the most port consider 
asymptotic expansions only in connexion with real positive values of the argument. 
The theory for complex values of the argument may be discussed by an extension of the 
analysis. 


8*21. Another example of an asymptotic expantion. 

As a second example, consider the function represented by the series 


where x>0 and 0 < c < 1. 


/W- i 




Acta Maihmatiea^ vtn. (1686), pp. 895-844. 
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The ratio of the ^h term of this series to the (i;— l)th is leas than and oonsequently 
the series couvei^ for all positive values of x. We shall confine our attention to positive 
values of x. We have, when .r > it, 

-A + 

a? -fit** A* A*"** A® JT* A®"*’*'* 

If, therefore, it were allowable* to expand each fraction in this way, and to 
rearrange the series for / (x) in descending powers of a, we should obtain the formal series 

where 2 it«“*c». 

jfc*i 


00 

But this procedure is not legitimate, and in fact X diverges. 

nsl 

shew that it is an asymptotic expansion of f(x). 

For lot 


Then 




so that 

i/w-s-(*) (-y*' S¥il 


Now 2 it^c*’ converges for any given value of n and is equal to C'n, say ; and hence 

fc*i 


m 

Consequently 25 A^ar^. 

» IBS 1 

Example. If /( jf)«= J where x is positive and the path of integration is the 

real axis, [irove that 

- 1 I 1.3 1.3.6 

[In fact, it was shewn by Stokes in 1857 that 

/, - 2^ + S^ " ’ 

the upper or lower sign is to be taken aewirding as - <arg x<^w or ^vCarg x < Jtr.] 

8'S. MultipliccUion of asymptotic expansions. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of argz, can be multiplied together in the same way as 
ordinary series, the result being a new asjrmptotic expansion. 

For let f(z)^ 2 2 

»«0 i *=»0 


It is not allowable, since k>x tor all terms of the series after some definite term* 
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and let Sn(*) and Tn(f) be the sums of their 3rst (n + 1) terms; so that, 
» being fixed, 

/(«) - 8n (t) = 0 (r-"), ^ (z) - Tn (e) - o (x“"). 

Then, if + + ... +AmBi„ it is obvious that* 

2 CbiX-"* + 0 (x-»). 

But /(z) ^ (x) - {5, (x) + o (O} {T* (x) + 0 (x-»)} 

= 8n (X) r„ (x) + 0 (x-») 

= 2 Cm^ + o(zr”). 

This result being true for any fixed value of n, we see that 
/(x)<^(x)~ 2 

8*31. Integration of asymptotic expansions. 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original series. 

For let 2 and let Sn{oD)^ 2 

waog 

Then, given any positive number e, we can find j?o such that 
|/(a?)-S„(ir)i< €|ar|““ when x>x^, 

and therefore 

jj /(x)dx-j ASfn(a:)cirj^ j |/(ar) -* (.«) ! da? 


But f S„ (x) dx = — - ^ 

Jx X i 

foo 00 

and therefore I f(x)dx^ S. j 

Jx ' m=2 ( 


(n— 1 * 

ii»+ +—A±— 

2af> (n 


A. 


— 1 ) ' 


On the other hand, it is not in general perinisMiblef to differentiate an asymptotic 
expansion ; this may be seen by oonsidoring (?~*'^sin (^). 


8*32. Uniqueness of an asymptotic expansion. 

A question naturally suggests itself, as to whether a given series can be 


* See § 2*11 ; we use o (z'**') to denote any fanotion ^ (z) each that z** ^ (z) 0 as { z ) oo . 

t For a theorem ooncernitig differentiation of asymptotic expansions representing analytic 
fonotions, see Aitt, huU. American Math. See, xxxv. (1918), pp. 22S-227. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the affirmative. To shew this, we first observe that there are functions 
L (so) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that lim (so) — 0 for every fixed value of n. The 

eo 

function er* is such a function when x is positive. The asymptotic expansion * 
of a function J (x) is therefore also the as 3 nnptotic expansion of 

J (ir) + X (fl?). 

On the other hand, a function oannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of s ; for, if 

/(*)- x 

m»o mno 

then + 

which can only be if •••• 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Qamma-funotion (Chapter xii) and Bessel functions (Chapter xvri). 

8*4. Methods of ‘ evmmwg ’ series. 

We have seen that it is possible to obtain a development of the form 

/(»)= 2 A^ar” ■¥ 

GD 

where ♦ oo as n— > oo , and the series £ does not converge. 

m«0 

We now consider what meaning, if any, can be attached to the * sum * of 
a non>convergent series. That is to say, given the numbers Oo, Oi, Oi, 
we wish to formulate definite rules by which we can obtain from them a 

CB 00 

number 8 such that jSf = S if S an converges, and such that 8 exists 

n«>0 

when this series does not converge. 

8‘41. BoreVs^ method of summation. 

We have seen (§ 7*81) that 

2 OnX" = f (U) dt, 

nsO J 0 

where S , the equation certainly being true inside the circle 

n=0 ^ • 

op 

of conveigence of £ If the integral exists at points z outside this 

nnO 

CD 

circle, we define the 'Borel sum’ of £ anS^ to mean the integral. 

»*-o 

* It has been ihewn that when the ooeifioieotB in the expansion satisfy certain inequalities, 
there is only one analytic function with that asymptotic expansion. Bee Phil. Tram. ISIS, a, 
(1911), pp. 279-81S. 

t Boi^, sttf U$ series DlveryenUe (1901), pp. 97-115. 
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Thus, whenever JS («) < 1, the ‘ Borel sum ’ of the series S s* is 

•4*0 


J 0 


If the ' Borel sum ' exists we say that the series is ‘ summable (B),* 


8*42. Euler*s* method of summcUion. 

A method, practically due to Euler, is suggested by the theorem of § 3*71 ; 
the ^ sum * of S may be defined as lim 2 when this limit exists* 

14*0 n «0 

Thus the * sum * of the series 1 — 1-fl — 1 + ... would be 
lim (1 — ...)= lim 


8*43. Cesdro^sf method of eummjotion. 

Let -f ••• + On ; then if S«alim -(Si-f s*+ ... + Sn ) we 

n-^oo^ 

00 

say that 2 is * summable (Cl)/ and that its sum (Cl) is & It is 

w-«l 

necessary to establish the ' condition of consistency^/ namely that » S On 

I4«I 

when this series is convergent. 


To obtain the required result, let S 2 «« =® wSn ; then we have 

mnl 


to prove that 8^ — » s. 


n+p 


Given e, we can choose n such that 2 < e for all values of p, and 

ifnsn+l 

eo\S-Sn\<€, 

Then, if v > n, we have 

+ (l - + 0,1^1 - ^^^-hon+i (l - -ho, ^1 - ^^)- 

Since 1, 1 — 1 ^“*, 1 — 2l#^^ ... is a positive decreasing sequence, it follows 
from AbeVs inequality (§ 2*301) that 

(l - ?) + o„+, (l - ^) + . . . + a, (l - I < (l - J) e. 

Therefore 

jo, + a,(l - i) + ... + a„(l - I < (l - ;)«• 


* Ifutit, Cale. (175d). See Borel, 2dc. ci't. Introduotion. 
t Bulletin dee Scieneee Math* (2), ziv. (1890), p. 114. 

X See the end of § 8*4. 
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Making v-* co , we see that, if 5 be any one of the limit points (§ 2*21) 
of Sf, then 

8— % an «6. 

mast 


Therefoi-e, since | ^ I ^ Ci we have 

15-^1^26. 

This inequality being true for emry positive value of € we infer, as in § 2*21, 
that S^8\ that is to say has the unique limit 8 ; this is the theorem which 
had to be proved. 

Example 1. Frame a definition of * uniform summability (£7 1) of a aeries of variable 
terms.* 

Example 2. If 4 - 1 , r ^ 0 when n< v, and if^ when n is fixedy lim 1, and 

if 2 a*-*, thw» lim i s 

fS*»l F-^OO lf»»l J 


8*431. CeedroU ffeneral method of eummaii&n. 


A series S Om is said to be ^siimmablo {CtY if lim 

WksO F'^^OC 


2 a^^n. F exists, where 

n*o 




It follows from § 8*43 example 2 that the * condition of consistency* is satisfied; in 
fact it can be proved* that if a series is summable (Cr') it is also summable {Or) when 
r > /; the condition of consistency is the particular case of this result when r=0. 


8*44. The method of eummation of Rieezi* 

A more extended method of * summing * a series than the preceding is by means of 


lim 

F-^OO 


2 

n«l 



> 


in which Xi^ is any real fhnotion of n which tends to infinity with fi. A series for which 
this limit exists is said to be * summable {Rr) with sum-function X«.* 


8-5. Hardy'sJ conveegence theorem. 

Let 'S. an be a eeriee which ie eummable {C 1). Then if 

an^Oiljn), 

the seines iS converges, 

n^l 


* Bromwich, tfifiniU Seriee, 1 122. 
t Comptee Rendtu, oxux. (1910), pp. 16-21. 

t Proc. London Math. 8oe. (2), vm. (1910), pp. 802-904. For the proof heze given, we are 
indebted to Mr Iiittlewood. 
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Let «it<sai + at4 ...+ 0 ^: then since S a« is summable (0 IX we have 


«■! 


+ IT, 4- ... + «» « » {« -f 0 (1)}, 


where 8 is the sum {C 1) of 2 an. 

n^l 


Let 
and let 


(»»* 1, 2, ... n). 

+ <a + • • • + ^ =* O-n. 

With this notation, it is sufficient to shew that, if [ On 1 < Knr^, where K 
is independent of n, and if cn^n.o (1), then fn 0 as n — > oo . 

Suppose first that Ui, a,, ... are real. Then, if tn does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers tn which satisfy either (i) tn>h or (ii) fn < — A- We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that tn > h. 


Then, when r = 0, 1,2, . . . , 


I Ctn+r I < Kjn, 



Now plot the points Fr whose coordinates are (r, tn+r) in a Cartesian 
diagram. Since tn-j-r+i — <n+r**On+f+i, slope of the line PrPr+i is less 
than d s arc tan {Kjn), 

Therefore the points Pq, P„ P„ ... lie above the line — a?tanft 
Let P* be the last of the points Po, Pi, which lie on the left of 
so that k cot 0, 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y * /i — a; tan 6 and the axes ; 
that is to say 

an+* ““ u* = tn "1“ ^n^-i + . . . + tn^ 

> JA'cot 0 * 

* The reader will lee that the latter hypothesis involves a oontradlotion by using arguments 
of a preoiselj similar oharaeter to thos^ which will be employed in dealing with the former 
hypothesis. 
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But I n+t - <rn^i I < I | + [ | 

*(n 4-A?),o(l) + (n- l).o(l) 

»n.o(l), 

since k ^ hfiK'"^^ and h, K are independent of n. 

Therefore, for a set of values of n tending to infinity, 

< n. o(l), 

which is impossible since is n<rf o (1) as oo . 

This is the contradiction obtained on the hypothesis that Urn ^ > A > 0 ; 
therefore Hm ^ 0. Similarly, by taking the corresponding case in which 
— K we arrive at the result 1^ tn > 0. Therefore since lim tn > lim 

we have lim = lim ■= 0, 

and so Ui — > 0. 

That is to say Sn — > s, ctnd ao 2 a„ ia convergent and its aum ia a. 

If On be complex, we consider R(an) and /(a„) separately, and find 

OD « 

that 2 lt(an) and 2 I (an) converge by the theorem just proved, and so 

«0 

2 On converges, 

fi»i 

The reader will see in Chapter ix that this result is of great importance 
in the modem theory of Fourier series. 

aci 

Corcllarg, If (£) be a function of f mioh that S (() is uniformly summable (C 1) 

n«l 

throughout a domain of values of and | a»(f) | < A^**"*, where K is independent of 

«D 

2 (f ) converges unifimidy throughout the domain, 

flBl 

For, retaining the notation of the preceding section, if does not tend to eero 
uniformlj^, we can find a positive number h independent of n and ( such that an infinite 
sequence of values of n can be found for which t^^ (f„) >h or (fn) < - A for some point 
of the domain* ; the value of depends on the value of n under consideration. 

We then find, as in the original theorem, 

for a set of values of n tending to infinity. The contradiction implied in the inequality 
shewst that A does not exist, and so uniformly. 

* It is assumed that (Q is real ; the extension to complex variables can be made as in the 
former theorem. If no snob number A existed, (() would tend to zero uniformly. 

t It is essential to observe that the constants involved in the inequality do not depend on 
For if, say, A depended on would really be a function of n and might be o (1) qua fhnotion 

of ii» and the inequality would not imply a contradiction. 
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Miscellaneous Examples. 

I. Shew that 1— when x is real and positive. 


2. Disouss the representation of the function 

/(*)“/ ^<h(t)d*dt 

(where x is supposed real and positive, and is a function subject to certain general con- 
ditions) by means of the series 

Shew that in certain cases (e.g. the series is absolutely convergent, and 

represents /(^) for large positive values of x; but that in certain other oases the series is 
the asymptotic expansion of f(x). 


3. Shew that 


/*• l.a-1 (a-.l)(a-2). 

+ ^ ^ + 

J t X 

for laige positive values of m, 

(Legendre, Extroum de Cede, Iwt, (1811), p. 340.) 

4. Shew that if, when 4?>0, 

/(*)-JJ |logw + log(^^)} c— 


then 


5 + ,... 


Shew also that f{x) can be expanded into an absolutely convergent series of the form 
•^<^^"i. (*-H)(.r+S)...(^-HA) - (Sohtemilch.) 

5. Shew that if the series 1 +0+0 - 1 4-0+1 +0+0— 1 + ..., in which two zeros 

precede each -1 and one zero precedes each +1, be ^summed’ by Ceshro’s method, 
its sum is (Euler, Borel.) 

6. Shew that the series 1 - 8! +41 - ... cannot be summed by Borel’s method, but the 
series 1+0-21+0 + 41+... can be so summed. 


* This paper contains many references to recent developments of the subject. 

+ A bibliography of the literature of sommable series will be found on p. 878 of this 
memoir. 
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9 ‘ 1 . definition of Fmri&r series*. 

Series of the type 

+ (O} COB tr + hi sin x) + (a, cob 2d; 4 6^ sin 2d;) 4 . . . 

at 

= iao + 2 (dn cos nx + bn sin )ix% 

«=i 

where an, bn are independent of x, are of great importance in many investi- 
gations. They ai‘e called trigonometrical series. 

If there is a function f(t) such that j f{t) dt exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 

•= [ f{t) cos ntdty irhn = J fit) sin ntdty 


then the trigonometrical series is called a Fourier series. 

Trigonometrioal series first appeared in analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating strings ; d^Alcmbert had previously solved the equation of 

motion ys»a®^in the form where y^f{x) is the initial shape 

of the string starting from rest ; and Bernoulli shewed that a formal solution is 


y 


00 

2 


- nirX Ufrat 
bn sm cos — y— , 


the fixed ends of the string being (0, 0) and (f, 0) ; and he asserted that this was the most 
general solution of the problem. This appeared to d’Alembert and Euler to be impossible^ 
since such a series, having period 2f, could not possibly represent such a function asf 
when A controversy arose between these mathematicians, c»f which an 

account is given in Hobson’s Functionti of a Re<d Variable, 


Fourier, in his Theorie de la Chaleuty investigated a number of trigonometrical series 
and shewed that, in a large number of particular cases, a Fourier series actually converged 
to the sum f{x), Poisson attempted a general proof of this theorem, Journal de VAcole 
polytechniquey xii. (1623), pp. 404-509. Two prc»ofs were given by Cauchy, if^m. de 
VAead, R. des sSd. \i. (1823, published 1826), pp. 603-612 {Oeuvres, (1), ii. pp, 12-19) 
and Exercices de Math, li. (1827), pp. 341-376 {Oeuvres, (2), vii. pp. 393-430) ; these proofs, 
which are based on the theory of contour int^ration, are concerned with rather particular 
classes of functions and one is invalid. The second proof has been investigated by 
Hamack, Math, Ann, xzxzi. (1888), pp. 175-202. 


^ Throughout this chapter (except in § 9*11) it is supposed that all the numbers involved are 
real, 

t This function gives a simple form to the initial shape of the string. 
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In 1629, Dirichlet gave the firet rigorous proof* that, for a general class of functions, 
the Fourier series, defined as above, does convezge to the sum /(J?). A modification of this 
proof was given later hj Bonnett. 

The result of Dirichlet is that | if f(t) is defined and bounded in the range.( ^ ir, w) and 
if /(O has only a finite number of maxima and minima and a finite number of dis- 
continuities in this range and, further, if /{t) is defined by the equation 

/(<+2,r)«/{0 

outside the range (— w, «-), then, provided that 

f{t)ixmntdty /(Osin wTcff, 

00 

the series S (<Kh oosnj?-f sin nw) converges to the sum ^ {/(<»+0 )+/(jf-0)}. 

nsi 

Later, Riemann and Cantor developed the theory of trigonometrical series generally, 
while still more recently Hurwitz, Fej^r and others have investigated properties of Fourier 
series when the series does not necessarily converge. Thus Fej6r has proved the re- 
markable theorem that a Fourier series (even if not convergent) is ‘summable (Cl)’ 
at all points at which f{x±0) exist, and its sum (Cl) is J {/(x?+0)-^/(x?-0)}, 

provided that j’' /(^) dr is an absolutely convergent integral. One of the investigations 

of the convergence of Fourier series which we shall give later (§ 9*42) is based on this result. 

For a fuller account of investigations subsequent to Riemann, the reader is referred to 
Hobson’s FunctionM of a Real Variable^ and to de la VaUde Poussin’s Cours d^Ancdyae 
Infmtdtimale. 

9*11. Nature of the region within which a trigonometrical eeriee coneergee. 

Consider the series 

iao+ 2 (o„cosn«-f6„8in?iz), 

^ *1=1 

where z may be complex. If we write the series becomes 

|a,+ t\) f} • 

This Laurent series will oonvei*ge, if it converges at all, in a region in which a ^ | fj ^6, 
where a, b are positive constants. 

But, if «a=a7-Hty, | f and so we get, as the region of convergence of the trigono- 

metrical series, the strip in the z plane defined by the inequality 

loga<-y ^ log 6. 

The case which is of the greatest importance in practice is that in which a»6>al, and 
the strip consists of a single line, namely the real axis. 

Examfle 1. Let 

/(x)«8inx-“8in2«-i-i8in3r--8in 4r+..., 

where z^x^iy. 

* Journal /Ur Math. xv. (1829), pp. 167-169. 

t M4moiret de$ Savantt itrangert of the Belgian Academy, xxiii. (1848-1860). Bonnet em- 
ploys the second mean value theorem directly, while Dirichlet’s original proof makes nee of 
arguments preeisely similar to those by which that theorem is proved. See § 9*48. 

t The conditions postulated for /(t) are known zm Dirichlet' z condiHont; as will be seen in 
§§ 9*2, 9*42, they are unneoessarily stringent. ^ 


M. ▲. 


11 
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Writiog tbia in the lorm 

we notice that the firet aeriee oon verges* only if y ^ 0, and the second only if y <0. 
Writing X in place of 2 (jt being real), we see that by AbePa theorem (§ 8*71), 

lim^^rsin jc-ir*8in2a?+|r®sin32r-...^ 

This is the limit of one of the values of 


- log (1 +#•«**) 4. log (1 + 

and as r-^ 1 (if - <2? < tr), this tends to irn*, where it is some integer, 

* ( “ ^^*“1 sin 'fw? 

Now — £ — - — — converges uniformly (§ 3*35 example 1) and is therefore con* 

tinuous in the range — ir+5<a?^fr — 5, where d is any positive constant. 

Since is continuous, it has the same value wherever a? lies in the range ; and putting 
raO, we see that it«0. 

Therefore^ when — ir < 2: < it, f{x) *= Jo?. 

But, when ir < .r < 3ir, 

f{x) */( 2 ? - 2fr) ( 2 ? - 2fr) - fv - ir, 
and generally, if (2»— 1) w < 2 ? < (2n+ 1) tt, 


We have thus arrived at an example in which /(.^?) is not repi'esented by a single 
analytical expression 

It must be observed that this phenomenon can only occur when the strip in which the 
Fourier series converges is a single line. For if the strip is not of zero breadth, the 
associated Laurent series converges in an annulus of 000-261*0 breadth and represents an 
analytic function of £* in that annulus ; and, since ( is an aualy tic function of 2, the Fourier 
series represents an analytic function of 2 ; such a series is given by 
r sin 07 - Jr* sin 2i? + Jr® sin 3 j? — . . . , 

I* dill 36 

where 0 < r < 1 ; its sum is arc tan r , the arc tan always representing an angle 

1 T r cos X 

between ±Jrr. 


Example 2. When - 9r < or < 9r, 

* (-)*•-* cos »0? 

J 



The series converges only when x is real ; by § 3*34 the convergence is then absolute 
and uniform. 


Since Jo7«>>8ino7- Jsin 2or+Jsin8or**... (-ir+3<or<fr-5, 5>0), 
and this series converges uniformly, we may integrate term-by-term from 0 to or (§ 4*7), 
^nd consequently 


i (-)*"* (l-oosw.tr) 
4 ii»i a* 


( — tr-h3<or<fr-5). 


* The series do converge if y sO, see | 2*81 example 2. 
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9 * 12 , 9 - 2 ] 

Tb&t ia to aay, when 

(7-Jx*- 2 izn^, 

where C is a constant^ at present undetermined. 

Bat einoe the series on the right converges unifonnly throughout the range - ir < 4? ^ ir, 
its sum is a continuous function of x in this extended range ; and so, proceeding to the 
limit when 4?-^ ±«r, we see that the last%quation is still true when 4?« ±n. 

To determine Cy int6gie.te each side of the equation (§ 4*7) between the limits - w, w ; 
and we get 


2irC'-gir8-0. 

Consequently 


(-ir<4?<ir). 


sin mx sin nxdx 


Example 3. By writing w- 2^; for 4 ; in example 2, shew that 
* 8in*?i4? |«*j4?(ir— 47 ) (0<47<ir), 

9‘12. Values of the coefficients in terms of the sum of a trigonometrical 
series. 

do ^ 

Let the trigonometrical series Jco+ 2 (c* cos no? -H dn sin wo?) be uniformly 

n«l 

convergent in the range (— w, tt) and let its sum be / {x). Using the obvious 
results 

f*’ j (m^n), 

(m = nfO). 

( sin mx sin ruedx ^ (*”1^ ”)' j 2ir, 

J-. l-w (TO-ny=0), J-, 

00 

we find, on multiplying the equation ^CoH- ^ (Cn cos fix + dn sin nx) ^f (x) 

»«! 

by* cosrwF or by sinn^? and integrating term-by-termf (§ 4*7), 

wcn^ j f{x)cosnxdXy ardn^j f(x)6mnxdx. 

Corollary. A trigonometrical series uniformly convergent in the range ( - jt, ir) b a 
Fourier series. 

Note. Lebesgue has giv^en a proof (Series trigonometriquesy p. 124) of a theorem 

so 

communicated to him by Fatou that the trigonometrical series E sin nx/log n, whicli con- 

»»* 

verges for all real values of x (§ 2*31 example 1), is not a Fourier series. 

9*2. On Dirichlefs conditions and Fourier's theorem, 

A' theorem, of the type described in § 9*1, concerning the expansibility of 
a function of a real variable into a trigonometrical series is usually described 

* Multiplying by these fiMston does not destroy the uniformity of the oonvergenoe. 
t These were given by Euler (with limits 0 and 3ar), Nwa Acta Acad. Petrop. xi, (1793). 

11^2 
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as Fourier'^ theorem. On account of the length and difficulty of a formal 
proof of the theorem (even when the function to be expanded is subjected to 
unnecessarily stringent conditions), we defer the proof until §§ 9*42, 9*43. It is, 
however, convenient to state here certain sufficient conditions under which 
a function can be expanded into a trigonometrical series. 

Let f{t) be defined arbitrarily when — tt ^ t < tt and defined* for all other 
real values of t by means of the equation 

f(t^2w)^m 

so that f{t) is a periodic function with period 2ir. 

Let f{f) he such that j f(t)dt exists; and if this is an improper integral^ 

let it be absolutely convergent. 

Lei an, bn be defined by the equations^ 

TTOn = J f{t) cos ntdt, irbn * J f{t) sin ntdt (n = 0, 1, 2, , . 

Then, if x be an interior point of any interval (a, 6) in which f (<) has 
limited total fluctuation, the series 

oo 

^ao+ 2 (Un cos WiC + fen sili Wic) 

n«l 

is convergent, and its sumX is \ (/(^ + 0) -f /(a? — 0)}. If f(t) is continuous 
at t = x, this sum reduces to f{x). 

This theorem will be assumed in §§ 9*21-9*32 ; these sections deal with theorems con- 
cerning Fourier series which are of some importance in practical applications. It should 
be stated here that everjr function which Applied Mathematicians need to expand into 
Fourier series satishes the conditions just imposed on f{t), so that the analysis given later 
in this chapter establishes the validity of all the expansions into Fourier series which are 
required in physical inve.stigation.s. 

The reader will observe that in the theorem just stated, /(/) is subject to less stringent 
conditions than those contemplated by Dirichlet, and this decrease of stringency is of 

considerable practical im(xirtaiice. Thus, so simple a series as S ( - (cos nx)jn is the 

»-i 

expansion of the function § log|2cos^|; and this function does not satisfy Dirichlet’s 
condition of boundedness at ±n. 

00 

It is convenient to describe the series iaoH- 2 (dn cos tm? + fe^ sin rwr) as 

fi-i 

the FouHer series associated with f(t). This description must, however, be 

* This definition frequently renultH in f(t) not being expressible by a single analytical ex- 
pression for all real values of t. Cf. § 911 example 1. 

t The numbers a„, called the Fourier constantB of / (f ), and the symbols will be 

used in this sense throughout 0’2-9'5. It may be shewn that the convergence and absolute 
oouvergenoe of the integrals defining the Fourier constants are consequences of the convergence 

and absolute convergence of j /(f) dt. Cf. §§ 2*83, 4*6. 

t The limits /(x±0) exist, by § 8*64 example 8. 

I Cf. example 6 at the end of the chapter (p. 190). 
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taken as implying nothing concerning the convergence of the series in 
question. 

9*21. The representation of a function hy Fourier series for ranges other 
than (— TT, tt). 

Consider a function f{x) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a^x^h. 

Write ®-i(a + 5)-l(a-5)ir-V, /(») = /’(»'). 

Then it is known (§ 9*2) that 

g + 0) -h - 0)} = I tto -f %{an cos ns! + sin nx% 

and so 


i{/(« + 0)+/(«-0)} 

1 . ? f nir — a — h) , 

^ 

where by an obvious transformation 


. riTT {2x — a — 6)) 


-a r 


1 

g(5-a)a„= j^/(x)coB 


nrr (2a? ~ a — 6) 


rnr (2a? — 0 — 6) 


9*22. The cosine series and the sine series. 

Let / (a?) be defined in the range (0, 1) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Define f{x) in the range (0, - 1) by the equation 

/(- ®) -/ W- 

Then 

i {/(* + 0) +/(® - 0)} = gOa |o„ COB -p + 6„ sin , 
where, by § 9’21, 

Uln^J fit) 008 dt » 2 J fit) 009 dt, 

lbn<"j ^/(t)eiB^ dt’a.O, 

80 that when 

i{/(« + 0)+/(a:- 0)1-50,+ i o»co8^; 

this is called the cosine series. 

If, however, we define y(®) in the range (0, —1) by the equation 
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we get, when 


2 l/(® + 0 )+/(®- 0 )}= S twsin 




riTTW 
I ’ 


where i 6 , 

this is called the sine- series. 
Thus the series 


^ y* (0 ^ I 


1 . ^ nirx 

^00+2 an cos -y-, 


rtTTX 


S 6nBin V 


where i ion « J /(<) cos ^ d^, i f{t) sin dt, 

have the same sum when O^aa^ll hut their sums are numerically equal and 
opposite in sign when 0 ^ a; > — Z. 

The cosine series was given by Clairaut, Hist de V Acad. R. dss Sci. 1754 [published, 
1759], in a memoir dated July 9, 1757; the sine series was obtained between 1762 and 
1766 by Lagrange, Oeuvres, i. p. 553. 

Example 1 . Expand ^ («■ ^x)sv^x in a cosine aeries in the range O^x^ir. 

[We have, by the formula just obtained, 

OD 

i (fr-;r) sin ar«»ian+ S ancoanx?, 

n-l 

where irra„»»J ^ (rr s) ain x ooa nxdx. 

But, integrating by parts, if n 1 , 

r 

2 (w ~ x) sin X cos jixdx 


/: 


‘J (w— {sin (w + l)ji7-8in(n-l)a?}<ir 

r . fcos(M + l)jr cos(n — 1)^1 "1»^ /’"■ (cos 1) oo8(w — 1)^7] , 

+T “ Jo i ”^+ 1 - Jrn— ) ^ 

/ 1 J \ -2Fr 

^\«+l u-1 J'^(n~hi)(n- 1)' 


Whereas if 71 ■■ 1 , we get J 2 (ir-x)Binxconxdx^‘^, 


Therefore the required aeries is 


1.1 1 o 1 o 1 

s - cos J7-T — 5 COS 2r - cos ar - 5 —= cos 4a* • 
24 1.0 2.4 0.5 


It will be observed that it is only for values of x between 0 and w that the sum of this 
series is proved to be ^ (ir- a?) sin x \ thus for instance when x has a value between 0 and 
- tr, the sum of the series is not i (w - jr) sin x, but - ^ (»r+jr) sin x ; when x has a value 
l>etween n and 2n, the sum of the aeries happens to be again \{ir — x) sin .r, but this is a 
mere coincidence arising from the special function considered, and does not follow from 
the general theorem.] 

Example 2 . Expand ^vx (ir-~x) in a sine series, valid when O^x^ir. 

rmt. . sin 3x? . sin 6 ;p . , 

[The senes is san d7+ - ^ - 3 — ’ H + ....] 
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Example 8. Shew that^ when 

^fr(ir-2a:)(ir*+2ira?-2»*)«coe4F+5^^4-5~^ +.... 

[Denoting the left-hand aide by /(x), we have, on integrating by parte and observing 
that/' (0)-/' (fr)«0, 

J f{x) cos fix dx"» - j^/W Bin - i j*f' (x) mnnxdx 

— if /' (x) cos ?M? I — i / /" (•*?) cos 

L M ^ Jo 

= + p j’f'"{x)msi nxdx 

“ " h \j"' ’*^]o “ 

Example 4. Shew that for values of x between 0 and ir, s** can be expanded in the 
cosine series 

^ .oo82a?,co84ar. \ 2« /oosa? . ooaSj? . \ 

and draw graphs of the function e^ and of the sum ^f the series. 

Example 5. Shew that for values of x between 0 and w, the function |9r (w - 2r) can 
be expanded in the cosine series 

. cos Zx . cos 5x . 

and draw graphs of the function iir(fr^ 2x) and of the sum of the series. 

9*3. The nature of the coefficients in a Fourier series^. 

Suppose that (as in the numerical examples which have been discussed) 
•the interval (— tt, tt) can be divided into a finite number of ranges 
(— TT, fti), (Ai, A^) ... (An, tt) such that throughodt each range /(a?) and all its 
differential coefficients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3*2) at the end points of these 
ranges. 

Then 

“ f * /(O + f ^/ (0 cos nvtdt + ... + [ f{t) cos mtdt 

J — 9 J J 

Integrating by parts we get 

wOm * sin sin • • • + sin 

- m”* f*' /' (0 sin mtdt- mr' f ’/' (<) sin mtdt - ... - m~* f f (<) sin mtdt, 

J -tt Ji, J It, 


BO that 


An, hm' 


* The analjrui of this Motion and of 89*81 io oontainod in StokM’ graat mamoir, Comfr. Phil. 

Tram. mi. (1849), pp. 888-688 [JTat*. Popor*. i. pp. 886-818], 
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where >- 2 sin lAkr { /(Iv — 0) — /(i, + 0)], 

and bni is a Fourier constant of 

Similarly ^ ^ ’ 

m tn 

where 

vBn — - S COB mJcr {/(*,• - 0) -/(i, + 0)} — cos mir \f{ir - 0> -/(- w + 0)}, 

r»l 

and Om' is a Fourier constant of f* (w). 

Similarly, we get 



where an!\ b„^* are the Fourier constants of f*' (x) and 
irAm’^ S 8inmlv{/'(*r-0)-/'(Arr + 0)}, 


2 cosmA;^ {/'(ilv— 0)— /'(Av + 0)} 


r*l 


Therefore 


Bni Oy^ 


ttin ~ “ — — — 0 ^^ — T" 

wt vn% vn. 


— cos mir {/' (tt — 0) — TT + 0)j. 
. AJ bJ' 


m mr 


r».a ‘ 


m mr m* 

Now as wi— ^ 00 , we see that 

^^'-0(1), 5J = 0(1), 

and, since the integrands involved in and 6„" are bounded, it is evident . 


that 




‘Hence if = J5w» = 0* the Fourier series for f{x) converges absolutely 
and uniformly, by § 3‘34. 

The necessary and sufficient conditions that -4^ * =“ 0 for all values of 

m are that 

/(*r-0)*/(A:,4-0), /(,r-0)-/(-7r + 0), 
that is to say that*/(jr) should be continuous for all values of x. 


9*81. Differentiation of Fourier aeriee. 

The result of differentiating 

= 00+ S {a^coBmx + byf^Binmx) 

«D 

term by term is S cos ma — ma^ sin ma:]. 


Of ooQr8e/(x) is also subject to the oonditions stated at the beginoing of the seetioo. 
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9-31-9-4J 

' 

With the notation of § 9*3, this is the seme as 

5 Oo' + 2 {a^ cos mm H- h^l sin mm\ 

»«i 

provided that and J' /'(ar)(ic*0; 

these conditions are satisfied if f (a?) is continuous for all values of m. 

Consequently sufficient conditions for the legitimacy of differentiating 
a Fourier series term by term are that f(x) should be continuous for all 
values of m and f* (m) should have only a finite number of points of discon- 
tinuity in the range (— tt, tt), both functions having limited total fluctuation 
throughout the range. 

9*32. DeterfninoLtioni of points of disctyntiituitp. 

The expressions for and 6^, which have been found in § 9*8 can frequently be applied 
in practical examples to determine the points at which the sum of a given Fourier series 
may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the series 

sin sin ar-H sin 5jr+ ... 

is discontinuous. 

Assuming that the series is a Fourier series and not any trigonometrioal series and 
observing that (1 -cosmir), we get on considering the formula found in 

§»‘ 3 , 

Hence if . . . are the places at which the analytic character of the stim is broken, 
we have 

0 = ird • [sin mk^ {/ - 0) -/ (it, + 0)} + sin mk^{f{ki-0)-f (it, + 0)} + . . .]. 

Since this is true for all values of m, the numbers ... roust be multiples of ir ; but 

there is only one even multiple of ir in the range — namely aero. So 

and ki, irj, ... do not exist. Substituting in the equation cos have 

ir (J - Jcos mn)»" - [cos mir {/(tr — 0)— /( — ir +0)}+/ ( - 0) - /( + 0)]. 

Since this is true for all values of m, we have 

4ir«/( + 0)-/(-0), i^«/(,r-0)-/f-,r + 0). 

This shews that, if the series is a Fourier series, f(x) has discontinuities at the points 
nir {n any integer), and since <*»,'« we should expect* /(a?) to be constant in the 

open range ( - w, 0) and to be another constant in the open range (0, v). 

9*4. Fejj^r’s theorem. 

We now begin the discussion of the theoiy of Fourier series by proving 
the following theorem, due to Fejirf, concerning the summability of the 
Fourier series associated with an arbitrary function, f (t) : 

Let f(t) be a /motion of the real variable t, defined arbitrarily when 
^ t < IT, and defined by the equation 

/(< + 2'jr) -/(O 

* Jo point offset /(^)= " i** (--r<x<0); 

/(ar)a:iir (0<s<r)* 

t UaiK dwn. Lvm. (1904), pp. 61-69. 
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i 

for all other real values oft; and let j f(t) dt ewist and {if it is an improper 

integral) let it he absolutely cmvergent 

Then the Fourier series associated with the function f(t) is summable* (Cl) 
at all points a at which the two limits f(x ± 0) exist. 

And its sum (Cl) is 

i{/(^ + 0)+/(^«0)). 

Let On, bnt 1, 2, ...) denote the Fourier constants (§9*2) of f(t) 

and let 

m 

a»oo8n« + i»8inna! = il„(a!), 2 An («) » S'*, («). 

n«0 

Then we have to prove that 

Utti — [Ao + Si(x) 8tix) 4- ... + (^?)1 {/(a? *f 0)+/(a; — 0)j, 

provided that the limits on the right exist. 

If we substitute for the Fourier constants their values in the form of 
integrals (§ 9*2), it is easy to verify thatf 

A,+ 2 <S„(«)=*mAo + (m — l)A,(a;) + (ni — 2)A,(a:)+ ...+A„_,(®) 

n^l 

1 T' 

=* - j + (m — 1) COS (j? — i) + (to — 2) COS 2 (a; — 

+ co8(to — 1 )(« — <)) /(i)cit 

27rj., 8inH(a:-<) 


_ 1 P+* 8in*^m(aT — t) 


=-r 

2irJ. 


At)dt. 


27rj.n+n 8m4(a;-0 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write ^ T 2^ in place of t in 
the two parts of the path, we get 

Consequently it is sufficient to prove that, as m-^oo , then 


-f{x-2e)dd. 


* Bm g 8'48. 

t It i. obviona thst, if we write \ for e<(.-8 in t)ie second line, then 
* + (m - 1) (X + X-iJ + (m - 2) (X» + X-*) + .. . + (X«-i + X>-«) 

= (l-X)->{X«-'»+X»-«+...+X->4 l-X-X»-...-X'«} 
*(l - X)-* {X>-« - %S. +X*+>} = (X*** - X"*")*/(X* - X"*)*. 
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Now, if we integrate the equation 

>=i»l + (w— 1 )c08 2^+ ... +C08 2(»»— 1)^, 

(i Sin* u 

we find that 

[4'sin*wtf . 

Jo sin*^ 

and 80 we have to prove that 

1 /***8in*7ad . . 

““ I <k(6)dd^0 as m— >oo, 

where <^(^) stands in turn for each of the two functions 

/(a; + 2d)-/(^ + 0). /(^r-2^)-/(^-0). 

Now, given an arbitrary positive number c, we can choose h so that* 

! «^ (^) 1 < e 

whenever 0 < ^ $ J8. This choice of S is obviously independent of m. 
Then 

\mJo 8in^6 ' I mJo sin*^ mj^ am^ff 

. e r^’sin'md _ 1 f**! 




Now the convergence of J |/(0 [ entailp the convergence of 

ri<f>(ff)idff, 

Jo 

and so, given e (and therefore S), we can make 

^TTcm sin*|S > J* 1 <^ (^) I d^f 

by taking m sufficiently large. 

Hence, by taking m sufficiently large, we can make 

1 j 

mJo sin I 

where c is an arbitrary positive number ; that is to say, from the definition of 
a limit, 

Bi-*-ooWiJo 8 in*e^ 

and so Fej^r’s theorem is established. 

* On the asBumption that/(«:^0) exist. 
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CoroUary 1. Let U and L be the upper and lower bounds of f{t) in any interval (a, b) 
whose length does not exceed Sir, and let 

jly{t)\dt~nA. 

Then, if a-f 17 where 9 is any positive number, we have 


so that 


Similarly 


^ I R-l j 


Corollary 2. Let /(O be continuous in the interval a ^t^b. Since continuity implies 
uniformity of continuity (§ 3-61), the choice of d corresponding to any value of a; in (a, b) 
is independent of x, and the upper bound of |/(4?±0) |, i.e. of |/(^) I, is also independent 
of s, so that 

J*' I « (tf) I |/(^±2tf) -/(^±0) ! 


f'j/(OI* + i>r|/(ar±0)|, 


l-f* 


and the upper bound of the last expression is independent of s. 

Hence the choice of m, which makes 

8in*md , ,*| _ 

is independent of x?, and conseg'uently — <Aq+ 2 to the limit /(x?), as 

^ I nsal i 

m X , uniformly throughout the interval a^x^b, 

9*41. The RiemannrLehesgue levimas. 

In order to be able to apply Hardy’s theorem (§ 8*5) to deduce the con- 
vergence of Fourier series from Fejdr's theorem, we need the two following 
lemmas : 

(I) Let f ^|r(0)d0 exist and {if it is an improper integral) let it he 

J a 

absolutely convergent Then, as 

^ {0)sm{X0)d0 is o(l). 


/. 


(II) I/, further, {&) has limMi total fiuetuaetion in the range (a, b) then, 
as \-*eo. 


I* ^ (0) sin (\0) d0 is 0 (1/X). 
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Of these r^ults (I) was stated by W. R. Hamilton* and by Riemannt in the case of 
bounded functions. The truth of (II) seems to have been well known before its importance 
was realis^ ; it is a generalisation of a result established by Dirksent and Stokes 
(see § 9’8) in the case of functions with a continuous differential coefficient. 

The reader should observe that the analysis of this section remains vaUd when the 
sines are replaced throughout by cosines. 

(^) conveiiient§ to establish this lemioa first in the case in which 

ir {6) is bounded in the range (a. 6). In this case, let K be the upper bound 
of I {6) I, and let e be an arbitrary positive number. Divide the range (a, h) 
into n parts by the points a?,, asg, ... and form the sums jSi,, Sn associated 
with the function after the manner of § 4’1, Take n so large that 

< € ; this is possible since (^) is integrable. 

In the interval (xCr-i, ^r) write 

Vr {6) « + Or iB\ 

so that \^r{B)\ ^ Ur- Lr. 

where Ur and Lr are the upper and lower hounds of -^{6) in the interval 

(Xr^i> ^r)« 

It is then clear that 

Si'r(^r-t)f 8in(\^)rf^+ 2 r' a>r(0)Bia(\ff)dff 
r-l Jsr-, r-lJjtr-1 

< 2 !-^r(®r-i)|.| f sin(X^)rftf|+ 2 f" Io>r(0)ld0 

>•**1 iJ iier-i I r»lJa5r-i 

^nAr.(2/X) + (5fn-an) 

< (2nK/\) + 6 . 

By taking \ sufficiently large (n remaining fixed after e has been chosen), 
the last expression may he made less than 2e, so that 

lim f yjr {6) sin (\^) dO = 0, 

A-»-ac J a 

and this is the result stated. 

When {6) is unbounded, if it has an absolutely convergent integral, by 
§ 4 5, we may enclose the points at which it is unbounded in a finite || number 

* Trana. Dublin Acad. xxx. (1843), p. 267. 

t Math. Werke, p. 241. For Lebesgue’s invetitigattfin see bis Siries triffonomStriquea 
(1906), Ch. III. 

t Journal /Ur Math. iv. (1829). p. 172. 

§ For this proof we are indebted to Mr Hardy ; it seeme to be neater than the proofe given by 
other writers, e.g. de la Vall4e Pousein, Cor^re d^Analyaa InJinitiMimalr, ii. (1912), pp. 140*141. 

II The Jiniteneaa of die number of intervals is assamed in the definition of an improper 
integral, § 4*5. 
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of intervals Bi, Sg , ... Sp such that 

i f l^(0)jdfi<e. 
r*l J if 

If K denote the upper bound of |^(9)| for values of 6 outside these 
intervals, and if 71 , 7 i, ... 7,^-1 denote the portions of the interval (a, 6 ) which 
do not belong to 5], fig, ... we may prove as before that 

I y/r (ff) ain (\ff) dfi X [ y^(ff)sin(X0)dff-h £ f ^(ff)ain(Xff)dff 

Ja r^lJ Yr r«lJ ir 

I jP+1 r PC 

X I -i/r (^) sin (\tf) -f X I l‘^(^)sin(X 0 )l dtf 
< (2nKj\)-^2€. 

Now the choice of « fixes n and K, so that the last expression may be 
made less than Sc by taking X sufficiently large. That is to say that, even 
if yjr (d) be unbounded, 

lim f ^ (0) sin (Xtf) d0 * 0, 

X~t^ao J a 

provided that ylr (0) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When yjr (0) has limited total fluctuation in the range (a, 6 ), by § 3‘64 
example 2 , we may write 

where Xi (^)» X* (^) positive increasing bounded functions. 

Then, by the second mean-value theorem (§ 414) a number { exists such 
that a^f^b and 

J Xi (^) ® j Xi (^)J^ 

^2xi (b)/X. 

If we treat Xa(^) ^ similar manner, it follows that 

jj yfr (0) ain (X0) d0 4 J ;^i(5)Bin(Xtf)d(?j 4* j J 

< 2 {xi( 6 ) + X.( 6 )}/^ 

-0(1/X), 

and the second lemma is established. 

Corcllary, If f{t) be such that J* f(t) exists and is an absolutely convergent 

integral, the Fourier oonstants a«, of f{t) are o(l) as n-»-ao ; and if, lhrther,/(0 has 
limited toUtt fluctuation in the range ( - «r, ir), the Fourier constants are 0 (1/n). 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
series associated with f(t ) ; for a aeries, in which the terms are of the order of magnitude 
of the terms in the harmonic series (§ 2*3), is not necessarily oonvergent.] 



FOURIBE SBBllBS 


175 


9 * 42 ] 

942. Thb proof of Fourisb’s tbborbic. 

We shall row prove the theorem enuociated in 1 9'2, namely : 

f(f'} 5® a function defined arbitrarily when — w 4 1 < w, and defined by 
the equation f{t + 2w) =/(<) for all other real valuee of t ; and let j’ f(t) dt 
ewist and (if it is an improper integral) let it he absolutely convergent 

Let On, bn he defined by the equations 

tron = J f{t) cos ntdt, *rrbn « j f(t) sin ntdt 

TheUf if w be an interior point of any interval (a, b) within which f (t) has 
limited total fiuctuation^ the series 

00 

^ao-f 2 (On cos iMJ + fen sin rw?) 

n«l 

M convergent and its ernn is i (/(« + 0) +/(« — 0)}. 

It is convenient to give two proofs, one applicable to functions for which 
it is permissible to take the interval (a, b) to be the interval (- w + <e, w + x), 
the other applicable to functions for which it is not permissible. 

(I) When the interval (o, 6) may be taken to be (- w + a?, w + a;), it follows 
from §9'41 (II) that On cos tix + 6n sin tuc is 0(l/n) asn— »ao. Nowby Fej^r’s 
theorem (§ 9’4) the series under consideration is summable (Cl) and its sum 
(Cl) is* ^ {/(® + 0) +f{x — 0)}. Therefore, by Hardy’s convergence theorem 
(§ 8'5). the series under consideration is OONVBboent and its sum (by S 8-43) 
i8if/(a: + 0)+/(a?~0)). 

(II) Even if it is not permissible to take the interval (a, 6) to be the 
whole interval (— w + a;, w + a?), it is possible, by hypothesis, to choose a 
positive number S, less than w, such that/(<) has limited total fluctuation in 
the interval (a; - 3, x + S). We now define an auxiliary function g (f), which 
is equal to f(t) when x — 8^t^x+b, and which is equal to zero throughout 
the rest of the interval (~w + x,w + x); and (t + 2ir) is to be equal to g (t) 
for all real values of t. 

Then g{t) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval (— ir + x.ir + x)) 
and so, if i,'*' denote the Fourier constants of g{t), the arguments used 
in (I) prove that the Fourier series associated with g(t), namelv 

i (o,'“oo8»u: + 6,ttt8inB«), 

is convergent and has the sum i {y (« + 0) + ^ (a: - 0)}, and this is equal to 

i {/(« + 0) +/(« - 0)). 

The ±0) exiet, by § 8*64 ezAmple 8* 
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Now let S„t(x) and /Sm"* (o’) denote the same of the fint m -f 1 tetins of 
the Fourier series associated with f{t) and g(t) respectively. Then it is 
easily seen that 


1 

I {J +cos(jj — ^) + co82(a7 — ^) + ... +ooBm(a;--t)}/(t)dt 
^ J —tr 

2ir J sm Y (d; — t) ' 


-T 

2wj_. 


»+* sin (?n + ^) (a? — 1) 




fit)dt 




by steps analogous to those given in § 9*4. 
In like manner 




<^>-H 


^8in(2?n + l)tf 


fo sinff 
and 80 | using the definition of g (t), we have 


5 (. + 20) iO + i f ”E(?= + 1L% (, - 2«) ie. 

•TT Jo sin a 


S* (O’) - S„«' (*) = - f sin (2 to + 1 ) ^ d0 

ttJ^s smn 

+ - I*’ sin (2m + 1) ^ M 

TT Jit ' ' sin ^ 


Since cosec ^ is a continuous function in the range ^tt), it follows that 
/(a? ± 2ff) cosec 0 are integrable functions with absolutely convergent integrals ; 
and so, by the Kiemann-Lebesgue lemma of § 9*41 (I), both the integrals on the 
right in the last equation tend to zero as m— ►» . 

That is to say lira [Sm {^) — (a?)} « 0. 

Hence, since liin {x) * J {f(w + 0)+f(x — 0)}, 

m-^oo 

it follows also that 

lim S„ (x) » i {/(x + 0) +/{x - 0)). 


We have therefore proved that the Fourier series associated with /(0» 
namely J a© + 2 (o^ cos nx + sin it®), is convergent and its sum is 


i{/(^ + 0)+/(a;-0)l. 


9’43. The Dirichlet- Bonnet proof of Fourier* s theorem. 

It is of some interest to prove directly thg theorem of § 9*42, without 
making use of the theory of summability ; accordingly we now give a proof 
which is on the same general lines as the proofs due to Dirichlet and Bonnet. 
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As usual we denote the sum of the first m 1 terms of the Fourier series 
hy Sfn (a:), and then, by the analysis of § 9*42, we have 

f*- A + 80 ) -t- ^ r V (» - ») M- 

' TTjo sin^ ^ TrJo 


Again, on integrating the equation 

sin (2m -h 1)6! 
sin 6 


1+2 cos 20+2 cos 40 + . . . + 2 cos 2m 0, 


we have 
so that 


/. 


sin (2m + 1)0 


sin0 


d0« Jtt, 


•n* J( 

+-r 

W Jo 


1 r^’^sin (2m + 1) 0 
Trio 8in0 
*^8m (2m + 1) 0 


sin0 


{/(^ + 20)^/(rr + O)l d0 

[/(^-20)-/(^-O)} d0. 


In order to prove that 

lim {x) - \ [f{x + 0) +/(^ - 0)1, 

m-^oo 

it is therefore sufficient to prove that 

Um _0, 

m^aoJo sm0 ' 

where <f> (0) stands in turn for each of the functions 

/(a: + 20)-/(^ + O), /(^-20)-/(ar-O). 

Now, by §3*64 example 4, 0<<> (0) cosec 0 is a function with limited total 
fluctuation in an interval of which 0 = 0 is an end-point*; and so we may 
write 

0 (0) cosec 0 = X, (0) - Xa (^)» 

where Xi (^)» X* (^) hounded positive increasing functions of 0 such that 

Xi (+ 0) = xa (+ * 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number S such that 

^ ^ X» (^) < « 

whenever 0 $ 0 ^ J 8. 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation 

^ f*"ein(2m + l)ff.tM(lg 
Jo 8in6» Jit ' siafi 

* The other end-point is 0ss^(b-x) or $ss^(s-a), according as ^(0) represents one or 
other of the two functions. 


W. Mo A. 


12 
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The moduluB of the first integral can be made less than e by taking 
m auffidently large ; this follows firom § 9'41 (l) since ^ (^) co^ec 6 has an 
integral which conrerges absolutely in the interval ^w). 

Next, firom the second mean-value theorem, it follows that there is a 
number { between 0 and S such that 




'(«•+*) f « 


Since J ^~dt is convergent, it follows that J du has an upper 
bound* B which is independent of /S, and it is then clear that 
'** sin (2m + 1) ^ 




^2Bxi(iS)<2Be. 


On treating the third integral in a similar manner, we see that we can 
make 

Jo <(4B + l)e 

by taking m sufficiently large ; and so we have proved that 

8ina ^ ' 

But it^has been seen that this is a sufficient condition for the limit of (oe) 
to be i {/(® + 0)4'/(«? — 0)} ; and we have therefore established the con- 
vergence of a Fourier series in the circumstances enunciated in § 9‘42. 

Note. The reader should observe that in either proof of the convergence of a Fourier 
series the second mean- value theorem is required ; but to prove the summability of the 
series, the first mean-value theorem is adequate. It should also be observed that, while 
restrictions are laid upon f{t) throughout the range ( - tt, ir) in establishing the mmmahilUy 
at any point the only additional restriction necessary to ensure convergence is a re- 
striction on the behaviour of the function in the immediate neighbourhood of the point x. 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the function has an integral which is 
absolutely convergent) was noticed by Riemann and has been emphasised by Lebesgue, 
Siriee TrigommUriqueMy p. CO. 

It is obvious that the condition f that x should be an interior point of an interval 
in which f{t) has limited total fluctuation is merely a sufficient condition for the con- 
vergence of fhe Fourier series ; and it may bo replaced by any condition which makes 


r m ^ 

* The reader will find it interesting to prove that Rae i --- - dtis^r. 
t Due to Jordan, Comptes RenduSo xon. (1881). p. 238. 
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JordaA*s condition in, however, a natural modification of the Dirichlet condition that 
the function fit) should have only a finite number of maxima and minima, and it does 
not increase the difficulty of the proof. 

Another condition with the same effect is due to Dini, Sopra le 8erie di Fowrier 
(Pisa, 1880), namely that, if 

then j ^ ^ (d) dB should converge absolutely for some positive value of a. 

[If the condition is satisfied, given # we can find d so that 

^ 4 

and then I / sin (2m + 1) d ^ (d) dB , <tir€ ; 

f 0 o I 

the proof that j ^ (d) <fd j < « for sufficiently large values of m follows 

from the Riemann^Lebesgue lemma.] 

A more stringent condition than Dini’s is due to Lipsckitz, Jouriwd filr Math. LXlii. 
(1664), p. 296, namely 1 </> (d) | < (7d*, where C and k are positive and independent of d. 

For other conditions due to Ijebesgue and to de la Valine Poussin, see the latter’s 
CouTB dAnalyie Infinitinmale^ li. (1912), pp. 149-150. It should be noticed that Jordan’s 
condition differs in character from Dini’s condition ; the latter is a condition that the 
series may converge at a pointy the former that the series may convei*ge throughout an 
interval. 


9 ’ 44 . The uniformity of the convergence of Fourier eeriee. 

Let fit) satisfy the conditions enunciated in § 9'42, and further let it be continuous 
(in addition to having limited total fluctuation) in an interval (a, 6). Then the Fourier 
series associated with fit) converges uniformly to the sum /(s) at all points x for which 
a + — d, where S is any positive number. 

Let A (^) be an auxiliary function defined to be equal to/(^) when a^t^b and equal 
to zero for other values of t in the range (-tr, vr), and let a^, denote the Fourier 
constants of A it). Also let (.r) denote the sum of the first m + \ terms of the Fourier 
series associated with A {t). 

OD 

Then, by § 9'4 corollary 2, it follows that ^ 0 ^+ 2 (an cos nor sin is uniformly 

n«l 

summable throughout the interval ia-^d, b^ S) ; and since 

I an cos no: 4-/5n sin fu? I ^ (a;* + i3n*)^ , 

which is independent of x and which, by § 9*41 (ii), is C>(l/?i), it follows from § 8 5 
corollary that 

•D 

2 (on cos sin no?) 


converges uniformly to the sum A(^), which is equal to/(jt*). 
Now, as in § 9*42, 

» w * \ Biag ' „J ,(*_.) 


sin (2m 4-1) B 
sin B 


fix-2B)dB. 

12—2 



180 


THE PROCESSES OF ANALYSIS 


[chap. IX 


As in g 9*41 we choose an arbitrary positive number € and then enclose the points at 
which f(i) is unbounded in a sot of inten^als d,, da, ... dp such that I f \f{t) \ dt<f, 

r*l J Sr 

If A be the upper bound of |/(0 1 outside these intervals, we then have, as in g 9*41, 

1 {x)- 5®' W 1 < + 8«) c<Meo i, 

where the choice of n depends only on a and b and the form of the function f{t). Hence, 
by a choice of m independent of .r we can make 

arbitrarily small; so that S^(x)—S^(x) tends uniformly to sero. Since 

uniformly, it is then obvious that uniformly; and this is the result to be 

proved. 

Note. It must be observed that no general statement can be made about uniformity 
or absoluteness of convergence of Fourier series. Thus the senes of § 9*11 example 1 
couveiges uniformly except near jF*«(2?i-fl) w but converges absolutely only when x»nir^ 
whereas the series of § 9*11 example 2 converges uniformly and absolutely for all real 
values of x. 


Example 1. If (d) satisfies suitable conditions in the range (0, n), show that 

m-aojo Sintf ^ Sintf ' 

+ lim / • T 

Bind 


-i*r{<^(+0)+<^(.r-0)}. 
Example 2. Prove that, if a > 0, 


[Shew that 
f" ein (2n+l)d 


i. 


sin $ 


lim [ — coth ^arr. 

lim 

moo. 3 0 s»n 6 


(Math. Trip. 1804.) 


lim f ? — [e-o(i+e-a(»+ir)4-...+tf-a(»-Mmr)| cM 

Bind ‘ ' 


_ r*" sin(2« + l)d e-a^dB 




sin $ 1— 


and use example l.J 

Example 3. Discuss the uniformity of the convergence of Fourier series by moans of 
the Dirichlet' Bonnet integrals, without making use of the theory of summability. 


9 * 6 . The Hurwitz-Liapoxinoff^ theorem concerning Fourier constants. 

Let f{x) be hounded in the interval (— tt , w ) and let j f{x)dx exists so 

<* — ir 

* Math, Ann, Lvn. (1908), p. 429. Ltapounoff discovered the theorem in 1696 and published 
it is the Proeeedingi of the Math, Soe, of the Univ. of Kharkov. S«^e Comptee Jftendw, cxzvi. 
(1898), p. 1024. 
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io»*+ 2 (On+bn*) 

MbI 


1 

is convergent and its sum is^ — / {/(ic)}*(ir. 

^ J -“fr 

It will first be shewn that, with the notation of § 9*4, 
lim f 2 S„(a!)l dx = 0. 

m-^oo J -w {. nineao ) 

Divide the interval ( - ir, »r) into 4r parts, each of length d ; let the upper and lower 
bounds of /(.v) in the interval {(2^-1) d - ir, (2jo 4- 3) d — rr} be Up, Zp, and let the upper 
bound of I in the interval ( - w, ir) be iT. Then, by § 9*4 corollary 1, 

/(•»)-^ s < [fp-Zp+ZF/immn’iii 

<2Jr[l + l/{m 8in*Jd}], 

when a; lies between 2pd and (2p + 2) d. 

Consequently, by the first mean-value theorem, 


^<'>-5 'i (■*sasT»} (' 


(i/p-Zp)-b 

p»o 


m sin^ 


r.}- 


Since /(j?) satisfies the Riemann condition of integrability (§ 4*1 2), it follows that both 

r^l r-1 

46 2 and 46 2 (C^ 2 p+i " ^ 2 )# + i) can be made arbitrarily small by giving r a 

p»0 pa>0 

sufficiently large value. When r (and thei'efore also 6) has been given such a value, we 
may choose wii sq large that r/{mi sin* J6} is arbitrarily small. That is to say, we can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
yalue greater than a determinate value mi. Hence the expression on the left of the 
inequality tends to zero as . 


But evidently 

rw ( w-l ??j-l n V-* 

- \f{x) - 2 + 2 ^ Ap{x)\ dx 

J — ir ( . iiexOnt j 


° /I ''' *• I"!! s '*■ <*>)’ 

/■ir ( w-1 ) (m-l > 

+ 2 /(*)- 2 2 ^,.(a;)UE 

J —IT ( 11=0 ; nr.O J 

/> ( m-1 m-1 

= \fix)~ 2 2 n»(a„«4.6„‘), 

J —IT I n«0 ) wssO 


* This integral exists by § 4*12 example 1. A proof of the theorem has been given by de la 
Va]l4e Poussin, in which the sole restrictions on/(x) are that the (improper) integrals of f(x) 
and {/(x)}* exist in the interval (~ir, r). Sec his (7our< Analyse Injinitiaintale^ u, (1912), 

pp. 166-166. 
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since J f{x) Ay (ar) cte J | S (a?)| Ay {«) dx 

when r *s 0 , 1 , 2 , . . , m — 1 . 

Since the original integral tends to zero and since it has been proved 
equal to the sura of two positive expressions, it follows that each of these 
expressions tends to zero ; that is to say 

J |/(«)-“ dx^O. 

Now the expression on the left is equal to 

— J I 2 ^In {x)[ dx 

* j ^ {/(a;)j» d®- IT Oo» + + 6n*)| , 

60 that, as m-^oo , 

W {/(*)!’ 1 ^ 0 .* + Vk* + 6 „*) j -»• 0 . 

This is the theorem stated. 

ConMary, PanevaFs theorem^. If /(a?), F{x) both satisfy the conditioos laid on f{x) 
at the beginning of this seotion, and if il,,, be the Fourier constants of F(x\ it follows 
by subtracting the pair of equations which may be combined in the one form 

that j " "■ {^*'^*''',^1 • 

9 * 6 . Riemanns theory of tngojiometrical series. 

The theory of Dirichlet concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Riemann, who cohsidered properties of functions defined by a series 

of the typef sao 4 - 2 (Un cos + 6 n sin na?), where it is assumed that 

Urn (a„ cos nx + sin nx) « 0 . We shall give the propositions leading up to 

n 

Riemann's theorem^ that if two trigonometrical series converge and are equal 

* Mim, par diver$ $avan$, i. (1606), pp. 639<-648. Parseval, of course, assumed the permissi- 
bility of integrating the trigonometrical series term-by term. 

t Throughout §§ 6*6-9*682 the letters do not necessarily denote Fourier constants. 

X The proof given is due to G. Cantor, Journal f Hr Math. lzxu. (1870), pp. ISO-142. 
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at all points of the range (— ir, ir) with the possible exception of a finite 
number of points, corresponding coefficients in the two series are equal. 

9 * 61 . Riemann'a associated function. 

I OD OD 

Let the sum of the series S (a^ cos tia; -I- 6n sin fur) ilo + S 

* #6-1 »-i 

at any point x where it converges, be denoted by /(«). 

Let F{x)-\A^a^- 2 n~*4n(ar). 

^ «-i 

Thefit if the series defining f{x) converges ai all points of any finite interval, 
the series defining F{x) converges for aU real values of x. 

To obtain this result we need the following Lemma due to Cantor: 

Ccmtor^i lemma*. If lim (47) =0 for aU volute of x auch that a < x <6, then a*-— 0, 

K-^0. 

For take two points x, x + d of the interval. Then, given c, we can find such thatt, 
when n > 

anC08nx + 6,i8innx| <c, |anOoen(x+d) + 6nsin « (x+d) | <#. 

Therefore 


I cosnS (0,1 cos &„sin nx)<f sin nS ( — 0,1 sin nx+6,iOosnx) | <€. 

Since { cos nd (0^ cos nx-^hn sin nx) | < c , 

it follows that | sin nd ( — o„ sin nx 4* cos nx) | < 2f, 

and it is obvious that | sin nh (a„ cos nx+^n sin nx) | < 2c. 

Therefore, squaring and adding, 

(a„* 4-6is*)^ I sin nfi I < 2c s/2. 

Now suppose that o^, have not the unique limit 0 ; it will be shewn that this 
hypothesis involves a oontradiction. For, by this hypothesis, eome positive number c^ 
exists such that there is an unending increasing sequence nj, ... of values of n, for 
which 

K*+6,*)* > 4f,. 

Now let the range of values of d be called the interval /| of length Z| on the real axis. 

Take the smallest of the integers 71,. such that a/ Zi > 29r ; then sin a/y goes through 
all its phases in the interval /j ; ftall that sub-interval I of /| in which sin n/y > 1 /if 2 ; 
its length is ir/(2n/)»X,. Next take nl the smallest of the integers ar(>ai') such that 
niLi>2fr, BO that sin nfg goes through all its phases in the interval /|; call /g that sub- 
interval | of /g in which sin nj'y > 1 /V2 ; its length is n/{2nI)miL^. We thus get a 
sequence of decreeusing intervals /j, 7g, ... each contained in all the previous ones. It is 
obvious from the definition of an irrational number that there is a certain point a which 
is not outside any of these intervals, and sin na> 1/^/2 when n—n^', («V+i> w/). 

For these values of a, ^ sin na > 2 €q s/ 2. But it has been shewn that corresponding 


* Biemann appears to have regarded ihie resnlt as obvious. The proof here given is a 
modifioation of Cantor’s proof, Math, Am. iv. (1971), pp. 182-149, and Journal fUr Math, lxxh. 

(1870), pp. 180-188. 

t The value of Ttg depends on x and on S. 

Z If there is more than one eueh sub-interval, take that which lies on the left. 
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togiveiinamberaaandf ^catiflnd ?to such that when n>?io,(a»‘+6i,’)^ (8inna)<Sc^S ; 
fiunoe some values of are greater than the required contradiction has been obtained, 
because we may take # < €o ; therefore 

Assuming that the series defining /(a;) converges at all points of a certain 
interval of the real axis, we have just seen that ^0, bn^O. Then, for all 
real values of zr, | an cos nx -I- 6* sin na? | ^ (a^* + 6n*)i->0, and so, by § 3*34, the 

series S n~*An(a!)^F{a!) converges absolutely and uniformly for all 

ft*l 

real values of w ; therefore, (§ 3*32), is continuous for all real values of (c, 
9*62. Properties of Riemann*8 asaociated function; Riemann'a first lemma. 
It is now possible to prove Riemann’s first lemma that if 

00 

thsn lim 0(4?, a)=»/(4?), provided that 2 Anise) converges for the value of a 

»i«0 

under consideration. 


Since the series defining Fix\ Fix ± 2a) converge absolutely, we may 
rearrange them ; and, observing that 

cos n ( 4 ? + 2a) -f cos n (x — 2a) — 2 cos na? ~ — 4 sin* na cos na?, 
sin 71 ix + 2a) + sin n ix — 2a) — 2 sin na? = — 4 sin* na sin ?i4?, 
it is evident that 

G(*,«) = 4o+ 2 

It will now be shewn that this series converges uniformly with regard to 

CO 

a for all values of a, provided that 2 An (a?) converges. The result required 

is then an immediate consequence of § 3*32 : for, if /n(a)* , (a ^0), 

and /n(0) * 1, then /n(a) is continuous for all values of a, and so 0(4?, a) is a 
continuous function of a, and therefore, by § 3*2, 0 (4?, 0) = lim 0 ia\ a), 

a^O 

To prove that the series defining 0 ix, a) converges uniformly, we employ 
the test given in § 3*35 example 2. The expression corresi)onding to ix) 
is /n(a), and it is obvious that |/n(a)| ; it is therefore sufficient to shew 

that 2 l/rt+i (a) — /n (a) | < IC, where K is independent of a. 


In fact*, if « be the integer such that ff|a|^9r<(« + l}|a|, when a 4:0 we have 


l/n.i(a)-/E(a)l 


•j'/ .p / X sin* a 

> a (/»(o)-/»+i(‘»))“‘— T" 

Hs*l “ 


sin* sa 


Since gin x decreases as x increases from 0 to ir. 
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Also 


I /_\ ; If8m»»*a/1 1 sin* no - sin* (»+ 1 ) 0 1 

.-=*+. <“> -f' I “,4. 1 1 — Ip + FfW 

^ Z ^ \.5 |sio*no— sin*(»- f l)o| 

.«+iPU* (»+w . 


— — wiiJ vw-i 

,l.+t (ll+l)*o* 


'*‘(j + l)*o»'*'n.*+i (»*+l)«o* 

^ 1 . I sin * I « 1 

^(.+ l)*a*'^ o* „..+,(n+l)* 


I gin g sin (2w 1 ) g | 






Therefore 


. L- 


^ 1^ / ^ -<• / 8in*«a . /8in^»«a . sin*(« + l)a\ .1.1 

!/«.,(«) -/«(») I “S ^ - 75?-+ (-??- +- ^ 1 )5 - 5 ) + ? +i; 

«1+- +-t. 

Since this expression is independent of a, the result required has been obtained*. 

00 

Hence, if 2 -4„(a;) converges, the series defining 0(x, a) converges 
uniformly with respect to a for all values of a, and, as stated above, 
lim (?(«, a)« (? (a:, 0) =» il,+ 2 /(a;). 

Example. If E (x, a, 0 ) - — shew 

4o/9 

that B (j:, o, #3)-^/(^) when/(x) converges if a, in such a way that a/^ and fi/a 

remain tinito. (Riemann.) 

9*621. Eiemanns second lemma. With the notation of §§ 9*6~9*62» if 

jv c\ y 4- 2a) -f- /’(a: — 2a)— . i, i ^ 

>0, then lira ^ » 0 for all values of x. 


a-i^O 


For i«-lF(a; + 2o) + F(a:-2o)-2F(ar)} = 4oa+ 2 '22^“4«(a:); but 

H.i w*a 

^ SlTl^ lid 

by § 9-11 example 3, if o > 0, 2 - — - = i - a) ; and so, since 


... S sin’ no . , , 
2l,(a!)o+ 2 — — vl„{a:) 


= 1 n*a 


« A.(a:)a+ .J (7r-a).d,(a:)+ i k(fl._a)- 2 {.4,+,(a;)- j4»(a5)}, 

?|=-1 [ m»l Wl*a ) 

it follows from § 3*36 example 2, that this series converges uniformly with 
regard to a for all values of a greater than, or equal to, zerof. 


* This inequality is obviously true when a=0. 

t If we define g^ia) by the equations ffn (“) = ♦("* "«)" 2 , (a#tO), and gf^{0)s=lw, 

r »*«-l Wt'® 

then Pm (®) i^ continuous when a ^0, and p^+i (®) (®)- 
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But tim [F(m+ 2«) + - 2«) — 2.F(af)) 

•-♦+0 

- lim r.4*(«)a + H*’-«).4,(*)+ I ^„(a){.4n+i(«)-.iilii(«)l . 

•-►+0 L J 

and thiB limit is the value of the function when a » 0, by § 3*32 ; and this 

value is zero since lim An(^)^ 0. By symmetry we see that lim *« lim. 

a -« N-fO 0 

9 * 63 . Riemann'a theorem^ on trigonometrical series. 

Two trigonometrical aeries which converge and are equal all points of 
the range (— w, ir), with the possible exception of a finite number of points, 
must have corresponding coefficients equal. 

An immediate deduction from this theorem ie that a function of the type considered 
in § 9*42 cannot be represented by any trigonometrical series in the range ( - vr, yr) other 
than the Fourier series. This fact was first noticed by Du Bois Eeymond. 

We observe that it is certainly possible to have other expansions of (say) the form 
ao+ S (a,^oosiinj?-|-/9wSin JwJ?), 

m»l 

which represent /(j?) between -tr and n ; for write and consider a function 0({), 

which is such that ^ (f)«/(2f) when -iir < Jw, and ^ (f)“y (i) when ^ir<$< -Jir, 
and when where y(f) is any function satisfying the conditions of § 9*43. 

Then if we expand ^ {$) in a Fourier series of the form 

oo 

Uo-I- 2 (om cos -1-/3^ cos mf), 

M»0 

this expansion represents f{x) when - tr<x<ir ; and clearly by choosing the function g (() 
in different ways an unlimited number of such expansions can be obtained. 

The question now at issue is, whether other series proceeding in sines and cosines of 
integral multiples of x exist, which differ firom Fourier's expansion and yet represent /(a;) 
between — n and w. 

If possible, let there be two trigonometrical series satisfying the given 
conditions, and let their difference be the trigonometrical series 

.A,+ i u4«(ic) «/(*). 

n»l 

Then /(a?)=s0 at all points of the range (-tt, tt) with a finite number of 
exceptions; let f,, fa be a consecutive pair of these exceptional points, and 
let F{x) be Riemann’s associated function. We proceed to establish a 
lemma concerning the value of F(x) when fj < a? < fg. 

9*631« Schwarts lemma -f. In the raivge F{s) ie a linear function of x, 

if /(ar)^O in this range. 

For if or if - 1 

^ [/*(*) - /-(f,) - {F{U) - •^«.)}] - J A* (* - «i) (& - 

is a continuous function ot x in the range 

* The proof we give ii due to O. Cantor, Jmimalfilr Math, lzxii. (1870), pp. 1H9-142. 
t Quoted by G. Cantor, Journal fUr Math, lxxii. (1870). 
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9’63-9-632] 

If the first term of ^ (j?) is not sero throughout the range* there will be some point 
jpme at which it is not zero. Choose the sign of ^ so that the first term is positive at 
and then choose A so small that ^ (c) is still positive. 

Since ^ {x) is continuous it attains its upper bound (§ 3*62), and this upper bound is 
positive since ^ (o) > 0. Let <ft (x) attain its upper bound at Cj , so that Ci • 

Then, by Riemann’s first lemma, 
lim ^ 

But ^ (ci +a) ^ (C|), ^ (c^ ~ a) ^ ^ so this limit must be negative or zero. 

Hence, by supposing that the first term of ^ (x) is not everywhere zero in the range 
(fi» f 2 )» we have arrived at a contradiction. Therefore it is zero ; and consequently F(x) is 
a linear function of x in the range f i < 4? < ft. The lemma is therefore proved. 

9^632. Proof of Riemann*s Theorem, 

We see that, in the circumstances under consideration, the curve y^R{x) 
represents a series of segments of straight lines, the beginning and end of 
each line corresponding to an exceptional point ; and as F{x\ being uniformly 
convergent, is a continuous function of a?, these lines must be connected. 

But, by Biemann’s second lemma, even if f be an exceptional point, 
a-^o a 

Now the fraction involved in this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is ^ ; therefore the 
two segments are continuous in direction, so the equation y « P(x) represents 
a single line. If then we write f (a*)aaca + c', it follows that c and & have 
the same values for all values of x. Thus 

OD 

^Aoic^- cx’-c' = 2 rr*An{£c), 

1**1 

the right-hand side of this equation being periodic, with period 27r. 

The left-hand side of this equation must therefore be periodic, with period 
27r. Hence 

-4o = 0, c«0, 

00 

and -c'= 2 

n-l 

Now the right-hand side of this equation converges uniformly, so we can 
multiply by costia; or by sin nx and integrate. 

This process gives 

** — c' j cos nxdx * 0, 
rrrr^hn « — c' P sin nxdx « 0. 


If it is zero throU(d>out the range, F {x) is a linear funotion of x. 
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Therefore alt the coefficients vanish, and therefore the two trigonometrical 

00 

series whose differenoe is -do + S have corresponding coefficients equal. 

n^l 

This is the result stated in § 9 * 63 . 


9 * 7 . Fourier's representation of a function hy an integral^. 

It follows from § 9*48 that, if f{x) be continuous except at a finite 
number of discontinuities and if it have limited total fluctuation in the 
range (— oo , oo ), then, if x be any internal point of the range (— a, 

lira r f(t) dt =■ lim iwd-'sin 6 {/(« + 2^) +/(* - 2d)). 

Now let X. be any real number, and choose the integer m so that 
X * 2 m + 1 + where 0 ^ 17 < 1 . 

Then j [sin \(t — x)-^ sin (2m -f 1 ) (^ — a?)) (f — xy^f(t) dt 

= J 2 {cos (2m + 1 + 17) (f — ir)} . {sin 17 (f — a?)) {t — a?)”*/ (f ) dt 
—►0, 

as m-^00 by § 9*41 (ii), since (< — a7)“^/(0 sin ?; (^ — a?) has limited total 
fluctuation. 


Consequently, from the proof of the Riemann-Lebesgue lemma of § 9 * 41 , 

it is obvious that if [ \f{t) | dt and f |/(<) | dt converge, thenf 
Jo J —00 

/I 

and so 

lim j cos u(t -^x) f(t) dt « iv {/(a: + 0) +/(ar - 0)j. 

To obtain Fourier's result, we must reverse the order of integration in 
this repeated integral. 

For any given value of X and any arbitrary value of e, there exists a 
number /9 such that 

p/(t){dt<ie/\; 


* La Thiorie Analytique de la Chaleur, Ch. iz. For recent work on Fourier’s integral and 
the modern theory of ' Fourier traneforms,’ see Titohmarsh, Proc. Camb, Phil. Soc. xxi. (19SS), 
pp. 463^78 and Proc. London Math. Soc. (2) xxni. (1924), pp. 279-2S9. 

t f* [p 

I means the double limit lim I . If this limit exists, it is equal to lim | 
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writing COB « (< - «) .f{t) - 4 , (t, «), we have* 

** |/q {/q ^ |/ ^ 

*I/j8 1^ 0(^, tt)ci^| dw| 

< I 1 0 (^1 I dttj dt^j j 1 0 (^, 1 ^) I dtdu 

< 2\r\f(t)\dt<€, 

j 0 

Since this is true for all values of e, no matter how small, we infer that 

lo /o “/oT’ /o”*/«*°/o7.'*- 

Hence Jir {/(«+ 0)+/(x — 0)} =>= lim f [ cob u (t — a!)/(t) dtdu 

K^ao J 0 J ^00 

cos u (t —.a?) /(t) dtdu. 


This result is known as Fourier's mtegrai theorem f. 

Example, Verily Fourier’s iotegral theorem directly (i) for the function 

(ii) for the function defined by the equations 

/(•»)=!, (-1<4?<1): /(iP)»0, (|*|>1). (Rayleigh.) 
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MlSCBLLANKOUS EXAHPLBS. 
1 . Obtain the expaoeione 
1 — rooBs 


(«) 


1 - 2 r OOB ji+r> 


■■1 +rooe«4'r>cosSB4-...> 


(6) llog(l — 2rco8«+r*)»» — rooex- ir*oo8 2z-ir®oosae — ...» 

(c) arotan. i^rain «*4-s*^8in 2 * +- 5 r® 8 an +..., 

' ' 1 -rooB« 2 3 ’ 

/jv I A 2 rflina 1 , . ^ 1 ji . . 

(a) ^ arc tan — ^■»rsinje + -r> 8 inas>f rr*am 6 it-|>..., 

jS 1 — o u 

and ahew that, when | r | < 1 , they are convergent for all values of z in certain atripa 
parallel to the real axis in the r-plane. 

2 . Expand and x in Fourier sine aeries valid when —ir<:a:<w; and hence find 
the value of the sum of the aeries 

sin sill sin So?— ^ 8in4» + ..., 

for all values of a\ (Jesus, 1902.) 

«0 

3. Shew that the function of x represented by £ »“ ‘ sin nx sin* wo, is conatant 

nasi 

(0<x< 2a) and zero (2a <xCir), and draw a graph of the function. 

(Pembroke, 1907.) 

4. Find the cosine series representing /(x) where 

y‘(jr)«Bsin Jt'-fcos (0<rj:^i»r), 

/(.r)=8in j?— oosar (^^jp<»r). (Peterhouse, 1906.) 

5. Shew that 

sin 3ir4? sin5fr47 , sin Tfr^ir , 


jin irx + - 


+ — 5 — + — j +...-=i>rM, 


where [j?] denotes +1 or ~ 1 according as the integer next inferior to x is even or uneven, 
and is zero if a? is an integer. (Trinity, 1895.) 

6 . Shew that the expansions 


and 


log 2 cos ^ X cos x:— ^ cos 2^ + ^ cos 3x? . .. 
log 2sin^.r «« — cos ar — i cos 2xr — i cos 3x7 ... 


aie valid for aU real values of X 7 , except multiples of tr. 

7. Obtain the expansion 

00 / _ '\fw coa tax f 1 \ 1 

2 (cos ar+oos 2 x 7 ) log I 2 cos 5 5 JF (sm 2x;4-ain x) — coax, 

m-o (w + !)(»« + 2) \ 2 / X 

and find the range of values of x for which it is applicable. (Trinity, 1896.) 

8 . Prove that, if 0 < x? < 2 fr, then 

sinx7 gain 2x7 3 sin 8x7 w sinh a (fr -.v) 

a»+2* a» + 3* '*“• ’“2 sinhcsir “ ' 


(Trinity, 1895.) 
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9. Shaw tiiat between the valuea —w and +«• of x the following expansions bold : 

a .. ( sin a? >sinar . 3sin&r \ 

IT ^ ~ ”••7* 


oosmxv 


- sm mn 


(-■ 

\2«i 


«**“+«"***• ^ 2 / 1 m.QOHX 

\ 2 m ^ 


moms moQB 24 ? 

■ l*-m« 2>-m* 

YA 008 2ir mooses 


moos 347 \ 

2*-i-«i* ” 3*+Yn'* 


10. Let jr be a real variable between 0 and 1, lo^ yi be an odd number ^ 3. 
Shew that 

(— !)•■■- + - X — tan — cos 2mns. 
n ir**im n * 

if s is not a multiple of where s is the greatest integer contained in ns ; but 
n 

. 1 ^ 2 - 1 ^ Yiiir 
0*- + “ S — tan — cos2fafrar, 
n ir mrni m n * 

if s is an integer multiple of l/n, (Berger.) 

11. Shew that the sum of the series 

J + 4ir”^ 2 Ya'~> sin jYnfrooB27YifrJ7 

««i 

is 1 when 0<^< J, and when 5<^<1, and is - 1 when J<a?<§. (Trinity, 1901.) 


12. If 

shew that, when — 1 <ar < 1, 
cos 2vs^ 


ae^ 


ff® - 1 nmo n\ 


aM^) 


Sin 2 


cos inS 

. cos Qirs . 


2*»»-iir»» 

2^ 

+ -3sr- + - 


2yi! 

sin 4ir47 

sin 6frx . 

.=(-)-+! 



+ 3in+i 

2YI + 1 ! 




(Math. Trip. 1896.) 


13. If m is an integer, shew that, for all real values of s^ 

m 

Yll + l 


^ a 1 . 3 . 5 ... (2 yii- 1) /I m Ya(Y?i-l) 

- 2.4 : 6;„ 8m {§ + /T— cos Ax 


(Yn + l)(Ya + 2 ) 


(la+l) (w+S) (iW' + 3) 

, , I 4 2.4.6.,.(2m-2) (1 2»n-l . , (2m- 1) (2m- 3) , ) 

!«*** '^1-;; r3. - 6T.. - (W-l) ti'"^°”^'"( 2m + l)(2m - .;3^ ”"^+-}- 


■)■ 


14. A point moves in a straight line with a velocity which is initially t», and which 
receives constant increments, each equal to a, at equal intervals r. Prove that the velocity 
at any time t after the beginning of the motion is 


- 4- — 
2 "^ r 


tt * I . 2 f»ir^ 

+ - 2 — sm , 

YT fuatl Ya T 


and 'that the distance traversed is 


. ttT VT • 1 


2 m«'( 


(Trinity, 1894.) 
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lA If 


/ (*) - ^ sin (6» - 3) a; - 8 Bin (S» - 1) * 


SJ3 


Bill 5^ , sin sin 11 




{ sii; 

smj? ^ ^ 

shew that /(4*0)*/(w-0)-i - Jir, 

and /(J^ + 0)-/(iir-0)--in, /(j^ + 0)-/(S,r-0)«J,r. 

Observing that the last series is 

?. V si n \ (2n - 1) w sin (2n — 1) j? 

«■»*! (2a- 1)* * 

draw the graph of /(of). (Math. Trip. 1893.) 

16. Shew that, when 0 </c < »r, 


^oo8j7-g cos5jr+icoB 114?+...^ 

* 8 in 24?+“ sin 44 ?+ 7 sin 84 ?+ J sin 104?+... 

2 4 0 


where 


/(4?)*Jir (0<4r<j8r), 

/(4?)«0 

/(^)* - J"- (5Tr<4?<Tr). 

Find the sura of each series when 4?v*0, Jw, §ir, tr, and for all other values of 4 ?. 

(Trinity, 1908.) 

17. Prove that the locus represented by 

« (-)**“* . 

S i — — Hill nx sin nv=0 

m-i 

is two systems of lines at right angles, dividing the coordinate plane into squares of 
area «■*. (Math. Trip. 1895.) 


18. Shew that the equation 


( ain ny cos n x ^ ^ 


n3 


represents the lines y— ±mYr, (in»0, 1, 2, ...) together with a set of arcs of ellipses whose 
semi^axes are ir and w/VS, the arcs being placed in squares of area 2n^. Draw a diagram 
of the locus. (Trinity, 1903.) 

19. Shew that, if the point (.r, y, z) lies inside the octahedron bounded by the planes 
±^'±yi **“*** then 

* . . . sin 714? sin Tzy sin 712 1 

^ 2^*- 

(Math. Trip. 1904.) 

20. Circles of radius a ai'e drawn having their centres at the alternate angular points 
of a regular hexagon of side a. Shew that the equation of the trefoil formed by the outer 
arcs of the circles can be put in the form 

6 ^ " § + O •••’ 

the initial line being taken to pass through the centre of one of the circles. 

(Pembroke, 1902.) 
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21. Draw the graph represented by 


where m is an integer. 


r , . 2m . 
-■=1 + — sin 

a V 


. ir fl 


+ X 


( -- )•* cos ninff\ 
l-(nm)* r 


(Jesus, 1906.) 


22. With each vertex of a regular hexagon of side 2a as centre the arc of a circle of 
radius 2a lying within the hexagon is drawn. Shew that the equation of the figure 
formed by the six arcs is 


^«.e-8^ + 2 2 

4a nal 


{(-)»-» e+3V3) 
{6n-l)(en+l) 


cos find, 


the prime vector bisecting a petal. 


(Trinity, 1906.) 


23. 


24. 


25. 


Shew that, if c> 0, 

/** . 11 
lim / 6"**cot4?sin ( 2/1 + 1 )j7. flirts "“tanh-cjr. 

n^aojo 2 2 


Shew that 


lim 

fl-^OD J 0 


Sin (2/1+1 dx 1 , 

~ = 5 /r coth 1. 

Hinx l+jT^ 2 


Shew that, when 1 < < I and a is real, 


(Trinity, 1894.) 

(King’s, 1901.) 


lim f* 
n^oo J 0 


sin (2/i+l)d8in (1 +4?) 6 
sind 



1 

2 


8inha.v 
sinh a * 


(Math. Trip. 1905.) 


26. Assuming the possibility of expanding fix) in a uniformly convergent series of 

the form SJjkSin/rx, where 1: is a root of the equation ir cos air+ 6 sin air and the 
k 

summation is extended to all positive roots of this equation, determine the constants A^, 

(Math. Trip. 1898.) 


27. If 


1 '* 

/(4r) = -ao+ 2 (a„cos/i,r+5„8in/i4r) 

^ n-l 


is a Fourier series, shew that, if /(4?) satisfies certain general conditions, 

a„ = i P /(<)coB»ttan? « J, /(<)«•' * 

(Beau.) 

28. If Sn{x)^2 is ( ~ , prove that the highest maximum of S^ix) in the 

r*l ^ 

interval (0, ir) is at and prove that, as »-^oo , 

Deduce that, as /z -^od, the shape of the curve y-B*S„(4r) in the interval (0, n) tends to 
approximate to the shape of the curve formed by the line (0 together with 

the line 4?=* ir, (0 y ^ (?), where 

Jo ^ 

[The fact that 3*704... >ir is known as Oibbt^ phenomenon; see Nature, LZix. (1899), 
p. 606. The phenomenon, is characteristic of a Fourier series in the neighbourhood of a 
point of ordinary discontinuity of the function which it represents. For a fbll discussion 
of the phenomenon, which was discovered by Wilbraham, Camb. and Dublin Math. Journal, 
HI. (1848), pp. 198-201, see Oorslaw, Fourier^e Seriee and Integrals (1921), Oh. iz.] 
w. If. A. 13 



CHAPTER X 

LINEAR DIFFERENTIAL EQUATIONS 


101. Linear Differential Equations *. Ordinary points and singular points. 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The standard form of the linear differential equation of the second order 
will be taken to be 

= 0 (A), 

and it will be assumed that there is a domain 8 in which both p(z), q(s) are 
analytic except at a finite number of poles. 

Any point of 8 at which p {z), q (z) are both analytic will be called an 
ordinary point of the equation; other points of 8 will be called singular 
points. 


10'2. (Solutfonf of a differential equation valid in the vicinity of on 
ordinary point. 

Let 6 be an ordinaty pcjint of the differential equation, and let 8^ be the 
domain formed by a circle of radius rj, whose centre is b, and its interior, the 
radius of the circle being such that every point of 8t is a point of 8, and is 
an ordinary point of the equation. 


Let 2 be a variable point of Si,. 
In the equation write uaawexp 

<Pv 


, and it becomes 




+ J (z)v<^0 


(B), 


where 


Jiz)-=q(z)- 


i dpjz) 

2 dz 


\{p(^)Y- 


* The analysis contained in this chapter is mainly theoretical ; it oonsistSi for the most part, 
of existence theorems. It is assumed that the reader has some knowledge of practical methods 
of solving differential equations; these methods are given in works exclusively dcToted to the 
subject, such as Forsyth, A TreatUi on Differential Eqtiationi (1914). 

t This method is applicable only to equations of the second order. For a method applicable 
to equations of any order, see Forsyth, Theory of Differential Equations^ iv. (1903), Oh, i, 
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It is easily seen (§ 5*22) that an ordinary point of equation (A) is also 
an ordinary point of equation (B). 

Now consider the sequence of functions Vn{z)t analytic in 5^, defined by 
the equations 

i;o(i^)*ao + ai {z-h), 

vn{z)^ (n = l,2,3, ...) 

J 6 

where Uo, are arbitrary constants. 

Let My fi be the upper bounds of \J{z)\ and |t;o(^)| in the domain 
Then at all paints of this domain 

I V,, (z) I < /iJlf" I r - 6 |»"/(n I). 

For this inequality is true when n = 0 ; if it is true when 71 = 0, l,...7n — 1, 
we have, by taking the path of integration to be a straight line, 

Mz)\^ [\^-z)J(0 1 (?) d? 

J h 

Therefore, by induction, the inequality holds for all values of n. 

Also, since I (z) \ < - — ; — when £ is in and 2 !) oon- 

n ! n.o 

* 

verges, it follows (§ 3*34) that t;(r)= Z ^n{z) is a series of analytic functions 

tissO 

uniformly convergent in S*; while, from the definition of Vn{z)y 

Vn— x(?)d?, (71 = 1 , 2 , 3 ,...) 

^ (ir) = - J” {z ) »«_, {z ) ; 

hence it follows (§ 5'3) that 

dh){z) ^ d*Vt{z) ^ dH>n(jg) 
dz* ™ d** ."Ti dz^ 

^-J(z)v (z). 

Therefore v{z) ia a function of z, analytic in St, which satisfies the 
differentiai equation 

13—2 
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and, from the vcAue obtained for ^ v% (js), it is evident that 
v(b)*‘at, 

where o^, Oj are arbitrary, 

10'21. Uniqueness of the sohdion. 

If there were two analytic solutions of the equation for v, say Vi (z) and Va (^) 
such that vi (b) * (b) * Uo, then, writing w (z) « vfz)-‘Vi,(zl 

we should have 

Differentiating this equation n — 2 times and putting z^b,vfe get 
w<»' (b) + J(b) (i) + n-tCrJ\b) «;<»-•' (6) + . . . + (6) w (b) - 0. 

Putting n=2, 3, 4, ... in succession, we see that all the differential coefficients 
of w (z) vanish at 6 ; and so, by Taylor’s theorem, v/(z) = 0 ; that is to say the 
two solutions t’l (z), v, (z) are identical. 

Writing u(z)^v (z) exp ^ p (?) d?| , 

we infer without difficulty that u (z) is the only analytic solution of (A) such 
that u (b) = A,, u'{b) = A, , where 

Ao = tto, A, = ai — ^^(6)0,. 

Now that we know that a solution of (A) exists which is analytic in St 
and such that u(b), u'(b) have the arbitrary values A,, A,, the simplest 
method of obtaining the solution in the form of a Taylor’s series is to assume 

u(z)= i A„(z-b)”, substitute this series in the differential equation and 

«-0 

equate coefficients of successive powers of ^ — 6 to zero (§ 3-73) to determine 
in order the values of As, ... in terms of Aq, Ai, 

[Note. In practice, in carrying out this process of substitution, the reader will find 
it much more simple to have the equation ‘cleared of fractions’ rather than in the 
canonical form (A) of § 101. Thus the equations in examples 1 and 2 below should 
l»e treated in the form in which they stand ; the factors 1 (z-2) («-3) should not be 

divided out. The same remark applies to the examples of 10 3, 10*32.] 

From the general theory of analytic continuation (§ 5'5) it follows that 
the solution obtained is analytic at all points of S except at singularities 
of the differential equation. The solution however is not, in general, 
‘ analytic throughout jS ’ (§ 5*2 cor. 2, footnote), except at these points, as it 
may not be one-valued ; i.e. it may not return to the same value when z 
describes a circuit surrounding one or more singularities of the equation. 
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[The property that the solution of a linear differential equation is analytic 
except at singularities of the coefficients of the equation is common to linear 
equations of all orders.] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system. 

ExampU 1. Shew that the equation 

(1 - «*) u" - + fie «0 

has the fundamental system of solutions 

1 ^ 2 * « + ^ ^ • • • • 

Determine the general coefficient in each series, and shew that the radius of con- 
vergence of each series is 1. 

Example 2. Discuss the equation 

{z - 2) (r - 3) m" - (22 - 6) -H 2i 4« 0 
in a manner similar to that of example 1. 

lO'S. Points which are regular for a differential equation. 

Suppose that a point c of S is such that, although p (z) or q (z) or both 
have poles at c, the poles are of such orders that (z — c)p (z), {z — c)* q (z) are 
analytic at c. Such a point is called a regular point* for the differential 
equation. Any poles of p (z) or of q (z) which are not of this nature are called 
irregular points. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be written ■)“ 

(^ - c)* ^ + (« - c) . P (« - c) ^ + 0 (« - c) w = 0. 

where P {z - c), Q{z-c) are analytic at c ; hence, by Taylor’s theorem, 

P {z - c) = p.-\- Pi{z - c) + p,{z -cf + , 

Q (« - c) » g, + g, (^ - c) + 9, - c)* + .. ., 

where po> Pi> •••> ?o> ••• constants j and these series converge in the 

domain formed by a circle of radius r (centre c) and its interior, where r is 
so small that c is the only singular point of the equation which is in Sc- 

Let us assume as a formal solution of the equation 

M • - C)“ a„ (ir - C)»j , 

where a, ai, Oj, ... are constants to be determined. 

♦ The * regular point’ is da© to Thomd, ^onrml fllr Math, ixxv. (1873), p. 266. 

Fuohs had previously used the phraee ‘ point of determinateneas.’ 
t Frobenius oaUs this the normal form of the equation. 
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Substitutiiig in the differential equation (assuming that the term-by-term 
differentiations and multiplications of series are legitimate) we get 

(ii-c)* ^«(«-l)+ 2^o„(a + n)(a + n-l)(s-c)’*J 

+ (z — cYP{z~c). |^a+ 2 o„(a + »)(« — c)"j 

— c)‘0(s — c) 1^1+ 2 a„(s — c)*J« 0. 

Substituting the series for P (s — c), Q{z — c), multipl3dng out and equating 
to zero the coefficients of successive powers of t — c, we obtain the following 
sequence of equations : 

«® + (po-l)« + ?o“0, 

«i {(« + 1)*+ (p»- l)(a + 1) + },} +api + fj - 0, 

o, {(o -I- 2)* + (po - 1) (« + 2) + 5 *} + o, {(a +• 1 )p, + 5 ,} + apt + 9 , = 0, 


«n }(« + n)* + (po - 1) (« + n) + go] 

• 1-1 

+ 2 a„_,„{(a + n-ni)p„ + gm} + «p„ + g» = 0. 

m*l 

The first of these equations, called the indicial equation"^, determines two 
values (which may, however, be equal) for a. The reader will easily convince 
himself that if c had been an irregular point, the indicial equation would have 
been (at most) of the first degree ; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Let a = pa be the roots t of the indicial equation 

F{a) = or* -f (po - 1) a + ?o » 0 ; 

then the succeeding equations (when a has been chosen) determine Oj, Oa, 
in order, uniquely, provided that F {a does not vanish when w = 1, 2, 3, ; 

that is to say, if a = pi, that is not one of the numbers pi + 1, + 2, ... ; 

and, if a = pa, that pi is not one of the numbers p, + 1, p^ + 2 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 


Example, Shew that, if m is not zero or an integer, the equation 
is formally satisfied by two series whose leading terms are 

determine the coefficient of the general term in each series, and shew that the series 
converge for all values of z. 


* The name is due to Cayley, Quarterly Journal, xzi. (1886), p. 826. 

t The roots pi, P 2 of the indicial equation are called the exponents of the differential 
equation at the point c. 
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10*81. Convergence of the wpanaion of 

If the exponents pi, p, an not equal, let p, be that one whose real part is 
not inferior to the real part of the other, and let pi — />«=■ s ; then 

F(pi + n)^n(a + n). 

Now, by § 6*23, we can find a positive number JIf such that 
|pn|<lfr-", I I < \pip„ + q„\< Mr"', 

where M is independent of n ; it is convenient to take M^l. 

Taking ai^pi, we see that 


M M 
l^(/»i + l)P»*l«+l|"' »• ’ 


I n I ^l£}S]—SA ^ 


since | « + 1 1 > 1. 

If now we assume | On | < when n * 1, 2, ... w — 1, we get 

t On-t {(Pi + m - t)pi + q,} + Pij)« + q„ 

'““i-i- 

«•-! m-l 

2 I I . I Py^pt + Je I + 1 9 m I + 2 (m - 0 1 «^m-« I \pi I 

t»Ti 



W 1 tf + wi 1 


[ 2 (m — ^)l 

[<»i ) 

m* 

1 1 + «n~‘ 1 


Since 1 1 + | > 1, because R (s) is not negative, we get 

1 1 + 1 


2m 




and so, by induction, | On | < for all values of n. 

If the values of the coefficients corresponding to the exponent p* be 
Oj', Ob', . . . we should obtain, by a similar induction, 

I an I < 

where k is the upper bound of | 1 — « |“*, | 1 - |“^ 1 1 - 1“', ... ; this 

bound exists when s is not a positive integer. 

We have thus obtained two formal series 


W,(ir) = (x-C>>‘ ^ 


1 + 2 


1+2 

n 




The first, however, is a uniformly convergent series of analytic functions 
when I <r - c I < rJlf“*, as is also the second when |i( — cl < provided 
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in each case that arg — o) is restricted in such a way that the series are 
one-valued; consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the series is 
a solution of the equation ; provided always that pi — p, is not a positive 
integer or zero*. 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular singular point. And by the theory 
of analytic continuation, we see that if all the singularities in 8 of the equation 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of S except at the singularities of the equation, which are branch- 
points of the solution. 


10*32. Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero. 

In the case when pi — ^ is a positive integer or zero, the solution 

W 2 (z) found in § 10*81 may break downf or coincide with Wi (z). 

If we write u^^Wi (z) the equation to determine f is 

® + {2 ^ 2 - 

of which the general solution is 

f ® f kW- 1 " /" ■ ‘‘‘l ■ * 

* A 4- 5 J (z — (z) dz, 

where A, B are arbitrary constants and g{z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu- 
larities of P (^ — c) or singularities or zeros of (z - (z); also p (c) « 1. 


Then, if s 0, 


g(z)^l -f- 2 gn-(^-c)^- 


^ + 5 j' |l + I g„ (2 - c)»| {z - o)-*-’ dz 

— A-¥b\ -^(ir-c)"~*+5'flog(5-c) 

L ^ n*l s •^n 

+ i 

n.,+in-s^ J 


* If Pi- Pi it s poBltive integer, k does not exiet; if /»i=pai the two solntions are the same, 
t The ooeffioient m^y be indeterminate or it may be infinite ; in the former case (z) 
will be a eolation containing two arbitrary oonetante no' and a/ ; the series of which a.' is a 
factor will be a constant mnltiple of wi (z). 
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Therefore the general solution of the diiTerential equation, which is 
analytic at ail points of C (o excepted), is 

A Wi (z) -f B (z) log {z-c) + w (^)], 
where, by § 2-53, w(z)^(z-c)f^\-- + % hn(z- c)”l , 

( « n«l J 

the coefficients being constants. 

When s « 0, the corresponding form of the solution is 

Awi(z) + B ^i{z)\og{z--c) + {z--cy* 2 • 

The statement made at the end of § 10*31 is now seen to hold in the 
exceptional case when s is zero or a positive integer. 

In the special case when ^, — 0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals. 

Integrals of an equation valid near a regular point c may be obtained 
practically by first obtaining {z\ and then determining the coefficients in 

go 

a function (z) = 2 6„ (z — by substituting to, {z) log (z — c) + to, (z) ui 

i »**0 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of ^ — c in the resulting expression. An alternative method 
due to Frobenius* is given by Forsyth, Treatise on Differential Equations^ 
pp. 243-258. 

Example 1. Shew that integrals of the equation 


regular near £=0 are 


\ du « 
dir z dz 






Verify that these series converge for all values of t. 
Examplt 2. Shew that integcrals of the equation 


regular near (aoO are 


_ , . - /l.3...2n-l\» . 


/ s , . /1.3...2n-l\* 

. : /1.3...2n-lV/l 1.1 IN- 

d w,(r)logr-h4J^ ( 2.4...2a -; (t-2 + 8— 

Verify that these series converge when | r | < 1 and obtain integrals regular near «— 1. 
* JmenulfUr Math. uxvi. (1S74), vp- 214-224. 
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JSxampU 3. Shew that the hypei'geometric equation 

«(1— *) 2^ + {c-*(a+6+l)^} ci6m«0 

is satisfied by the bypergeometric series of § 3'38. 

Obtain the complete solution of the equation when cabI. 

Solutions mild for large values of\z\. 

Let z^\lzi\ then a solution of the differential equation is said to be 
valid for ‘large values of | -sr |* if it is valid for sufficiently small values of | |*, 

and it is said that ‘the point at infinity is an ordinary (or regular or irregular) 
point of the equation’ when the point = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that is 
the independent variable. 

Since 


ePu 


. / V . / \ A ^ 


+ 







W, 


we see that the conditions that the point * oo should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2z z^p {z\ it^q{z) should be analytic 
at infinity (§ 6*62) and (ii) that zp {z\ s^q (z) should be analytic at infinity. 


Example 1 . Shew that every point (including infinity) is either an ordinary point or 
a regular point for each of the equations 


where a, c, n are constants. 

Example 2. Shew that eveiy point except infinity is either an ordinary point or a 
regular point for the equation 

- d^u , du ^ ^ ^ 

where n is a constant. 


Example 3. Shew that the equation 


has the two solutions 



1 3.4 1 3.4. 6. 6 1 


the latter converging when 1 2 1 > 1. 


10 * 6 , Irregular singularities and conjlusnce. 

Near a point which is not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree ; there may be one regular integral or there may be none. 
We shall see later (e.g. § 16*3) what is the nature of the solution near 
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such points in some simple cases. A general investigation of such solutions* 
is beyond the scope of this book. 

It frequently happens that a differential equation may be derived from 
another differential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called cwfitiencB \ 
and the former equation is called a confluent form of the latter. It will be 
seen in 1 10’6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 


10*6. The differential equations of mathematical physios. 

The most general differential equation of the second order which has 
every point except Oj, a*, a,, a^ and oo as an ordinary points these five points 
being regular points with exponents Or, fir at Or * 1, 2, 3, 4) and exponents 
/4x, ^ at 00 , may be verifiedf to be 


d^u 



1 - «r-^r ] ^ , I V ^rfir 
X - Or ] dz lr=l {S! - ttr)’ 


+ ^Sz + U| 

n (x — ttf) 


where A is such that^ fii and fi^ are the roots of 


u 


0, 


and B, C are constants. 


+ 2 ClrBr + .4 = 0, 

rsEi 


The remarkable theorem has been proved by Klein§ and B6cher|| that 
all the linear differential equations which occur in certain branches of 
Mathematical Ph3rsics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is i; 
a brief investigation of these forms will now be given. 

If we put + (^ = 1, 2, 3, 4) and write f in place of z, the last 

written equation becomes 

du . {4 ar(«r + i) . 

f- a. I dT iri ^ 

r«l 

* Some elementary investigationB are given in ForByth*8 Difftrential Equations (1914). 
Oomplete inveetigatione are given in bis Thsory of Differential Equaiione^ nr. (1902), 

t The ooeCBoientfl of ^ and u must be rational or they woold have an eaeential singnlarity 
at some point; the denominatora of p(r), q(z) must be n {z-ar)y H (r-o,.)* respectively; 

r-x r-l 

putting p(s) and q{K) into partial fractions and remembering that p (a) s O («**), g(r)sO(x~s) 
as I X I QD » we obtain the required result without difficulty. 

X It will be observed that mi> Ms are connected by the relation mi + ms+ 2 (af.+i8r)-d> 

§ Veher lineare DifferentialgUichungen der sweiter Ordnunp (1894), p. 40; see also Vorlemng 
fiber LamffMchan FunhtUmen, 

II Vther die Eeihemntwiekelungen der Potentialtheorie (1894), p. 198^ 


W = 0, 
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where (on account of the condition /** — /*i » i) 

-d = (i «,)*- 2 + 

\r«l / fsl r«l 

This difFerential equation is called the generalised Lam4 equation. 

It is evident^ on writing throughout the equation, that the 

confluence of the two singularities Oj, yields a singularity at which the 
exponents a, are given by the equations 

a + ^ = 2 (cx + fta), ap = a, (ax + i) + «« (oa + i) 4- D, 
where * D « 4- 2Ba, 4- G)l[(a^ - a*) (ux - a*)}. 

Therefore the exponent-difference at the confluent singularity is not 
but it may have any assigned value by suitable choice of B and C, In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difierence (6) the number of 
their other regular singularities, (c) the number of their irregular singu- 
larities, by means of the following scheme, which is easily seen to be 
exhaustive*: 



(<») 

(fr) 

(<>) 


(I) 

3 

1 

0 

Lame 

(11) 

2 

0 

1 

Matbieu 

(III) 

1 

2 

0 

Lego6drQ 

(IV) 

0 

1 

1 

Bessel 

(V?) 

1 1 

0 

1 

Weber, Hermit e 

0 

0 

1 

Stokes t 


These equations are usually known by the names of the mathematicians 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (II)-(VI) are discussed in Chapters xv-xix of this work, andj 
of (I) in Chapter xxiii. The derivation of the standard forms of the equations 
from the generalised Lam^ equation is indicated by the following examples ; 

* For instance the arrangement (a) 8, (2)) 0, (c) 1 is inadmissible as it would neoessitate siar 
initial singularities. 

t The equation of this type was considered by Stokes in his researches on Diffraction, 
Camh. Phil, Tran$. jx, (1856), pp. 168-182; it is, however, easily transformed Into a particular 
case of Bessers equation (example 6, below). 

t For properties of equations of type (I), see the works of Klein and Forsyth cited 4t the 
end of this chapter; also Todhunter, The Funciiont of Laplace ^ Lami and Beeeel (1875). 
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Example 1. Obtain Lamp’s equation 

i {«(»+!) f+A}« ^ 

V * ii (c -.,)} M 

(where A and n are constants) by taking 

= w (w *+■ 1) ct4, AC^ha^y 

and making ai-^^oo . 

Example % Obtain the equation 

i («-16g+82gC)« 

\f f-v3f 4f(f-l) 

(where a and g are constants) by taking as^l, and making Derive 

Mathieu’s equation (S 19*1) 

dH 

■^ + (a-\-l 6 gcoB 2z)ttsO 

by the substitution fscos*-?. 

Example 3. Obtain the equation 

. ii . _L\ . 1 f»(”-n) _ ”»» ) u 

^ c f-ij ’ 

by taking 

aj=*a2=l, 03^04=0, aiBO2**a3>=0, 04=^^* 

Derive Legendre’s equation (§§ 16*13, 16*6) 

5? 5; + r rr?} 

by the substitution f •«”*. 

Example 4. By taking a]*=a2=0, 01—02= 03=04 -*=0, and making 03— a4<*-x, obtain 
the equation 

Derive Bessel’s equation (§ 17*11) 
by the substitution 

Example 6. By taking a]=0, oi — 02=03 » <14=0, and making 02= obtain 
the equation 

Derive Weber’s equation (§ 16'6) 
by the substitution f— «>. 

Example 6. By taking Or-O, and making co (r = 1, 2, 3, 4), obtain the equation 

d^u 


By taking 




+ (^,f4-C'i)M-.0. 


u-(5,f+U,)*v, 


shew that 
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Example 7. Shew that the general form of the generalised Lam4 equation is un- 
altered (i) by any homographic change of independent variable such that oo is a singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 
u^{z-art r. 

Example 8. Deduce from example 7 that the various confluent forms of the 
generalised Lam^ equation may always be reduced to the forms given in examples 1-6. 

[Note that a suitable homographic change of variable will transform any three distinct 
points into the points 0, 1, oc .] 

10 * 7 . Linear differential equations with three singularities. 

Let £ + + 


have three, and only three singularities*, a, b, c\ let these points be regular 
points, the exponents thereat being a, a'; / 3 , /S'; 7, y. 

Then je> (^) is a rational function with simple poles at a, b, c, its residues at 
these poles being 1 — a — a', 1 — — /S', 1 — 7 — 7'; and os z 00 , p{z)^ 2 z'~^ 

is 0(-2r*), Therefore 


p{z) 


l-a-a' ^ , 1 -y-y' 

z ^ a z^b Z’-c 


and*f ft + ot' + ^+ zS' -4-7 + 7' *■»!. 

In a similar manner 


q(s) { tta'{a-b)(a-c) ^ ^ 77'(c-o)(c-6) | 

z - a z ‘--b z - 0 I 


^ (z - d)(z- b){z ^ c)' 

and hence the differential equation is 

cPu ^ g-tt-tt' ^ 1-7-7 ') du 

dz^ (fr — a z — b Z’-o ) dz 

4. / 3 l 3 ' (b-c){b-~ a) 77' (c - a) (c - b) 
z — a z-^b z^c 

^ .0 

(z — a) {z-- b) (z - c) 

This equation was first given by Papperitz^. 

To express the fact that u satisfies an equation of this type (which will be 
called Biemann’s P-equation), Riemann§ wrote 

( a h c 

a ^ y z 

a 7' 

* The point at infinity ie to be an ordinary point, 
t Thie relation mast be satisfied by the exponents. 

X Math, Ann, xxv. (1885), p. 218. 
g Ahh, d. k, Oe», d, Wiet, zu Ofittingen, vix. (1857). It will be seen from this memoir that, 
althongh Biemann did not apparently construct the equation, he must have inferred its existence 
from the hypergeometric equation. 
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The singular points of the equation are placed in the first row with the 
corresponding exponents directly beneath them, and the independent variable 
is placed in the fourth column. 

Example, Shew that the hypergeometric equation 

is defined by the scheme 

r 0 CO 1 \ 

0 a 0 el 
[l-c h C’-a-b ) 


1071 . Transforniations of Riemann * 8 P-equation. 


The two transformations which are typified by the equations 



( a b 0 
a -hA: — l ty + l 

a: + k y-hA 


ia h c \ idi hi Cl \ 

(II) P a ^ 7 4 = P a ^ 7 zX 

U' /8' 7 j W 7 j 


(where o^, 6i, Ci are derived from Zy a, 6, c by the same homographic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Papperitz and Riemann by 
suitable changes in the dependent and independent variables respectively ; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s P-equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 


( a b c \ 
a ^ y z\, 
a' ff y' ) 


then «i »• ^ * diflferential equation of the second 

order with the same three singular points and exponents a + ik, a + A; ; 
/8 — A — — A? — i; 7 + i, 7+A; and that the sum of the exponents is 1, 


Also (II) if we write z « equation in Zi is a linear equation 

of the second order with singularities at the points derived from a, b, c by this 
homographic transfonnation, and exponents a, et ; fi, 0 ] 7, 7' thereat. 
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10*72. 7%s connexion of Riemann^s P-^equaUon vrith the hypergeometric 
eqmtion. 

By means of the results of § 10*71 it follows that 

a b c 

0 /8 + a + 7 0 

a' - a + a + 7 7' - 7 
0 00 1 

0 /8 + fl + 7 0 X) 

a - a /S' + o + 7 7' “ 7 

{z — a) (c— b) 



b 

" \ 

/z - ay 1 

r 

/8 

7 ■ 

C-fc) ( 

w 

0 ' 

7 J 



fz — a\® (z — cy 

U-tJ U-W 


where . . 

{z — 0) (c — a) 

Hence, by § 10*7 example, the solution of Biemann’s P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

whose elements a,b,c,x are a -f >9 + 7, a + /S' + 7, 1 + a - a', 7^ — —7^ — ~ 

(z -o){c- a) 

respectively. 

10 * 8 . Linear differential equations wiih two singularities. 

If, in § 10 * 7 , we make the point c an ordinary point, we must have 

1 /A / /% j aa (a-6)(a-c) . (6 - c) (6 - a) , ^ 

1-7-7 77-0 and — J l 

z a z 0 

divisible by x — c, in order that p (z) and q (z) may be analytic at c. 

Hence a + a + /S + /S' « 0, cw' « /S/S', and the equation is 

f 1 — g — 1 -I- g + tt' ) ^ gg' (a — by u _ 

^ - a ^ ^ — 6 J d-e^ (2? — a)* - 6)® * 

of which the solution is 

that is to say, the solution involves elementary functions only. 

When g = g', the solution is 
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Miscellaneous Examples. 

1. Shew that two solutions of the equation 

^+*«=0 

are , 1 - and investigate the region of convergence of these series. 

2. Obtain integrals of the equation 


regular near in the form 




«2 = «1 log^- — + .... 


3. Shew that the equation 


has the solutions 




2n+l 2 4n^+4n + 3 - 
'4- * + 96 ’ 

12 ^ 480 ’ 


and that these series converge for all values of z. 
4. Shew that the equation 


J dz lr=l(f-a,)* 


2 (or + /9r) “ ^ — 2, 2 DfS&Oj 2 ^ (a,.*i)p + 2ar«r A*) “0, 

r=l r«l r*l r=l 

is the most general equation for which all points (including oo ), except a^, ... are 

ordinary points, and the points are regular points with exponents Ort 3r respectively. 

(Klein.) 

6. Shew that, if /8 + y + A + y = i, then 


(Riemann.) 



00 

1 1 


oo 

1 ] 

b 


y ** 


w 

7 */ 

14 

ff 

y j 

' ly 

2/9' 

y i 


[The differential equation in each case is 

dhb 2z (1 —y^y) du 
5?"^ dz" 




6. Show that, if and if •>, «>* are the complex cube roots of unity, then 


/O oo 1 
‘40 0 y 

U 4 y 


1 fl » •.* 1 

T't ;■ ; T 


(Riemann.) 


[The differential equation in each case is 

d^u. , 2z^du ^yy'zu 


W. M. A. 


14 
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7* Shew that the equation 

I 

is defined by the scheme 


( 1 - ^ - (2a -fl) « ^ + n (n-»- 2a) tt-0 


f 1 * 1 

0 -n 0 z\ 

ij-a ?i + 2a i-a J 


and that the equation 
may be obtained from it by taking a-*l and changing the independent variable. 


(l + f*)*^+n(n+8)u«0 


8. Discuss the solutions of the equation 

dfiu , . du / 1 \ 

valid near xbO and those valid near 2 = oo . 

9. Discuss the solutions of the equation 

dH 2u du ^ du ^ . 

valid near mO and those valid near zm co . 

Consider the following special cases : 

(i) (ii) (iii) 

10. Pix)ve that the equation 


(Halm.) 


(Cunningham.) 


(Curzon.) 


has two particular integrals the product of which is a single-valued transcendental 
function. Under what circumstances are these two particular integrals coincident? 
If their product be F{z), prove that the particular integrals are 

«.={/■ W}i. ezp |t , 

where Cibb. determinate constant. (Lindemann ; see § 19*5.) 


11. Prove that the general linear differential equation of the third oixler, whose 
singularities are 0, 1, eo , which has all its integrals regular near each singularity (the 
exponents at each singularity being 1,1,- 1), is 

dhi [2 2 1 dH [1 3 I \du 

d^ z-\] dz^ (z* z(z*- 1) *^(z-l)“j 

n 3c()S*a 3sin*a 1 ) . 

(z- l)«j 

where a may have any constant value. 


(Math. Trip. 1912.) 



CHAPTER XI 


INTEGRAL EQUATIONS 

11*1. Definition of an integral equatioru 

An integral equation is one which involves an unknown function under 
the sign of integration ; and the process of determining the unknown function 
is called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

/(«) * Je** ^ («) dt, = (t) dt 

(where in each case ^ represents the unknown function), in connexion with 
the solution of differential equations. The first integral equation of which 
a solution was obtained, was Fourier’s equation 

f(^)=j cos (xt) <p(t) dt, 

of which, in certain circumstances, a solution isf 

2 f* 

(f>(x) = - COB (ux) /(u) du, 

f{x) being an even function of x, since cos (xt) is an even function. 

Later, Abel| was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it; after this, Liouville investigated an 
integral equation which arose in the course of his researches on differential 
equations and discovered an important method for solving integral equations §, 
which will be discussed in § 11*4. 

In recent years, the subject of integral equations has become of some 
importance in various branches of Mathematics ; such equations (in physical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difficulties than do those elementary equations 
which will be treated in this chapter. 

To render the analysis as easy as possible, we shall suppose throughout 
that the constants a, b and the variables x, y, | are real and further that 

* Except in the case of Fourier’s integral (j 9*7) we practically alwayt need continuow 
solutions of integral equations. 

t If this value of ^ be substituted in the equation we obtain a result which is, etfeotively, tliat 
of §9*7. 

t Solution di quelquet pfobVtmet h Vaidt dHntigrale$ dijiniet (1828). See Oeuvres, i. pp. 11, 97. 

§ The numerical computation of solutions of integral equations has been investigated by 
Whittaker, Proc, Roy, Soc, xciv. (A), (1918), pp. 867-888. 


U— 2 
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y, also that the given function* K (a, y), which occurs under the 

integral sign in the majority of equations considered, is a real function of 
X and y and either (i) it is a continuous hinction of both variables in the 
range (a a ^y <&), or (ii) it is a continuous function of both variables 

in the range and K (x, y) « 0 when y>x\ in the latter case 

K (d?, y) has its discontinuities regularly distributed, and in either case it is 

easily proved that, if / (y) is continuous when o ^ y ^ 6, f /(y) K (x, y) dy is a 

j a 

continuous function of x when a ^x^b, 

11*11. An cUyehraical lemma. 

The algebraical result which will now be obtained is of great importance in Fredholm^s 
theory of integral equations. 

Let (j?], yi, «|), (iTg, y 2 ) ^)» (^ 3 ) ysi ^ 3 ) ^ three points at unit distance from the origin. 
The greatest (numerical) value of the volume of the parallelepiped, of which the lines 
joining the origin to these points are conterminous edges, is +1, the edges then being 
perpendicular. Therefore, if (r*=l, 2, 3), the upper and lower bounds of 

the determinant 

xi yi 

^2 ys ^ 

X3 y% 

are ±1. 

A lemma due to Hadamard t generalises this result. 

Let an, a^, , ai» *Z>, 

<*23» 


where is real and 2 a^mr»l 

ral 

let be the determinant whose elements are A 


= 1, 2, let A^ be the cofactor of a^r ^ and 

so that, by a well-known theorem 


Since /> is a continuous function of its elements, and is obviously bounded, the 
ordinary theory of maxima and minima is applicable, and if we consider variations 'in 

n 

«ir (^'=* 1» 2, ... n) only, D is stationary for such variations if Z = — fiai,.=0, where fioj,., ... 

r»l 

n 

are variations subject to the sole condition 2 airda],.KO ; therefore § 

r*l 


but 2 and so A2a*„.a= Z> ; therefore id i,.= 

r-J 


Dax, 


* B6cher in his important work on integral equations (Camh» Math. Tracts ^ No. 10), always 
considers the more general case in which K(x^ y) has disoontinuittes regularly dUtrihuUdt 
i.e. the discontinuities are of the nature described in Chapter iv, example 11. The reader will 
see from that example that the results of this chapter can almost all be generalised in this 
way. To make this chapter more simple we shall not consider such generalisations, 
f BulleHn de$ Set. Math. (3), zvn. (1893), p. 240. 
t Burnside and Panton, Theory of Equatione, 11 . p. 40. 

§ By the ordinaiy theory of undetermined multipliers. 
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Considering variations in the other elements of i>, we see that D is stationary for 
variations in all elements when (mnl, 2, ... n ; rsl, 2, ... n). Consequently 

AasD** . Z>, and so Hence the maximum and minimum values of D are ±1. 

CoroUcvry. If a^r be real and subject only to the condition | o^r I < since 

r*l 

we easily see that the maximum value of j D | is {n^ 


11*2. Fredholms^ equation and its tentative solution. 

An important integral equation of a general type is 

<f> (x) =f{x) + >^/‘ {x, f (f) df, 

where /(a?) is a given continuous function, X is a parameter (in general 
complex) and K {x, f) is subject to the conditionsf laid down in § 11*1. 
^ (®> f) is called the nuclemX of the equation. 

This integral equation is known as Fredholm's equation or the integral 
equation of the second kind (see § 11*3). It was observed by Volterra that an 
equation of this type could be regarded as a limiting form of a system 
of linear equations. Fredholm's investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § 11*21. Hilbert {Gottinger Nach. 1904, pp. 49-91) justified the 
limiting process directly. 

We now proceed to write down the system of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit. 

The integral equation is the limiting form (when d-^0) of the equation 

(x) =sf(^x) + X X A {pCy Xq) <t> {Xq) d, 
q-l 

where x^^b. 

Since this equation is to be true when a ^ ^ 6, it is true when x takes the values 
Xu Xfy ...Xj^ \ and so 

— Xd S A {Xpf Xq) (Xq) {Xp) (xp) 1> 2, ... n). 

gssl 

* Fredholm’s first paper on the subject appeared in the Ofvenigt af K. Vetenskaps-Akad. 
Fdrhatidlingar (Stockholm), Lvn. (1900), pp. 89-46. His researches are also given in Acta Math. 
xxvix. (1908), pp. 865-390. 

t The reader will observe that if K (x, ^)=0 (f >x), the equation may be written 
^{x)=f(t) + \ 

This is called an equation with variable upper limit. 

X Another term is kernel ; French noyau^ German Kem. 
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This system of equations for (p^li 2, ...n) has a unique solution if the 

determinant formed by the ooeffioients of ^ (^p) does not vanish. This determinant is 

Df, (X)= I — XdiT (j?i, Xi) — (j?!, ... — XdiT (j?|, 

“ Xd (^2 1 1 X^ .iST • • • “ X^ (^2 1 


— X® AT Xi) — XdA^ {^nf ••• 1 ““XAiT x^) 

p«=l ^ Pt A ^p) " » '^<1/ 

S ■®'(*P. -^p) _j_ 

3!p.«.r-l K{x^,Xp) £’(Xf,Xf) K(x^,Xr) 

K (*„ 3fp) K(x„x^) K (Xr , Xr) 

on expanding* in powers of X. 

Making d-^0, n-^ oo , and writing the summations as integrations, we are thus led to 
ermsider the series 

Further, if Dn{x^, x^) is the cofactor of the term in D^{\) which involves K{Xyy j:^), 
the solution of the system of linear equations is 

f{Xi)Dn{Xp, J?i)+/(^2) ^n) 


4>{X^)^ 


Dn(\) 


Now it is easily seen that the appropriate limiting form to be considered in association 
with Dn (Xfj^y Xy) is 2>(X) ; also that, if 


D^iX^y K (Xf^y x„)-\^ S 


2 '^'p) 

P—1 ^i^pi ^ (^p» ^p) 


2!^ 


I 2 ^’p) K {x^y Xq) 

p. ff“i A" (.Tp , Xy) K {Xy , Xp) K (Xp , j:,) 

A (j?Q , jr„) A {Xg , Xp) K {Xq , Xq) 

So that the limiting form for d~^D (j?^, x„) to be considered t is 

K(x^yX,p) K{x^yi{) 

K{iiyXy) A(f,,f,) 


X,; \)=‘\K(Xp, x,)-\.* j 


+ 1x3 [* r 


,) A(x^,^,) fj) 


.) £((i,h) 

Consequently we are led to consider the possibility of the equation 

4* (•«••)=/ W+_ 0 ^ J*2)(x, f i X)/(«)df 
giving the solution of the integral equation. 


* The factorials appear because each determinant of s rows and columns occurs 8 ! times as 
p, qy ... take all the values 1, 2, ... n, whereas it appears only once in the original determinant 
for 

f The law of formation of sneoessive terms is obvious from those written down. 
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Example 1. Shaw that» in the case of the equation 

AT+X /: 

we have 

. . 2)(X)-l-iX, D{x,y,'k)m,\xjf 

and a solution is 

. Zx 

♦ (*)-3-Zx. 

Example 2. Shew that, in the case of the equation 

^(jr)*^+X j^(xp^y^)4>(p)dy, 

we have 

Z)(X)«1-§X-*X>, 

y ; “ X (ay +y*) +X* (^oy* - Jay - Jy^ ^ 

and obtain a solution of the equation. 


11*21. Investigation of Fredholm's solution. 

So far the construction of the solution has been purely tentative ; we now 
start ah initio and verify that we actually do get a solution of the equation ; 
to do this we consider the two functions JD (X), D (a?, y ; X) arrived at in § 11*2. 

We write the series, by which i)(X) was defined in § 11*2, in the form 

1 4. 2 — p SO that 
n\ 


On^ ' (-)"* 





if (ft, fn) 

if(ft,fn) 


^ft^ft ••• ^ft» ? 


if(fn,ft) if(fn,ft)...if(f«,fn) 

since K (x, y) is continuous and therefore bounded, we have | JST (a?, y) | < Jlf. 
where M is independent of x and y ; since K (x, y) is real, we may employ 
Hadamard’s lemma (§ 11*11) and we see at once that 


lan|<w4’»Af^.(6-.a)^ 
Write (h — a)** = n ! ; then 


1 \" 




lim (6n+i/6n) lim 


since ^1 + -^ 


The series S 6nX'^ is therefore absolutely convergent for all values of X ; 

* (T X** 

and so (5 2*84) the series 1+2 converges for all values of X and there- 

^ n»l 

fore (§ 5*64) represents an integral function of X. 

t’ {ar t/)X**^* 

Now write the series for .D(a?, y; X) in the form 2 ^-^^ — *■— . 
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Then, by Hadamard’s lemma (§ 11 ’ll), 

and hence < c„, where c* is independent of x and y and 2 CnX’*''"* is 

n\ ^ 

absolutely convergent. 

Therefore D{x, y; \) is an integral function of \ and the series for 
D (a?, y ; X) — \K (ar, y) is a uniformly convergent (§ 3*34) series of continuous* 
functions of x and y when a^x^b, a^y^b. 

Now pick out the coefficient of K (x^ y) in D(x,y\\) \ and we get 
D{x,y,\)~\D (X) K{x, y) + i (-)»X»+> 

where 




0 , K(,x,U K{x,i,\...K{x,^n) 

y), K{i,, f,), f«) ' ■ 


\K{in,y), Jsrcfn.fo, 

Expanding in minors of the first column, we get Qn y) equal to the 
integral of the sum of n determinants; writing fi, f*, - . fm-i, f fm. ••• fn-i 
in place of fi, fa, ... fn iii the mth of them, we see that the integrals of all 
the determinants t are equal and so 

Q«(^. f •••[ 

J a J a J a 

where 

K{X,^), K{x,^y), ... K(x,(n-i) 

... 

It follows at once that 

D (ar, y ; X) = XJD (X) .£■ (a:, y) + X f D(x, ^\\)K(^,y)dl 

J a 

Now take the equation 

^ (f) -/(f) + X iT (f, y) ^ (y) dy. 

multiply by Z) (a?, f ; X) and integrate, and we get 

Jy(i)i)(x,(;\)d^ 

- f ‘ ^ (f) (*. f ; M f 7" ^ f J ^ (f> y) ^ (y) <^y 

J a J a J a 

the integrations in the repeated integral being in either order. 

* It is easy to verify that every term (except possibly the first) of the series for D (x, y ; X) 
is a continuous function under either hypothesis (i) or hypothesis (ii) of § 11*1. 
t The order of integration is immaterial (§ 4-8). 
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That is to say 

= f % (f) Z) (<c, f ; X) df - r (D (w. y ; X) - XZ) (X) Zr(a;. y)\ ^ (y) dy 

J a J a 

- \D (X) f K (x, y) 4> (y) dy 

J a 

= Z)(X){^ («)-/(«)}. 
in virtue of the given equation. 

Therefore if D{\) ^ 0 and if Fredholm s equation has a solution it can be 
none other than 

and, by actual substitution of this value of in the integral equation, 
we see that it actually is a solution. 

This is, therefore, the unique continuous solution of the equation if 
i)(X) + 0. 

CorolUiry. If we put/(:F)fflO, the ‘homogeneous’ equation 
«(ar)-X <(>(() d{ 

has no continuous solution except ^ (j:)=» 0 unless /)(X)=0. 

Example 1. By expanding the determinant involved in (jt, y) in minors of its first 
row, shew that ^ 

D{x,y\ \)^\DiK)K{x,y)’k‘X j (x, $)D($,y; \)d(. 

Example 2. By using the formulae 

Z>(X) = 1+ i D{x,y ^ \)^\D(^)K{x,y)^ I ( . )n , 

use! fl . M*1 • 

shew that |* i) (f, « ; X) df- - X . 

Example 3. If ^'(ar, y) = 1 (y < x\ K (.v, y) **0 (y > x), 

shew that D (X) = exp { - (/> - a) XJ . 

Example 4. Shew that, if K (^, y) «®/i (x*) ./* (y), and if 

then 

i) (X) - 1 - AX, Z) (*■, y ; X) = X/, (*)/, (y), 
and the solution of the corresponding integral equation is 
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Example 5. Shew that, if 

<*. y) -/i (*) 9\ (y) +/» (») 9» (y), 

then D (X) and D(x, y, X) are quadratic in X ; and, more generally, if 

then D(\) and 2>(jr, X) are polynomiala of degree n in X. 

11*22. Volterra's reciprocal functions. 

Two functions K (x, y), k(a, j/; \) are said to be reciprocal if they are 
bounded in the ranges a ^ y ^ 6, if any discontinuities they may have are 
regularly distributed (§ 11*1, footnote), and if 

K {x, y) + A: (ar, y ; \) - X * («, f ; X.) ^ (f , y) df 

We observe that, since the right-hand side is continuous*, the sum of two reciprocal 
functions is continuous. 

Also, a function K (x, y) can only have one reciprocal if i> (X) % 0 ; for if there were two, 
their diflferenoe ky {r, y) would be a continuous solution of the homogeneous equation 

A,(a:,y; X)-X X)iSr({,y)df, 

(where or is to be regarded as a parameter), and by § 11*21 corollaiy, the only continuous 
solution of this equation is zero. 

By the use of reciprocal functions,^ Volterra has obtained an elegant 
reciprocal relation between pairs of equations of Fredholm s type. 

We first observe, from the relation 

D («, y ; X) = Xl>(X) IC(x,y) + \f D{x, ^;\)K (f, y) df, 

J a 

proved in § 11*21, that the value of k{x,y ; \) is 

-D(x, y;X)/{XZ)(X)}, 
and from § 11*21 example 1, the equation 

k(x, y,\) + K (x, y) =. X f K {x, f) k y; X) df 

J a 

is evidently true. 

Then, if we take the integral equation 

^ (®) =/(«) + 5c / Kix,()<f> (f) df, 

J a 

when a ^ 07 ^ 6, we have, on multiplying the equation 

^ (?) =/(?) K(i fc) (fodf. 

J » 

* By example 11 at tb» end of Chapter iv. 
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by 4 («, f ; X) and integrating, 

J a 

- £ k{x,i- x)/(f) df + X ££ k(x,^-,\')K (f, eo (f.) df.df 

Reversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

J a 

= rk(x, f ;X)/(f)df + r{K(x. f ;X)}^(f)df,. 

J a J a 

and 80 X f A: (a;, f ; X)/(f) df = - X f V (a:, f,) (f.) df. 

•/a .'a 

Hence /(«) = ^ («) + X J A: («, f ; X)/(f ) df ; 

similarly, from this equation we can derive the equation 

4> (X) ^/(x ) + X r^ix. ?) if> (f) df, 

J a 

SO that either of these equations with reciprocal nuclei may be regarded as 
the solution of the other. 


11 * 23 . Homogeneous integral equations, 
rb 

The equation ^ (a?) » \ | K(xy ^ if) (f ) df is called a homogeneous integral 
J a 

equation. We have seen (§ 11*21 corollary) that the only continuous solution 
of the homogeneous equation, when D (X) ^ 0, is (.r) = 0. 

The roots of the equation D (X) = 0 are therefore of considerable 
importance in the theory of the integ^l equation. They are called the 
characteristic numbers f of the nucleus. 

It will now be shewn that, when D (X) =» 0, a solution which is not 
identically zero can be obtained, 

LetJ X«a Xo be a root m times repeated of the equation D (X) = 0. 

Since D (X) is an integral function, we may expand it into the convergent 
series 

D (X) - Cm (X - Xo)*» + Cm+, (X - + . . . (m > 0, Cm + 0). 

* The reader will have no difficulty in extending the result of § 4-8 to the integral under 
consideration. 

f French vaUun caracterUtiquett Glerman Eigenwerthe, 

X It will be proved in § 11 *51 that, if K (x. y)mK (y, x), the equation D (X) =0 has at least one 
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Similarly, since JD (a?, y ; X) is an integral function of X, there exists 
a Taylor series of the form 

+ + ... (i>0.flr,*0); 

by § 3*34 it is easily verified that the series defining (ar, y\ (w * Z + 1, . . .) 
converges absolutely and uniformly when a^a;<&, and thence that 

the series for Z) (a?, y ; X) converges absolutely and uniformly in the same 
domain of values of a? and y. 

But, by § 11*21 example 2, 

now the right-hand side has a zero of order m — 1 at X®, while the left-hand 
side has a zero of order at least Z, and so we have m — 1 ^ Z. 

Substituting the series just given for D (X) and D (x,y ; X) in the result of 
§ 1 1*21 example 1, viz. 

D(x,y ;\)’= \D (X) JC(x,y) + xJ K (x, f) D (f y ; X) df, 
dividing by (X — X,)' and making X Xj, we get 

9i(.^,y)=Kf K (x, f ) fft (f, y) df . 

J a 

Hence if y have any constant value, gi (a?, y) satisfies the homogeneous 
integral equation, and any linear combination of such solutions, obtained by 
giving y various values, is a solution. 

Corollary. The equation 

has no solution or an infinite number. For, if 0 {x) is a solution, so is 0 W + (a’» y)» 

whore Cy may be any function of y. 

Example 1. Shew that solutions of 

0(j7)=X J co8**(x-()4>(()cI( 

are 0(a?)c=cos(n-2r)j:, and 0 (af)*sin (t» -2r),r ; where r assumes all positive integrel 
values (zero included) not exceeding ^n. 

ample 2. Shew that 

0(^)«X J"' OOS«(.17+f)0({)rff 

has the same solutions as those given in example 1, and shew that the correspopding 
values of X give all the roots of I) (X)=0. 
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11 '8. Integral equations of the first and second kinds. 

Fredholm’s equatioD is sometimes called an integral equation of the second 
kind ; while the equation 

f(tc) = \j^ir (a;, f) (f) (f ) df 

is called the integral equation of the first kind. 

In the case when AT (a?, f) « 0 if f > ar, we may write the equations of the 
first and second kinds in the respective forms 

f{x) » X [ K(w, ^)<f> (f) df, 

J a 

<l> (‘C) ^fix) + X \‘ K{m. f) <f> (f) df. 

J a 

These are described as equations with variable upper limits, 

11*31. Volterras equation. 

The equation of the first kind with variable upper limit is frequently 
known as Volterras equation. The problem of solving it has been reduced 
by that writer to the solution of Fredholm’s equation. 

Assuming that K {x, f) is a continuous function of both variables when 
f ^ aj, we have 

J a 

The right-hand side has a differential coefiicient (§ 4*2 example 1) if 

-gr- exists and is continuous, and so 
ox 

f'{x)^ \K {X, X) <l>(x} + \ I’ ^ (f) df. 

This is an equation of Fredholm’s type. If we denote its solution by 
^ {x\ we get on integrating from a to a:, 

f{x)-f{a)^\\* K(x.^<i>{!^)d^, 

J a 

and so the solution of the Fredholm equation gives a solution of Vol terra’s 
equation if f(a) = 0. 

The solution of the equation of the first kind with constant upper limit 
can frequently be obtained in the form of a series*. 

11*4. The Liouville-Neumann method of successive substitutions'^, 

A method of solving the equation 

(^) -/(^) + \ f ' (^> f ^ (f ) dl 

Ja 

which is of historical importance, is due to Liouville. 

* See example 7, p. 281 ; a solution valid under fewer reetriotions is given by Bdoher. 
t Journal de Math. ti. (1887), in. (1888). K. Neumann’s investigations were later (1870) ; 
see his Untersuchungen UUr das logarithmische und Nswton^sehe Potential. 
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It consists in continually substituting the value of ^(49) given by the 
right-hand side in the expression ^ (f ) which occurs on the right-hand side. 

This procedure gives the series 

+ \ f K(x, i)f(S)di^ i X- f K{x, f,) f" 

Ja Ja Ja 

... r if (fm-i.f »)/{?».) 

J a 

Since | K (a?, y) ] and \f(x) j are bounded, let their upper bounds be M, M\ 
Then the modulus of the general term of the series does not exceed 

The series for S (x) therefore converges uniformly when 

j X I < (6 — a)“^ ; 

and, by actual substitution, it satisfies the integral equation. 

If Kix, y)^0 when y>Xf we find by induction that the modulus of the general 
term in the series for S (x) does not exceed 

1 X if' (.r - ^ I ^ if*" (b - ’• , 

and so the series converges unifoimly for all values of X ; and we infer that in this case 
Fredholm’s solution is an integral function of X. 

It is obvious from the form of the solution that when | X | < (6 — a)“S 

the reciprocal function i: (a?, f ; X) may be written in the form 

k(x. f ;\) X™- I" K{w, f,) f f.) 

m3a2 Ja Ja 

••• f ^ f) dfm— idfiw-2 ••• dl^\f 

J a 

for with this definition of k(ai, f ; X), we see that 

S(^)=/(a;) - X f* k(w, f ; X)/(f) 

J a 

so that k(x, f;X) is a reciprocal function, and by § 11'22 there is only one 
reciprocal function if D (X) + 0 . 

Write 

K (4;, f ) = K, {X, f ), f K {X, f ) Kn (r, f ) df ' = a 

J a 

and then we have 

- A (a;, f ; X) - I X»‘ir„+. {x, f ), 

while f Kfn{Xt ^ f ™ f)> 

Ja 

as may be seen at once on writing each side as an (m + n — l)-tuple integral. 
The functions (x, {) are called iterated functions. 
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11*6. Symmetric nuclei. 

Let Kx (fl?, y) = (y, x); then the nucleus K (a?, y) is said to be symmetric. 

The iterated functions of such a nucleus are also symmetric, i.e. 
(«?> y) * Kn (y, a?) for all values of n ; for, if Kn (x, y) is symmetric, then 

y) - r K, {X, f) (f, y) df - r Kx (f, x) (y, S) df 

J a Ja 


■ r Kn iy. f ) K, (f , m) df - (y, x), 

J a 


and the required result follows by induction. 

Also, none of the iterated functions are identically zero; for, if possible, let 
Kp (x, y) = 0 ; let n be chosen so that 2^^ < p < 2^ and, since Kp (a?, y) s 0, it 
follows that y) = 0, from the recurrence formula. 

But then 0 = ir,„ (*, x) » (x, f (f , x) df 


J a 


and so jSfjn-i (^» f) = 0 *> continuing this argument, we find ultimately that 
Ki (a?, yj = 0, and the integral equation is trivial. 

11’61. Schmidt's* theorem that^ if the nucleus is symmetric, the equovtwn 
D (X) SB 0 has at least om root. 

To prove this theorem, let 

Un’=‘j Kn(x,x)dx, 

90 that, when | X | < (b — o)~*, we have, by § 11'21 example 2 and § 11'4, 

— ^ dJ (X) 2 rr X"-* 

D(X) dx nil ■ 

Now since f j \/tKn*i (®. f ) + ^n-i (*. f)}' d^dx > 0 
J ad a 

for all real values of we have 

/i* U m^a + 2/4 Ugn + ^ 0, 

and so U m+a U M—a ^ U m*» ^an— a > 

Therefore U^, are all positive, and if U^jU^^v, it follows, by in* 
duction from the inequality that i7a»+,/t/2» 

OD 

Therefore when |X*|>v“S the terms of S do not tend to zero; 

nwl 

and BO, by § 5*4, the function * singularity inside or on the 

* The proof given is due to Kneser, Palermo Rendieonti^ xxiu (1906), p. 286. 
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circle but since /)(X) is an integral function, the only possible 

singularities of j ^ zeros of i)(X); therefore D (X) has a zero 

inside or on the circle 1X1 = 1 /“^. 


[Note. By g 11*21, D (X) is either an integral function or else a mere polynomial ; in 
the latter case, it has a zero by § 6*31 example 1 ; the point of the theorem Is that in 
the former case D (X) cannot be such a function as e^\ which has no zeros.] 


11‘6. Orthogonal functions. 

The real continuous functions ^ (^)> * • • s^id to be orthogonal 

and normal* for the range (a, b) if 

If we are given n real continuous linearly independent functions 
Ux{x\u^{x\ ,,.Un{x\ we can form n linear combinations of them which 
are orthogonal. 

For suppose we can construct w — 1 orthogonal functions ... such 
that ff}p is a linear combination of ... Up (where p « 1, 2, ... m — 1) ; 

we shall now shew how to construct the function such that <^ 2 » *'• 4>m 
are all normal and orthogonal. 


Let (x) * Cl, m ^ (a?) + Ci^m4>2 (a?) -f ... 4* C)i^..i 4>m-, (*) + Urn («), 
80 that is a function of u,, Uj, ... Um- 
Then, multiplying by <f>p and integrating, 

f i4>m («) i>p («) dx^Cp,„+f Um (a?) {ac) dx (p< to). 
J a J a 

J j<f>mi<e)<l>p(x:)dx = 0 

= f Ufn (^) <f>p (®) } 

J a 


Hence 


if 


^p, m ‘ 


a function (^)> orthogonal to <f >2 (^), • • • (®). is therefore con- 

structed. 

Now choose a so that a®/ = 1 ; 

J a 

and take ^ • i^tn (^)* 

Then («) <f>p («) da; |“ J ^ ™ j’ 

We can thus obtain the functions ^i, ^, ... in order. 


* They are said to be orthogonal if the first equation only is satisfied ; the systematio study 
of Booh functions is due to Murphy, Camh, PhU. Traiu, iv. (1888), pp. 858-^08, and ▼. (1886), 
pp. 113^148, 816-894. 
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The members of a finite set of orthogonal functions are linearly inde- 
pendent. For, if 

+ ... +an<^n(«) = 0, 

we should get, on multiplying by <l>p (a) and integrating, » 0 ; therefore all 
the coefEcients Op vanish and the relation is nugatory. 

It is obviouB that tr ^ ^ oos mx^ ir ~ ^ sin mx form a set of normal orthogonal hinctions 
for the range ( - ir, ir). 

Example 1. From the functions 1, ... construct the following set of ^functions 

which are orthogonal (but not normal) for the range ( - 1, 1) : 

1 , X, .... 

Example 2. From the functions 1, :r‘, ... construct a set of functions 

which are orthogonal (but not normal) for the range {a, 6) ; where 

[A similar investigation is given in § 15*14.] 

The connexion of orthogonal functions with homogeneous integral 

equoLtions. 

Consider the homogeneous equation 

where X® is a real^ characteristic number for K (x, f ) ; we have already seen how 
solutions of it may be constructed; let w linearly independent solutions be taken 
and construct from them n orthogonal and normal functions 

Then, since the functions orthogonal and normal, 

f r 2 <^in(i/) f 2 [ ri^m{y) [ K (x, () df\ dy, 

./<» L«' = l •'«» J M< = l./aL ■'«» J 

and it is easily seen that the expression on the right may be written in the 

form 

J. 

on performing the integration with regard to y ; and this is the same as 
2 f K{x,y)4fhn (y) dy I K (x, () (f ) df. 

Therefore, if we write K for K (x, y) and A for 

* It will be seen immediately that the cbaraoteristie numbers of a symmetric nucleus are all 
real. 

w. M. A. 15 


I 



we have 


and so 


Therefore 
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and 80 • 2 {^ («)]•< [ {K{x,y)Ydy. 

mal J a 

Integrating, we get 

n ^ V J j (a:, y)}»dy da?. 

This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number Xo* 

These n orthogonal functions are called characteristic functions (or auto- 
functions) corresponding to 

Now let {x)y (a?) be characteristic functions corresponding to 
differerit characteristic numbers Xo, X,. 


and so 


Then (x) (x) = X, J* K(x, f) (x) (f) df, 

SO 

J a J a J a 


and similarly 

f (a?) (a?) da? = Xo f f K (a?, f) (f) (a?) df da? 

J a J a J a 

= \,n' K (f, <r) (a?) (f) d^df . . .(2), 

J a J a 

on interchanging a? and f . 

We infer from (1) and (2) that if Xj ^ Xo and if K (ar, (f, a?), 

f (a?) (a?) da? = 0, 

and so the functions (a?), (a?) are mutually orthogonal. 

If therefore the nucleus be symmetric and if, corresponding to each 
characteristic number, we construct the complete system of orthogonal 
functions, all the functions so obtained will be orthogonal 

Further, if the nucleus be symmetric all the characteristic numbers are 
real ; for if Xo, X, be conjugate complex roots and if* u^{x)^v (a?) + iw (a?) be 


V (a?) and w (a?) being real. 
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a solution for the characteristic number then (a?) « v (a?) — iw (a?) is 
a solution for the characteristic number replacing (a?), (a?) in the 

equation 

J (a?) (a?) dx^O 

by V (x) 4* iw (a:), v(x) — iw (a?), (which is obviously permissible), we get 

I [{v (a?)}* + {w (a?)}*] dx = 0, 

J a 

which implies v(x) = w (x) s 0, so that the integral equation has no solution 
except zero corresponding to the characteristic numbers X®, Xj; this is 
contrary to § 11*23; hence, if the nucleus be symmetric, the characteristic 
numbers are real. 


11*7. The development* of a symmetric nucleus. 

Let {x), <f >2 (x), 0, (a:), ... be a complete set of orthogonal functions 
satisfying the homogeneous integral equation with symmetric nucleus 

(a;) = \ [ K (jB, f) ^(f) df, 

J a 

the corresponding characteristic numbers beingf Xi, Xa, X,, .... 

Now supposeX that the series S is uniformly convergent 

n»l ^ 

when a^x^b, a^y^b. Then it will be shewn that 

g(»,y)- £ 

n^l ^ 

For consider the symmetric nucleus 

n^l 

If this nucleus is not identically zero, it will possess (§ 11 * 51 ) at least one 
characteristic number p. 

Let ^(x) be any solution of the equation 

= Uiic, 

J a 

which does not vanish identically. 

Multiply by (^) ^.nd integrate and we get 

(" ^ (x) <l>n (X) dx = M f* (* k {X. f) - i ^ (f) (X) dxdl, 

Ja Ja J a [, « m «1 ) 

* This investigation is due to Schmidt, the result to Hilbert. 

t These numbers are not all different if there is more than one ortliogonal fiinotiou to each 
characteristic number. 

X The supposition is, of course, a matter for verihcation witli any particular equation. 

15—2 
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since the series converges uniformly, we may integrate term by term and get 

r t (*) fir (f) ^ (f) df - ^ r i^n (f) ^ (f) df 

d a a 

ass 0. 

Therefore (je) is orthogonal to ^ (jt), ^ (/r), . . . ; and so taking the 
equation 

ir(^)^flf \k{x, f)- 

we have ^(x)^ /if K (x, f ) yfr (f) df. 

Therefore /a is a characteristic number of K (x^ y), and so {x) must be 
a linear combination of the (finite number of) functions (^) corresponding 
to this number ; let 

m 

Multiply by ^m(^) and integrate ; then since (a?) is orthogonal to all the 
functions (^p)i we see that * 0, so, contrary to hypothesis, ^ {x) ~ 0. 

The contradiction implies that the nucleus H {Xy y) must be identically 
zero ; that is to say, K (a?, y) can be expanded in the given series, if it is 
unifonnly convergent. 

Example. Shew that^ if Xo be a characteristic number, the equation 
^(x)=/(x)+Xo 

certainly has no solution when the nucleus is symmetric, unless /{x) is orthogonal to all 
the characteristic functions corresponding to Xo. 

11*71. The solution of Fredholm's equation hy a series. 

Retaining the notation of § 11*7, consider the integral equation 

<*> («) =/(®) +->^f K{x, f ) «*> (f) df, 

J a 

where K {x, f ) is symmetric. 

If we assume that 4>({) can be expanded into a uniformly convergent 
00 

series S On^ (f). we have 

n»l 

2 o„^„ (<c) -/(a;) + 2 ^Oni^ix). 

»=»l ^ 

so that /(a;) can be expanded in the series 

»=1 ^ 

Hence if the function f{x) can be expanded into the convergent series 

oo *5 X.n 

2 6n^n(^)> I'ben the series 2 — if it converges uniformly in 

the range (a, 6), is the solution of Fredholm's equation. 
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rM • • 

To determine the coefficients we observe that S bn4>n (®) converges uni- 

n-l 

formly by § 8'36*; then, multiplying by ^(tr) and integrating, we get 

bn^j ^{x)/(x)dw. 

11 '8. Solution of AM* intogral equation. 

This equation is of the form 






( 0 <^< 1 , a^x^h\ 


where/' {x) is continuous and/ (a)*»0; we proceed to find a continuous solution u {x). 

Let (f^(x)=^ j u ({) and take the formula + 

TT /* 

sin "* y f f ’ 

multiply by u (f) and integrate, and we get, on using Dirichlet’s formula (§ 4*51 corollary), 


sin fiir 


-/: 


f{x)dx 
{t-xf-o- 

Since the original expression has a continuous derivate, so has the final one ; therefoie the 
continuous solution, if it exists can be none other than 


«(«). 


sinutr d 
* w dz 


[* f{x)dx 
Ja(e-xy-o’ 


and it can be verified by substitution | that this function actually is a solution. 


11*81. ScAidmilcA*s§ integral equaMon, 

Let f{x) have a continuous differential coefficient when -tr ^x^rr. Then the equation 

w y 0 

has one solution teith a continuous differential coeffioient when namely 

(f, (x) =/ (0) +x /' (x sin 6) dB, 

From § 4*2 it follows that 

/' (x) w -■ sin Stp' (x sin 6) dB 

y 0 

(so that we have 0 (0)=/(0), (0)=»^ir/' (0)). 

* Bin6e the namben are all real we may arrange them in two aeis, one negative the 
other positive, the members in each set being in order of magnitude ; then, when j < > X. it is 
evident that Xn/(X„ - X) is a monotonie seqnenoe in the case of either set. 

t This follows from § 0*24 example 1, by writing (r- ar)/(x - f) in place of x. 

X For the details we refer to Bdoher's tract. 

I ZeiUchrift far Math, und Phys. it. (1857). The reader will easily see that this is reducible 
to a case of Volterra's equation with a discontinuous nucleus. 
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Write xsin ^ for x, and we have on multiplying by x and integrating 

X J * /' (x sin U sin (x sin B sin flWj cf^. 

Change the order of integration in the repeated integral (g 4*3) and take a new variable x 
in place of defined by the equation sin x»fiin B sin 

Then /**'{/«* 

Changing the order of integration again (§ 4*51), 


But 
and BO 


/r 


sin B dB 


^(cos* X “ 




X J^/'(x8in-^)rf^«x J^4>'(xBin x)cosxtlx 

^fP(x)^4>(0), 

Since ^(0)«/(0), we must have 

4)(x)=/(0)+jf J^/'(xBiD^)dir ; 

and it can be verified by substitution that this function actually is a solution. 
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Miscellaneous Examples. 

1. Shew that if the time of descent of a particle down a smooth curve to its lowest 
point is independent of the starting-point (the particle starting from rest) the curve is a 
cycloid, (Abel.) 

* The reader will find a more complete bibliography in this Report then it ie possible to give 
here. 
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2. Shew that, if /(a?) ie continuous, the solution of 

^ (a?) -i/(j ?) +\J 008 (2a*#) </) (s) d$ 

/(.r)+X { /(#)coe(2#?#)<i# 

“ ’ 

assuming the legitimacy of a certain change of order of integration. 

3. Shew that the Weber- Hermite functions 

(«■***) 

satisfy ^ = X J (ft {») dt 

for the characteristic values of X. (A. Milne.) 

4. Shew that even periodic solutions (with penod 2ir) of the differential equation 

^ (vT) ™ 0 

satisfy the integral equation 

0(j?)«eX j ^(#)(i#. (Whittaker; see § 19*21.) 

5. Shew that the chantcteristic functions of the equation 

<f> W-x >r-‘ (*-y)* - 1 1 -y ij ^ (y) 

are (:r) = cos mx, sin nix, 

where X«m* and m is any integer. 

6. Shew that ^{x)^j f </> (f ) 

has the discontinuous solution ^ {x) » kx^~^ ^ (B6cher. ) 

7. Shew that a solution of the integral equation with a symmetric nucleus 


IB 


<>(•»)= 2 (.f). 

nisi 


pro\nded that this series converges uniformly, where X,,, (x) are the characteristic 

OB 

numbers and functions of iT {x, () and S (x) is the expansion of /(a). 

n»i 

8. Shew that, if | X | < 1, the characteristic functions of the equation 
^ /. , l-2Aoos({-x)+A* ^ 

are 1, ooswu?, sin mx, the corresponding characteristic numbers being 1, 1/A^\ where 
m takes all positive integi*al values. 
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THE GAMMA FUNCTION 


12*1. Definitions of the Qamma-fundion. The Weierstrossian produoL 

Historically, the Gamma-function* ?(«) vras first defined by Euler as the 
limit of a product (§ 12*11) from which can be derived the infinite integral 

j V~^tr*dt\ but in developing the theory of the function, it is more con- 
venient to define it by means of an infinite product of Weierstrass’ canonical 
form. 

Consider the product ze"** 11 "j, 

where 7 = lim + g — log ml = 0*5772157.... 

[The oonatant y is known as Euler’s or Mascberoni’s constant ; to prove that it 
exists we observe that, if 

n t 1 , 


is positive and less than 




therefore 1 converges, and 


lim 

JH-^« 


{1 


+U. 

^2 



lim I S «,+log^^| = S »*. 
U=»l ^ J 


The value of y has been calculated by J. C. Adams to 200 places of decimals.] 

The product under consideration represents an analytic function of z, for 
all values of z ; for, if N be an integer such that | r | ^ JT, we havef, i{n>N, 



2 n» 3 n' 


$ 




IN* 
^4 n’ 


1 + 


1 + 1 + 1 
2^2>^ ••*) 


1^' 
5 n* ■ 


oo 

Since the series S \N*j(2n*)] converges, it follows that, when | | « I jV, 

ii-JV+l 


* The notation r( 2 ) was introdaoed by Legendre in 1814* 

t Taking the principal valae of log (1 + 1 /ft). 
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S |log ^ ~ ^ absolately and uniformly convergent series 

of analytic functions, and so it is an analytic function (§ 5'3); con- 
sequently its exponential IT •{(l-i--)e~Klisan analytic function, and 

so «5»* n |(l + ” n| is an analytic function when \ii\% ^ JV', where N is 

any integer ; that is to say, the product is analytic for all finite values of z. 
The Oamma-function was defined by Weierstrass* by the equation 

from this equation it is apparent that r(s) is analytic except at the points 
^ » 0, — 1, — 2, . . , , where it has simple poles. 

Proofs have been published by Holder f, Moore and £amee§ of a theorem known to 
Weierstrass that the Gamma-function does not satisfy any differential equation with 
rational coefficients. 


Example 1. Prove that 




where y is Euler’s constant. 

[Justify differentiating logarithmically the equation 




by § 4*7, and put 1 after the differentiations have been performed.] 
Example 2. Shew that 




and hence that Euler’s constant y is given by|| 




Example 3. Shew that 


»-il( “*+«)* }‘“f (*-*+!)■ 


* Journal ftir Hath. u. (18fi6). This formula for T (r) had been obtained from Euler’s formula 
(§ 12*11) in 1848 by F. W. Newman, Cambridge and Dublin Math. Journal^ iix. (1848), p. 60. 
t Math. Ann. xxvin. (1887), pp. 1-13, 

X Math. Ann. xi^vm. (1897), pp. 70-74, 

§ Meeeenger of Math, txix. (1900), pp. 122-128. 

)| The reader will see later (§ 12*2 example 4) that this limit may be written 
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EvAer'a formula for the Oamma-funotion. 
By the definition of an infinite product we have 


— z lim \m~* n (l+-)l 

..lim rnYi + ly'n(i+-')l 

m-^oD L»»l \ »*1 \ J 

H«““ 

This formula is due to Euler*; it is valid except when x=*0, — 1, — 2, .... 
Example. Prove that 

1212. The difference eqriation eaiiafied by the Oamma-function. 

We shall now shew that the function r(^f) satisfies the difference equation 

r(x + l).«xr(4 

For, by Euler s formula, if z is not a negative integer, 


r(^ + i)/r(z): 


x + 1 


lim n 

M'^OD Msl 


(iH-i' 

\ n, 


ly+r 


1 + 


r + 1 


^ m-^ao n»l 2 ^ ? 

n 


f(l + -)(i' + n) 
‘ lim n ' 

+ 1 m-^oo n*l v. S + Tl -f* 1 ^ 


m + 1 

, g hm — ^ 

X -f w + 1 


This is one of the most important properties of the Gamma-function. 
Since F (1) « 1, it follows that, if s is a positive integer, F (x) * (s — 1) !. 

* It wae given in 1739 in a Utter to Qoldhaoh, printed in Fusb^ Ctnretp, Math. 
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Example, Prove that 

]L_4._2 . 1 , ^ (1 lJLa.lJ_ I 

r(«4-l) r(5+2)’^r(r+3)'^*'‘ r{«) U "l ‘ 

1 


[Coneider the exprassion 
1 


J («+l) « (je+1) («4'2)“*’ 


1 

x(*+l)... («+»i) 


It cai) be expressed in partial fractioos in the form S — ^ , where 

Noting that 2 A<; , prove that 2 -( 2 as 

m^co when z is not a negative integer.] 

12*13. The evaluation of a general class of infinite products. 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 

OD 

n M„, 

n*l 

where w» is any rational function of the index n. 

For, resolving «» into its factors, we can write the product in the form 

TT - Oi) (n - U a) . .. (n -> aj^) ] . 

1 (n-bi)...{n-bi) }' 

and it is supposed that no factor in the denominator vanishes. 

In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denominator, and also .4=1; for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity. 

We have therefore A; — and, denoting the product by P, we may write 

n«i ... {n-bt) 

The general term in this product can be written 


1 - 


a-i + Oj + ... bi- ... -6a 


+ -4n, 


where An is 0 (n*"*) when n is large. 

In order that the* infinite product may be absolutely convergent, it is 
therefore necessary further (§ 2*7) that 

a,+ ... +a* — 6i — — 6*»0. 
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We oan therefore introduce the factor 

exp (a, + •.. -h 0 * — 6i - - 6*)} 

into the general factor of the product, without altering its value ; and thus 
we have 

a, a. 


p- n J 

m^l 




But it is obvious from the Weierstrassian definition of the Oamma- 
function that 




and 80 p i Hr(-h)b,r(-b,)...hr( -h ) _ * r(i- 6 „) . 

and so r-- „_r(-a,)...atr(-at) 

a formula which expresses the general infinite product P in terms of the 
Qamma-function. 

Example 1, Prove that 

* «(a + 6+#) ^r(a4'l)r(6 + l) 

(a+«) (b^8 ) “ r(a-h6+i) * 

Example 2. Shew that, if aa-cos (2Yr/7i) sin (2fr ln\ then 

* " 5) 0 ■ S) - “ ^ ^ ^ ^ ‘ 

1214. Connexion between the Qamma-function and the circular functiwu. 

We now proceed to establish another most important property of the 
Qamma-function, expressed by the equation 


r(x)r(i-x). 


TT 


Sin irz 

We have, by the definition of Weierstrass (§ 121), 

rwr(-.).-i n {(i +3.-=}- n |(i 


— TT 


z Sin irz 

^y§ 7'6 example 1. Since, by § 12*12, 

r(l-x) = -xr(-#) 


we have the result stated. 
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Corollary 1. If we assign to t the value this formula gives {r(i)}*«>9r ; since, by 
the formula of Weierstrass, r (^) is positive, we have 

Corollary 2. If ^ (r) ** r' (e)/r («), then ^ (1 - if) — ^ (r) — it cot «r «. 

12 ' 15 . The midHplication-theorem of OaiLsa* and Legendre. 

We shall next obtain the result 


For let 




nr(»ir) 


Then we have, by Euler’s formula (§ 12'11 example), 

1 . 2 ... (»i — 

»« n hm ^ ^ , ' ' 


^(r)i 


n lim 


"T , 2 . . . (nm — 1) . (nmy^ 
nz{nz -h 1) ... (nz + ?jm — 1) 


=s lim 
m^oo (nw-1)! 

It is evident from this last equation that (z) is independent of z. 
Thus if) (z) is equal to the value which it has when z^- \ and so 

Th«.fore 


^ (27r)»~^ 

. w . 2w . (»— l)7r 
sm ~ sin — ... sm ^ 


n 


n 


n 


n 


i.e 


Thus, since if> (n"*) is positive, 

r (x) r (s + ^) ... r (x + - n*-’«,(2w)*<*-^>r(nx). 

Corollary. Taking n«2, we have 

2=^-' r (a) r (* + i) - »ri r ( 2 *). 

This is called the duplication formula, 

* Werket m, p, 149. The case in which nss2 was given by Legendre. 



1215 - 12 - 2 ] 


THE OAHMA FUNCTION 


241 


Examj^. If 

shew that 

B(np,ng)^n Si,, <i) h(2g, g) ... B <,i ' 

12*16. Expansiont for the logarithmic derivatee of the Gamma-fwnction, 


We have 




Differentiating logarithmically (§ 4*7), thie gives 

cglogr(a- f 1) _ . g . i , _ 

ar" '“*‘l(« + l)”^2(z-f2)“^3(«+3) 

Therefore, since log r (z + 1 ) «log 2 + l<»g r {z\ we have 

1 




^^logr(«)« y z'^^J^^n(z + ny 


Differentiating again, ^2 (^ + 1)=^ 


(^+l)""2(z + 2) 

1.1, 

* ' /- I o\9“^* • •• • 


....} 


These expansions are occasionally used in applications of the theory. 

12 * 2 . Euler 8 expression of T (z) as an infinite integral. 

The infinite integral J e^^t^^^dt represents an analytic function of z when^ 

the real part of z is positive (§ 5*32); it is called the Eulerian Integral of the 
Second Kindf. It will now be shewn that, when R(z)>0, the integral is 
equal to F (z). Denoting the real part of z by x, we have ;c> 0. Now, if % 


we have 


?! 

n {Zy n)^n^ I (1 — . 

Jo 


if we write t^nr\ it is easily shewn by repeated integrations by parts that, 
when a; > 0 and n is a positive integer, 

[\l _ T)»T*->dT - T" (1 - t)» 1' + - f ‘(1 
Jo L* Jo ■*Jo 


n(n-l)... 1 n 
e(z + 1) ... (z + n - 1 )Jq 

and 80 = 

Hence, by the example of § 12*11, 11 (z, n) -*^r(z) as n 




00 . 


* If the real part of z is not positive the integral does not converge on account of the singa- 
larity of the integrand at tsO. 

t The name was given by Legendre ; see § 13*4 for the Eulerian Integral of the First Kind. 
t The many- valued function is made precise by the equation logf being 

purely real. 


W. M. A. 


16 
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Consequently F (e) * Urn f f 1 — 

fi^cs J 0 \ 


And 80, if 
we have 


Ti (z) - f e-^tr^dt, 

Ja 

r, (z) - r (^) - lira I* |<r* - ( 1 - j . 


Now lim [ e’^t^'dt^O, 

n-^^J n 

since j converges. 

Jo 

To shew that zero is the limit of the first of the two integrals in the 
formula for Fj (g) - F (z) we observe that 

0 « ^ 1 - 1 j" « 

[To sstabliah these inequalities, we proceed as follows : when 0 < 1, 

from the series for ^ and (1 Writing tjn for y, we have 

and so 

Now, if O^a^l, (l-a)**^l~na by induction when wa<l and obviously when 
na^l; and, writing fi/n^ for a, we get 

and so* 

which is the required result.] 

From the inequalities, it follows at once that 

Jo 




< n-> j e-^t^dt ■* 0, 


as 7 ) SO , since the last integral converges. 

* This analysis is a modifioation of that given by Bchldtoiloh, Compendium der Mkeren 
Analy$i$t ir. p. 248. A simple method of obtaining a less precise inequality (which is sufficient 
for the object required) is given by Bromwich, Infinite Serietf p. 469. 
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Consequently F (s) when the integral, by which Fi (z) is defined, 

converges; that is to say that, when the real part of z is positive, 

r(z)^f 

Jo 

And so, when the real part of z is positive, F (z) may be defined either by 
this integral or by the Weierstrassian product. 

Example 1. Prove that, when R(z) is positive, 

Examine 2. Prove that^ if R{z)>0 and R (s) >0, 

r(*) 


I. 


djc»= . 

0 




Example 3. Prove that, if R(z)>0 and ^ («) > 1, 

Example 4. From § 12-1 example 2, by using the inequality 


deduce that 




dL 


r 0 t 

12 * 21 . Extension of the infinite integral to the case in which the arguiimvt of the 
Oamma^function is negative. 

The formula of the last article is no longer applicable when the real part of s is 
negative. Cauchy* and Saalschiitzt have shewn, however, that, for negative arguments, 
an analogous theorem exists. This can be obtained in the following way. 

Consider the function 

where k is the integer so chosen that ^k>x>--h-\yX being the real part of «, 

By partial integration we have, when a < — 1, 

The integrated part tends to zero at each limit, since x-\-k is negative and is 

positive : so w*e have 

r,(*)-ir,(*+i). 

The same proof applies when x lies between 0 and —1, and leads to the result 

r(f-»-i)«*r8(«) (0>;r>-i). 

The last equation shews that, between the values 0 and — 1 of 47 , 

* Exereiees de Math* n. (1827), pp- 91-92. 
t Zeitsehrift fUr Math, ttnd Phys, xxxu. (1887), xxxxii. (1688). 


16--.2 
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The preceding equation then ahews that r2(ip) is the same as r(i) for all negative 
values of E{z) less than —1. Thus, for all negative values of R (z)y we have the result of 
Cauchy and SaalschUtz 

where k is the integer next less than - R (z). 

Example. If a function P (fi) be such that for positive values of fi we have 

P{p,)wsl 

Jo 

and if for negative values of /i we define P^ (p) by the equation 

AW- (e-^-l+jc - ...+(_)*+i ate, 
where k is the integer next less than - ^ shew that 

A w-/»w-i+ n^)— •+( - )*-’ ni^y 

12*22. HankeVs expression ofT{z)asa contour integral. 

The integrals obtained for r(i?) in §§ 12*2, 12*21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Hankel*; this 
integral will now be investigated. 

Let i) be a contour which starts from a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p. 

Consider J (— when the real part of z is positive and z is not 
an integer. 

The many-valued function (— is to be made definite by the convention 
that (— ty ^^ « and log (— t) is purely real when t is on the negative 

part of the real axis, so that, on D, — tt ^ arg (— t) % tt. 

The integrand is not analytic inside 2), but, by § 5*2 corollary 1, the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to S, describes a circle of radius 8 counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (— f) » — tt, 
so that (— ty^"^ (where log t is purely real) ; and on the last 

part of the new path (— ty'“^ = e^^ 

On the circle we write — ^ a he^\ then we get 

= - 2i sin {trz ) ^ + tS* J' 

* Zeitsehrift fUr Math, und Phyz. ix. (1864), p. 7. 
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12 - 22 ] 

This is true for all positive values of now make S-^0; then 

and j ^ j since the integrand tends to its limit 

uniformly. 

We consequently infer that 

j^(- ty^^e^^dt * — 2i sin (wz) j 

This is true for all positive values of p ; make p-^ ^ , and let C be the 
limit of the contour 2). 


Then 

Therefore 



Now, since the contour C does not pass through the point ^*=0, there 
is no need longer to stipulate that the real part of z is positive; and 

(— is a one-valued analytic function of z for all values of z. 

Hence, by § 5*5, the equation, just proved when the real part of z is positive, 
persists for all values of z with the exception of the values 0, ±1, ±2, 

Consequently, for all except integer values of z. 


I. 


r(^)--sv4 f (-ty-^e-*dt. 

^ ' 2l BlliTTZ J c 


This is Hankel’s formula ; if we write 1 — ^ for z and make use of § 12*14, 
we get the further result that 

1 


J f; 


V{z) 27r 

/•(0+) f 

We shall write i for , meaning thereby that the path of inte- 

- OD C 

gration starts at * infinity’ on the real axis, encircles the origin in the positive 
direction and returns to the starting point. 

Example 1. Shew that, if the real part of x be positive and if a be any positive 
oonniSLuty ji-- 1)'"* dt tends to zero as when the path of integration is either of 

the quadrants of circles of radius p + a with centres at -a, the end points of one quadrant 
being p and (p -l-a), and of the other p and — a - 1 (p +a). 
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Deduce that lim f * ^ lim { { — 

J -a+<p p^« J c 

and hence^ by writiog <«» — a - tw, shew that 

[This formula was given by Laplace, Th^orie Analytique des Probabilitdt (1612), p. 134, 
and it is substantially equivalent to Hankers formula involving a contour integral.] 

Example 2. By taking a « 1, and putting — 1 + e tan $ in example 1, shew that 

— cos (tan co8***dcM. 
r(«) w./o 

Example 3. By taking as contour of integration a parabola whose focus is the origin, 
shew that, if a> 0, then 

r («)=-: I «“®^(l + ^*)^“*cos{2a^ + (2^ — 1) arc tanr}(if. 

sin ifz j 0 

(Bourguet, Acta Math, i.) 

Example 4. Investigate the values of x for which the integral 

- I sin tdt 
rrjo 

converges ; for such values of x express it in terms of Gamma-functions, and thence shew 
that it is equal to 

(('-£.) /i {(*+ B^) ■ 

(St John’s, 1902.) 

Example 6. Prove that | (log dt converges when /w > 0, and, by means 

Jo t 

of example 4, evaluate it when m—1 and when m««2. (St John’s, 1902.) 


12*3. Gauss" expression for the logarithmic derivate of the Gamma-function 
as an infinite integral*. 

We shall now express the function ^ log F (z) « infinite 

integral when the real part of z is positive; the function in question is 
frequently written (z). We first need a new formula for 7 . 

Take the formula (§ 12'2 example 4) 

where A « 1 - since / ~ log . -^0 as 3-“*-0. 

J A t 1 -6“* 

Writing f«*l - in the first of these int^rals and then replacing m by ^ we have 

This is the formula for y which was required. 


Werket ni* p. 159. 
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To get Gauss' formula, take the equation (§ 12*16) 

I (i.-l-), 

r(z) ' z z-^mj* 

1 r* 

and write = j 

z-^m Jo 

this is permissible when m * 0, 1, 2, ... if the real part of z is positive. 

It follows that 

- 7 — f lim f S 

^ \^) J t> n-^an Jo m«l 

pg-e_g-*e_g-(n+i)e + g-(*+«+>)t 

-• ' + TIFi ■“ 

.r ,i„ r 

Jo \t 1-e-V «-«Jo l-« * 

Now, when 0 < / ^ 1, _ . is a bounded function of t whose limit as ^-►O is finite ; 

1 - 


and when ^ ^ 1, 




Therefore we can find a number K independent of t such that, on the path of integration, 

andiHo r\zf:^ e(’^*mdt\<K f ' as n— ». 

y 0 1 ^ I y 0 

We have thus proved the formula 

which is Gauss’ expression of y^{z) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single-valued function. 

Writing f»log(l+ar) in Gauss* result, we get, if 1, 

-I'i (/:?*-/: 

since 0 < J * ^ ft 7“ 

m~IzL ?’ 


so that 


an equation due to Dirichlet*. 




nwkft 1. p. 275. 
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Examjile 1. Prove that, if the real part of a: ie positive, 

Excmph 2. Shew that 


•/: 




(Gkiiiss.) 

(Diriohlet.) 


12*31. Binet'a first eospression for log T {z) in terms of an infinite integral, 

Binet* has given two expressions for logr( 2 ^) which are of great 
importance as shewing the way in which log T {z) behaves as | ^ | -*- oo . To 
obtain the first of these expressions, we observe that, when the real part of 
z is positive, 

r(z+i) _r(e-^ e-^) 

r(z + l) Jolt e‘-ir*’ 

writing z + 1 for t in § 12*3. 

Now, by § 6*222 example 6, we have 


and so, since 
we have 


i«g.-£ 


dt, 


^iogr(z+i)=l + iogr-/^ 


dt. 


The integrand in the last integral is continuous as ^-^0; and since 

5*7+ ~ i bounded as ^ oo , it follows without difficulty that the 

integral converges uniformly when the real part of z is positive ; we may 
consequently integrate from 1 to z under the sign of integration (§ 4*44) and 
we getf 

iogr(.+i)=(. + |)iogz-. + i+/^ 


Since 


we 


have 


Since ^ continuous as f 0 by § 7*2, and 

log r (z^l) = logz^ log r (z). 


* Journal de VEcoU Polyteehnique^ xvi. (1889), pp. 183-148. 

+ Logr(4f + l) mMDS the sum of the principal Taluea of the logarithms in the factors of 
the Weierstrassian product. 
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To evaluate the second of these integrala, let* 

so that, taking in the last expression for logr(t), we get 

ilogjr-i+Z-/. 

/ * /I 2 1 \ 

{ 5 - -- + -T3 — ) we have 

0 \2 t e*®— 1/ ^ 

n \ 
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And so 


Jo \ t «* — 1/ t 

, («-*' 1 1 (ft 

{— -T+i!3i}7 


-Hi log i- 

Con8e<iuentl7 /* ] — log (2fr). 

We therefore have Binet's result that, w'hen the real part of z is positive, 
log r (X) = (x - 1) logx - X + 1 log(27r) (1-1 + 

If z^x + %y, we see that, if the upper bound | ^ ^ ^ x ) ? **^**^^ 

values of t is Ky then 

|logr(x)-(x-|jlogx + x-|log(2w)j< K e-^dt 

=^Kai-\ 

SO that, when x is large, the terms log^ - 2 + g log (2'7r) furnish an 

approximate expression for log F (z), 

Ejcample 1 . Prove that, when R (z) > 0, 

logr(z)-J^ +(«-l)«'’‘| —• (Malmst^n.) 

Example 2. Prove that, when R (r) >0, 






(F^x.) 


This artiflee U dus to Priagsbeim, Ifatft. dnn. xxxt, (1888), p. 478. 
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3. Fi’obd the formula of § 12*14, shew that, if 0 < 4 ? < 1, 

2 log r(jr)-log IT +log sin ira?» - (1 - 2a?) e**| j . 

(Rummer.) 

Example 4. By expanding sinh(i~^)r and l-2r in Fourier sine series, shew from 
example 3 that, if 0 <x < 1, 

OD 

logr (^)B^logfr -ilog8in9r«+2 1 a,, sin 2nfr4?, 




2wfr £211 ^ 


-J « w/ T • 

Deduce from example 2 of § 12*3 that 

««= 2 ^ (y +log 2»r + log n). 

(Rummer, Journal fllr Math, zzzv. (1847), p. 1.) 

12*32. Binet's second expression for log F (z) in terms of an infinite 
integral. 

Consider the application of example 7 of Chapter vii (p. 145) to the 
equation (§ 12*16) 

d\ ^ 1 

The conditions there stated as sufficient for the transformation of a 
series into integrals are obviously satisfied by the function ^(f)’ ^ 

if the real part of z be positive ; and we have 




^.losrw-i +/f 5^-2/**^^* + 2 1.™ 

2iq (t) ' 


dz^ 

where \ i. / — y ; — . 

(z tty {z - tty 

Since \q{t, z -^n)] is easily seen to be less than Kitjn, where is inde- 
pendent of t and n, it follows that the limit of the last integral is zero. 


Hence 

Since 




i»8rw.i+l+/; 


^tz 


dt 


2z 


lo (z«4‘f*)*e*^‘-l’ 

does not exceed K (where K depends only on S) when the 

real part of z exceeds S, the integral converges uniformly and we may 
integrate under the integral sign (§ 4*44) from 1 to z. 

We get 

iiogr(.).-i + iog.+c-2£j 

where (7 is a constant. Integrating again. 




)ogr(z)-^«-|)logs + (C7-l)« + 0' + 2j^ 


where C is a constant. 
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<•**— 1 


dt 


12-32, 12-33] 

Now, if jr is real, 0 < arc tan tjs < tjz, 

and so 

|logr(r)-(z-l)logT-(0-l)^-C"|<?/J 

But it has been shewn in § 12‘31 that 

logr(«)-^s-^^logs + *-^log(27r) —0, 

as X through real values. Comparing these results we see that (7*0, 
C' =^\og{2ir). 

Hence for all values of z whose real part is positive, 

log r (i) = ( « - log z - s + i log (2ir) + 2 dt. 

where arc tan u is defined by the equation 

/-* dt 

"“‘““-i.rr?’ 

in which the path of integration is a straight line. 

This is Binet’s second expression for log F (z). 

Example, J ustify differentiating with regard to z under the sign of integration, so as 
to get the equation 

r'( 




1 )’ 


12-83. The asymptotic expansion of the logarithm of the Gamma- 
function (Stirling’s series). 

We can now obtain an expansion which represents the function logr(^) 
asymptotically (§ 8*2) for large values of \z\, and which is used in the 
calculation of the Gamma-function. 

Let us assume that, if z^x-^iy, then a: ^ 8 > 0 ; and we have, by Binet’s 
second formula, 

log r (i') * - I) log z - # + 1 log (27r) + ^ {z), 


where 

Now 

arc 


‘ (-)»- 1“- (-y t‘ 


Substituting and remembering (§ 7’2) that 

r Bn 
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where Bi, B,, ... Are Bernoulli’s numbers, we have 


* (—Y~' B, 

<f> (z) - 2^ 2r{2r-l)z^' 


2(-)'‘ r* f r< u«“du) dt 
Jo tio «*+«’! 


Let the uppm* bound* of y, ^ for positive values of m be K^. 




Hence 


, 

4(n+T)(2n+i)|f|»’ 


2(-r r u^du] dt 

Jo Uo 14*+ W 2(n + l)(2n + l)l^|*"^'’ 

and it is obvious that this tends to zero uniformly as [ z | oo if | arg z | ^ J -tt — A, 

where J w > A > 0, so that Kg < cosec 2 A. 

Also it is clear that if | arg z ] ^ J w (so that = 1) the error in taking the 
first n terms of the series 

« 1 
rZi 2r {2r-l)z^-^ 

as an approximation to <f) (z) is numerically less than the (?i + l)th term. 
Since, if | arg z | ^ Jtt — A, 


2 t ^)1 




as f -» 00 , it is clear that 


1.2.S 3.4.s*^6.6.s* 

is the asymptotic expansion f (§ 8*2) of ^(s). 

We see therefore that the series 

(» - 1) log . - * + 1 log (Ihr) + i_ 

is the asymptotic expansion of log F (z) when | arg z [ < Jtt — A. 

* JSr,-* is the lower bound of t y y ^ consequently equal to 

1 *• »*<!'* « **>«'*• 

t The deyelopment is asymptotic ; for if it converged when | r | p, by § 2*6 we could find K, 

each that (2n - 1) 2nKf^ ; and then the series Z ^ would define an integral 

- ... 

function ; this is contrary to § 7*2. 
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This is generally known as Stirling’s series. In § 13'6 it will be estab* 
lished over the extended range | argx | < w — A. 

In particular when z is positive (ac x), we have 

dt ^ Bn+i 


«/■“(/■* u”*du 

V. {/. ^ 


•"-1 2(11 + l )( 2 ii + !)«•■ 

Hence, when u:>0, the value of always lies between the sum of 

n terms and the sum o/ w H- 1 terms of the series for all values of n, 

B 0 

In particular 0 < ^ (a;) < . so that ^ (ar) » where 0 < < 1. 


r («) = " » e “ * ( 2 w)* 


Hence u t!r\ = aF ^ » t 

Also, taking the exponential of Stirling’s series, we get 


139 


571 




r(*) e x *(2w)*|l + J 2 .P + 28 ,,,,, 518401,:* 2488320** 

This is an asymptotic formula for the Oamma-f unction. In conjunction 
with the formula r(^+ l)asa7r(.2;), it is very useful for the purpose of com- 
puting the numerical value of the function for real values of a?. 


Tablea of the function logioT (;*?), correct to 12 decimal places, for values of x between 
1 and 2, were constructed in this way by Legendre, and published in his Exerciees de 
Calcul Integral, II. p, 85, in 1817, and his Traiti de$ fmctiom elliptiques (1826), p. 489. 

It may be observed that F (j?) has one minimum for positive values of x, when 
a: = 1 '4616321 . . . , the value of lugjo F {x) then being 1*9472391 .... 

Example. Obtain the expansion, convergent when R {z) > 0, 

log, F {z)^{z - J) log, x- x+i log, (2»r)+s/ (x), 

where 

{rn 2(*+l)V+2) 3(*+l)(* + 2)(* + 3;'‘'-} ’ 

in which 

ct-h «»-n. ««“W. 

and generally 

Cn""J (x+l)(x^2) ...(x-i^n-1) (2x-l)x(ix. (Binet.) 


12'4. The Eulerian Integral of the First Kind. 

The name Eulerian Integral of the First Kind was given by Legendre to 
the integral 

B (p, 9) = f (1 — dx, 

J 0 

which was first studied by Euler and Legendre*. In this integral, the real 
parts of p and q are supposed to be positive; and (1 — are to be 
understood to mean those values of e^i^*^*®** and which correspond 

to the real determinations of the logarithms. 


Euler, Kov. Comm, Petrop. xvx. (1772); Legendre, JExercieiti, i. p. 221. 
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With these stipulations, it is easily seen that B (p, q) exists, as a (possibly 
improper) integral (§ 4*5 example 2X 

We have, on writing (1 — «) for x, 

B(j), q)^B(q,p). 

Also, integrating by parts, 

pxi>^ (1 - «)* (fa; - + Sj^a!t>(l- a:)«-‘ dx. 


that 

B{p,q + l)~^B{p + l, q). 

Example 1. 

Shew that 


B(p, q)=B{p-^\, q)+B(p, } + l). 

Example 2. 

Deduce from example 1 that 


^ (Pi 9 + 1) ^ 

Example 3. 

Prove that if n ia a positive integer, 

Example 4. 

Prove that 

fvo S'~’l 

Example 5. 

(!+»)*+»*•■ 

Prove that 

r(«)« lim n* n). 

l4-**00 


12*41. Expression of the Eulerian Integi'al of the First Kind in terms of 
the Oamma-function, 


We shall now establish the important theorem that 


£ (m, n) 


r(7w)r(H) 

r(m + n) 


First let the real parts of m and n exceed i ; then 

r (m) r (w) «■ f 6*"® dx.x f y**"’ dy. 
Jo Jo 


On writing for x, and y* for y, this gives 

r (m) r (w) 5= 4 lim f a?*"*-* dx x f y*”~* dy 
n-^ooJo Jo 

fjt rn 

«■ 4 lim I I dfl?dy. 

jt^toJo Jo 


Now, for the values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con- 
sidered as a double integral taken over a square Sr. Calling the integrand 
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filo, y\ and calling Qb the quadrant with centre at the origin and radius 
we have, if Ib be the part of outside Qb> 

I y)dxdy y) 

^ II tk y^^^^y 

< / fa, I ”//«», 

-^0 as H-^Qo , 

since |/(a?, y) | cirdy converges to a limit, namely 

2 f I I dr X 2 f I y*”“* | dy. 

^0 Jo 

Therefore 

lina 1 1 f{w,y)dasdy^ lim // /(a?, y)drdy. 

J J Sr Ob J J Qr 

Changing to polar* coordinates ( 4 ? =■ r cos 0, y^r sin tf), we have 
J / («, y) ctedy * J cos (r sin rdrd0. 


Hence 


/** ri"’ 

r (wi) r (w) * 4 / (if I cos’*"**' ^ sin*"”' 0d0 

Jo Jo 

« 2r (m + n) j cos*"*”' 0 sin*"”' 0d0. 

Writing cos* 0«« u we fit once get 

r (m) r (n) « r(m + n) , B (m, n). 

This has only been proved when the real parts of m and n exceed ; but 
it can obviously be deduced when these are less than i by § 12'4 example 2. 

This result, discovered by Euler, connects the Eulerian Integral of the 
First Kind with the Oamma-function. 

Example 1. Shew that 

j "' ^ (1 +*•)*>-* (1 -*)•-> . 


* It is easily pioved by the metboda of § 411 that the areas m need not be rect- 

angles provided only that their greatest diameters can be made arbitrarily small by taking the 
number of areas sufficiently laige; »o the areas may be taken to be the regions bounded 
by radii veotores and circular arcs* 
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Example 2. Shew that, if • 

/wy; y^+jf 2 ; 3! a;+3^ ’ 


then 

/(•*. y)-/(y+ii 

where x and y ha^e euoh values that the series are convergent. 
Example 3. Prove that 


(Jesus, 1901.) 




(Math. Trip. 1894.) 


12*42. Evaluation of trigonometrical integrals in terms of the Oamma- 
function. 

riw 

We can now evaluate the integral j co8*“~' a? sin"”*' a?cic, where m and n 

Jo 

are not restricted to be integers, but have their real parts positive. 

For, writing cos*^ = we have, as in § 12*41, 


Jo 2 r(im+Jn) 

The well-known elementaiy formulae for the cases in which m and n are 
integers can be at once derived from this result. 


Example. Prove that, when | /: | < 1, 

f COB*” ^ sin* ^ r j) T ( jn + J) co8»** 

Jo (l-irein*^)i r(4wi + Jn+i ) ^tt Jq (l-^Irsin^ ^)ln+r 

(Trinity, 1898.) 

12*43. Fochhammer's^ extension of the Eulerian Integral of the First 
Kind. 

We have seen in § 12*22 that it is possible to replace the second Eulerian 
integral for F {z) by a contour integral which converges for all values of z. 
A .similar process has been carried out by Pochhammer for Eulerian integrals 
of the first kind. 

Let P be any point on the real axis between 0 and 1 ; consider the 
integral 

r ( 1 +. 0 +, 1 -, 0 -) 

g-iri(.+3) f (o, 

J JP 

The notation employed is that introduced at the end of § 12*22 and 
means that the path of integration starts from P, encircles the point 1 in the 
positive (counter-clockwise) direction and returns to P, then encircles the 
origin in the positive direction and returns to P, and so on. 


* Math. Ann. xzxv. (1890), p. 495. The use of the double circuit iutegralB of thie section 

seems to be due to Jordsn, Court d'Analyte^ ni. (1887). 
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12-42, 12*48] 

At the starting-point the arguments of t and 1— t are both zero; after 
the oircuit (1 +) they are 0 and 27r ; after the circuit (0 +) they are 2rr and 
27r; after the circuit (1 — ) they are 27r and 0 and after the circuit (0 —) they 
are both zero, so that the final value of the integrand is the same as the 
initial value. 

It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis. 



If the real parts of a and /3 are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero* ; the integrands on the 
paths marked a, b, c, d are 

(1 - tf-\ (1 - 


respectively, the arguments of t and 1 — t now being zero in each case. 

Hence we may write e (a, /3) as the sum of four (possibly improper) 
integrals, thus: 

e (a, /3) - ««-> (1 - + JV”' (1 - dt 


Hence 


+ j ' f-‘ (1 - dt + [*<•-> (I - t/-‘e^ d«j 

E (a, /3) = (1 - e*~) (1 - e^) T «“->(!- <)«-' dt 

Jo 


... X • .r(a)r(/3) 

- 4 sin (ott) sin - p ~( a + 0 ) 


-471^ 


T(l-a)r(l-/S)r(« + yS)- 


Now 6 (a, 0) and this last expression are analytic functions of a and of 0 
for all values of a and 0, So, by the theory of analytic continuation, this 
equality, proved when the real parts of a and 0 are positive, holds for all 
values of a and 0. Hence for all values of a and 0 w have proved that 


e(a. 0) 


— 47r* 

T{l^a)TW^0)V{a^0) ' 


W. M. A. 


* The reader ought to have uo diflicuU.v in proving this. 
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12*6. Dirkhlet'a integral*. 

We shall aow shew how the repeated integral 

jj-- J/itj-h ta+ ... + dtn 

may be reduced to a simple integral, where /is continuous, > 0 (r ■■ 1, 2, , . , n) 
and the integration is extended over all positive values of the variables such 
that ^1 ^ • • • “f" ^71 ^ 

ri-x ri-A-r 


ri-x ri-x-r 

simplify 1 I /(^ + 
Jo Jo 


(where we have written t, T, a, 0 for tti, and \ for <, + ^4 + ... + <«), 
put < » r(l — v)/r ; the integral becomes (if X ^ 0) 


n: 


/(\ + T/v)(l - »>*-» »-•-> dvdT. 


Changing the order of integration (§ 4 * 51 ), the integral becomes 

r r + T/v)a- T'+»-^dTdv. 

JO Jo 

Putting r=t>T,, the integral becomes 

j J /,(X + Tg) ( 1 — v)*"' drg dv 

r(a + / 9 ) Jo ®^** 

Hence 

/ = jJ -.J/(T8 + t,+ ... + ... t„*.-*dTgd^ ... d<„, 

the integration being extended over all positive values of the variables such 
that Tg 4 " ^ • • • 4 " ^ 1. 

Continually reducing in this way we get 

which is Dirichlet’s result. 

Example 1. Reduce 


to a simple integral; the range of integration being extended over all positive values 
of the variables such that 

it being assumed that a, 6, c, a, A y» Pr 9t ^ positive, (Dirichlot.) 

* IFerke, i. pp. 375, 891. 
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Examfde 2. Evaluate j j dxdy^ 

m and n being positive and 

^ > 0» y ^ 0» a?***+y^ < 1. (Pembroke, 1907.) 

Example 3. Shew that the moment of inertia of a homog^eous ellipsoid of unit 
density, taken about the axis of z, is 

^ (a* + 6*) rrabc, 

where a, 6, c are the semi-axes. 

Example 4. Shew that the area of the hypocycloid ^ ^ is gir^^. 


REFERENCES. 

N. Nielsen, Handbuek der Tkeorie der Gamma-funktion’^. (Leipzig, 1906.) 

O. SCHLOMILOH, Compendium der hbheren Analyeie^ ii. (Brunswick, 1874.) 
E. L. LindelOf, Le Calcid dee tUeidue, Ch. iv. (Paris, 1905.) 

A PRINGSHEIM, Matk. Ann. xxxi. (1888), pp. 455-481. 

Hj. Mbllin, Matk. Ann. lxviii. (1910), pp. 305-337. 


Miscellaneous Examples. 


1. Shew that 


b 

(^-*>(^ + 2 ) O'a) (i+4)-=r(i+i»)r(i-p)‘ 


2. Shew that 

3. Prove that 

4. Shew that 

5. Shew that 


(Trinity, 1897.; 


r'(i) r'fi) 

r (1) ~ rTP “ ® (Jesus, 1803.) 


{r(i)}*_ 3» o»-i 7 * »>--i n* 

16ir‘ “3*-l' 6* T*-!’ 8> ' 11*-1 


(Trinity, 1881.) 


6. Shew that 


" 0+4i)}“ 

(Trinity, 1809.) 
;) . (Peterhouse, 1806.) 




7. Shew that, if z^i( where { is real, then 

I*'(*)l“\/(f8i„h,f)- 

8. When x is positive, shew thatf 

rrj?)r(i) ^ ® 2a! i 

r(j?+4) 2*" . « ! « ! a?+n’ 


(Trinity, 1904.) 


(Math. Trip, 1897.) 


* This work contains a complete bibliography, 

t This and some other examples are most easily proved by the result of g 14*11. 

17—2 
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9. ]f a is positive, shew that 


[chap, xn 


rMr(a+I) J (-)»«(a-l)(a-2)...(«-«) _1_ 
r(*+a) w: 2 + n 


10. Ifa?>0and 
shew that 

and 




P(ar)-i - — — - + — _i L — L.+ 

X l!x+1^2!x+2 3!x+3*' 


/* (x + 1 ) » xP (x) - « 

1 1. Shew that if X > 0, x > 0, - ^ <a then 


/: 

/: 


tf*-A^co8a cos (X^ sin a) cosa^, 

i*~i«-A#co*«8in (X#8ina)<ir«X'"*r(j?) sin or. 

12. Prove that, if > 0, then, when 0 < z < 2, 


(Euler.) 


and, when 0 < 5 < 1, 


/ “sin&t* , , , , 


/. 


' cos 6 a* 


(Euler.) 


r 0 X* ■ i'**' ’ ““ d"-*)/!' (*)• 

13. Tf 0 < n < 1 , prove that 

f (l+A)*‘-^COSAG?A»=r(M) |c 08 - 1^ ~.L. - 4 . 1 ..I 

Jo ' ^ "I V2 y r(« + i)^r(»+3) j ‘ 

(Peterhouse, 1895.) 

14. By taking as contour of integration a parabola with its vertex at the origin, derive 
from the fonnula 

r(a)-=--r-: / 

^ ^ 2e sin ajT y ® ^ ' 

the result 

^^^^“2sinaJi- /, ^"''***®”* k-f aarccot ( - a)} 

^ , -h8in{A+(o-2)arocot(-j7)}]cifct:, 

the arc cot denoting an obtuse angle. 

(Bourguet, Acta Math. i. p. 367.) 

15. Shew that, if the real part of is positive and S l/a** is convergent, then 


is convergent when w > 2, where (z ) = log r («). 

16. Prove that 

d\ogr{z) /■* - , 

—% — y, 

» /" {(l+a)“>-(l+a)**} — -y 
Jo 'a ' 


(Math. Trip. 1907.) 


.r^H^^dx-y 

Jo x-l 


1 


(Legendre.) 
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17. Prove that, when R (z) >0, 

18. Prove that, for all values of z except negative real valueo, 

log r (*)-(*- 1) log *-*+ 1 log (Sw) 

{ 1*1 2*1 3*1 1 

O rh (*+»•)> ■'■374 ,!,(!+?)»■*■ n rh ■ 

19. Prove that, when R (*) > 0, 

i log r^*)-log* -/J {1 

20. Prove that, when R (z) > 0, 


(Binet.) 


21. If 
ahew that 


^logrw-y^ -y-p 

/ •■►I 


and deduce from § 12*33 that, for all values of z except negative real values, 

tt=:2log«-«+4 log(2ir). 

(Raabe, Jownwd fiir Math. XX v.) 
22. Prove that, for all values of z except negative real values, 


logr(«)-(2-J)log2-z+Jlog(2ir)+ 2 ( 

*1*1/0 


dx 2nTr.sr 
x+i nir 


23. Prove that 


B{p,p) 


24. Prove that, when - r < r < /, 

^(^+r, r-r). 


/* cosh (2n<) du 
lo cosh*^ u 


25. Prove that, when ^ > 1, 

^(Pt 9 ) + 5 (p + l» y) + B (p4-2, y)-f ... fi''- 1). 

26. Prove that, when - a > 0, 

9 ) P + 9 1.2. (p+9) (^4-9 + 1)'^ *•** 


27. Prove that 


^ (P. 9) ^ (P + ^» »•) *= ^ (9* ^ (9 +^ P)- 


28. Shew that 


/•y../, ^ , r(a)r(6) i__ 

J» ^ r(o+4) (1+;»)V 


(Bouiguet*.) 


(Binet.) 


(Euler.) 


if a>0, 6>0,p>0. 


(Trinitj, 1908.) 


* This reenlt ie attribnted to Bonrguet by Stieltjea, Journal ie U«th. (4), v. p, 4S9. 
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S9. Shew that, if m > 0, n > 0, then 

n (I (1 - xr-i r (m) r (n ) . 
J r(m+w) ' 

and deduce that, when a is real and not an integer multiple of 

/oosd+sin 

y Vcosd-ain^/ " 2 sin (irooa*o)* 

30. Shew that, if a > 0, ^ > 0, 

(i + ia) - iVr (ia), 


and 


(l+Ologr* “»r(ia)r(i+i/9)- 


(St John’fi, 1904) 


(Knmmer.) 


31. Shew that^ if a> 0, <i + &>0, 

rr(«)rw_r(«±^)i 

Jo 1-* ,»o\r(a+a) r(a+6+a) f V'W- 

Deduce that, if in addition a+oO, a+6+oO, 

r **~*(i-^)(i--»*) r(o)r(a-fa+c) 

Jo (l-ir)(-logjr) *r(a + 6)r(a+c)‘ 

32. Shew that, if a, 6, c be such that the integral converges, 

/•>(l^:e*)(l -*»)(! -««)_, r(i+c+I)r(c+a+l)r(o+6+l) 

Jo (i-jr)(-iog«) ®r(a+i)r(fc+i)r(o+i)r(o+t+c+Y) 

33. By the substitution cos 0=1-2 tan shew that 

d3 {r(i)) » 


/; 


(St John’s, 1896.) 


*0 (3-cosd)4 

34. Evaluate in terms of Gamma-functions the integral j eta?, when p i 

fraction greater than unity whose numerator and denominator are both odd integers. 

[Shew that the integral is ^ j sin^ jr 


IB a 


3^. Shew that 


(Clare, 1898.) 


/." <1 ri. STSWI (■■ (^)}’ 


36. Prove that 


(Euler.) 


logi»(p, y)-log (^) 

37. Prove that, if p > 0, /> + « > 0, then 

B{p,p^») “ 2. g ^2p+ 1) 2 . 4 . (2/>+ 1) (2p+3) **’/* 

38. The curve r^a*2^-"> a^coam^ is composed of m equal closed loops. Shew that 
the length of the arc of half of one of the loops is 

(^008 4?)** cLr, 

and hence that the total perimeter of the curve is 



THE GAMMA FUNCTION 


263 


39. Draw the straight line joining the points ±t, and the semioirole of | s |«»I which 
lies on the right of this line. Let C be the contour formed hj indenting this figure at 

-i, 0, i. By considering j shew that, if p^q> 1, j <1, 

cos'* « B{p, qY 

Prove that the result is true for all values of p and q such that > 1. 

(Cauchy.) 


40. If 9 is positive (not necessarily integral), and - ^ir <iir, shew that 


C08*4P-^ 


1 r(s-n) 




c<^ 2x4- ^ — 


'2*-Mr(i«4-i)}* 
and draw graphs of the aeries and of the function oos*x. 


cos4x+ 




41. Obtain the expansion 

® n/ linT . ”1 

“ ^Lr(i*+ia+i)r(i.-io+i) + r(i*+|a+i)r(i*-}a+n''‘-J’ 

and find the values of x for which it is applicable. (Cauchy.) 


42. Prove that, if p > J, 

r(^).^|rw).[j^ {,+5^ + .}]*. 

(Binet.) 

43. Shew that, if .v<0, «+z>0, then 


r(-^) 

r(i) 



(-x)(1-;f) . (-x)(1-j)(2-j:) 

*{1+*) »(!+*) (2+*) 


and deduce that, when x+s > 0, 


d r(*+x) 


X ,x(x-l) jX(x-l)(x-2) 

*■* *(*+ !)■'■* *(»+l)(*+2) 


44. Using the result of example 43, prove that 
log r (r +a)-log r (»)+a log * - ®— 


~,fi (n + l)*(*+l;(*+2) ...(*+«) ' 

investigating the region of convergence of the series. 

(Binet, Journal do VieoU pclytoehniq^^ xvi. (1838), p. 256.) 


45. Prove that, if p>0, g>0, then 
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where 



and 



4e. If 

r-s**/r(i-i*), F-2*'/r(t-i^r), 



and if the function F{x) be de6ned by the equation 



shew (1) that F{x) satisfies the equation 

(2) that, for all positive integral values of 

Fix)«rix\ 

(3) that F(x) is analytic for all finite values of 

r(— 

(4) tut 

47. Expand 

{r(a)}-^ 

as a series of ascending powers of a. 

(Various evaluations of the coefficients in this expansion have been given by Bourguet, 
Bull, dei Sci. Math. v. (1S81), p. 43; Boux^et, Acta Math. ii. (1883), p. 261 ; Schlfimilch, 
ZeitichriftfUr Math, unk Phy%. xxv. (1880), pp. 35, 351.) 

48. Prove that the (7-function, defined by the equation 

is an integral function which satisfies the relations 

0(z + l)^T{z)0{z\ ( 7 ( 1 )« 1 , 

(n !)»/(? (n4- 1)« 1* . 2* . 3^ a". (Alexeiewsky.) 

(The most important properties of the (?>function are discussed in Barnes’ memoir. 
Quarterly Journal^ zxxi.) 


49. Shew that 


and deduce that 


50. Shew that 


(7’(«+l) 

G{z^l) 


ilog(&r)+i-*+*^\ 


log 


<?(!+*) 


/; 


wt cot ntdt-tlag (Sir). 


log r (t + 1) log (Sir) - J* (» + 1) + * log r (* + 1 ) - log O' (* + 1 ). 



CHAPTER XIII 

THE ZETA FUNCTION OF RIEMANN 


131. Definition of tke Zeta-fimdion. 

Let 8»a-^rit M'here o- and t are real* * * § ; then, if 8 > 0, the series 


r(«) 



is a uniformly convergent series of analytic functions (§§ 2*38, 3*34) in any 
domain in which <r ^ 1 + S; and consequently the series is an analytic function 
of 8 in such a domain. The function is called the Zeta-function ; although 
it was known to Eulerf, its most remarkable properties were not discovered 
before Riemannj who discussed it in his memoir on prime numbers ; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Oamma^function and 
allied functions. 


13*11. The generalieed Zeta-fmcHon^. • 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when <r ^ 1 -f- 3, 
by the equation 


{:(s,a)=2 


1 


*0 (o + «)*’ 


where o is a constant. For simplicity, we shall suppose || that 0 < o < 1, and 
then we take arg (o + n) « 0. It is evident that f (s, 1) ■* f («). 

13*12. The expreesion of ^{8, a) o« an infinite integral. 

Since (o + n)~* F («) ■> f iif~^e~^^^*dx, when argas^O and «*>0 (and 
Jv 

a fortiori when <r > 1 + S), we have, when «r > 1 + 8, 
r («)?(«, a)* lim 1 I d® 


s lira 
.v-*« 



1 - «-» 


dx 



1 — 


* The letters ( will be used in this sense throughout the chapter, 

t Canmentatimei Acad, ScL Imp, PctropolitanaCf ix. (1787), pp. 180-188. 

i Berliner MonaUheriehtet 1859, pp. 671-680. Oei. Werhe (1876), pp. 186-144. 

§ The definition of this function appears to be due to HurwiU, Zeiuehri/t fQr Math, und 
Pky$, xxm. (1889), pp, 86-101. 

II When a has this range of values, the properties of the funotion are, in general, much 
simj^er than the corresponding properties for other values of a. The results of § 18-14 are true 
for all values of a (negative integer values excepted); and the results of H 18-19, 18*18, 18*9 are 
tme when it(a)>0. 
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Now, when « > 0, e* * > 1 + a;, and so the modalus of the second of these 
integrals does not exceed 

f « (iV + a)‘~^r(a- — 1), 

Jo 

which (when o- > 1 + £) tends to 0 as N -» « . 

Hence, when o- > 1 + and arg tv 0, 

this formula corresponds in some respects to Euler’s integral for the Gamma- 
function. 


IS'lS. TAe eojpression* of X <^) a contour integraL 
When 0 - > 1 + S, consid'er 

f(0+) (« 

J. 

the contour of integration being of fiankel’s t}^e (§ 12'22) and not containing 
the points ± 2fiiri(M » 1, 2, 3, ...) which are poles of the integrand; it is 
supposed (as in § 12*22) that | arg | ^ tt. 

It is legitimate to modify the contour, precisely as in § 12*22, whetif 
or ^ 1 + £ ; and we get 




Therefore 


(:(«, a)»- 


r(l-s) /•<»+) (- zr -'er 

2irt J , 


1-S-* 


-cU. 


Now this last integral is a one-valued analytic function of s for all values 
of s. Hence the only possible singularities of X the singularities 

of r(l— a), i.e. at the points 1, 2, 3, and, with the exception of these 
points, the integral affords a representation of X valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Gamma- 
function. Also, we have seen that X(^*^) ^ analytic when + and 
so the only singpilarity of {f(s, a) is at the point s »■ 1. Writing s 1 in the 
integral, we get 

1 , 

2wtj, 1 -«-****' 

which is the residue at x»0 of the integrand, and this residue is 1. 


Hence 


lim 


r(i-s) 


- 1 . 


* Oivsn bj Biemann lor the ordinary Zeta^fonction. 

t If ^ < 1, the integral taken along any straight line op to the origin does not eonverge. 
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Since P (1 — «) has a single pole at s » 1 with residue 1, it follows that 

the only singularity of f (s, a) is a simple pole with residue + 1 at s » 1. 

Example 1. Shew that, when R (j) > 0, 


-U 




dx. 


Example 2. Show that, when R {*) > I, 


Example 3. Shew that 


2* r 

^r(e)Jo 




dx. 


fW — 


2tri(2i--l) e*+l 


dz, 


where the contour does not include any of the points ±iri, ±37ri, ±biri ^ .... 

1314. Valv£s of a) for special values of s. 

In the special case when s is an integer (positive or negative), 

is a one-valued function of z. We may consequently apply Cauchy s theorem, 

so that 5 — ; — -- dz is the residue of the integrand at — 0, that 

Zirt J ^ i s 

/ y— 1^— a* 

is to say, it is the coefficient of z“* in ^ ^ _g-r ' • 

To obtain this coefficient we differentiate the expansion (§ 7-2) 


— g 




y (-)"d»n(o)g" 
^ n! 


nml 


term-by-term with regard to a, where ^(a) denotes the Bemoullian poly- 
nomial. 

jg^ 

(This is obviously legitimate, by § 4*7, when ( « | < 2tr, since can be expanded 

into a power series in z uniformly convergent with respect to a.) 


Then 


— 1 *»i n! 


Therefore if s is zero or a negative integer (» — m), we have 
f (- m, o)- - (<»)/{(»» + 1)0» + 2)}. 


In the special case when o ™ 1, if s > 

. . (—Y ‘rn'-M 

of z^-* in. the expansion of — • 


m, then ^(s) is the coefficient 
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Hence, by § 7’2, 

f (- 2m)- 0. {:(! - 2m) - (-)>»B«/(2m) (m - 1, 2. 3, ...), 
f(0)--s. 

These eqtiations give the value of ^ (s) when s is a negative integer or zero. 
1315. The formula* of Hurwitz for ^(s, a) when <r < 0. 

Consider — j — — dz taken round a contour C consisting of 

a (large) circle of radius (2jy'+ l)ir, {N an integer), starting at the point 
(2JV'+ l)7r and encircling the origin in the positive direction, arg(— z) being 
zero at z « — (2iV'4- 1) ir. 

In the region between C and the contour {2,Nir + 7 r; 0+), of which the 
contour of § 13‘13 is the limiting form, (- is analytic and 

one- valued except at the simple poles ± 2iri, ± iiri, ..., ± 2 N 7 ri. 

Hence 

where i2„, Rn are the residues of the integrand at 2n7ri, — 2n7n! respectively. 
At the point at which — * 2nn-e^^**, the residue is 

and hence iJn + Rn = (2n7r)*-^ 2 sin Q stt -h 27rtt?i) . 

Hence 

r(o+) 

' (2^+1) I 

2sin|^87r ^ Qm(2iran) 2 008 ^^ 8in(2wan) 


V- -/ - J 

2m J a ' - 




_ JL f 

2nijc’ 1-e-* 

Now, since 0 < a < 1, it is easy to see that we can find a number K 
independent of iV" such that | e~“ (1 — c~*)~* | < K when z is on C. 

Hence 

I < h j 


<ir{(2iV-hl)7r}‘^s»»®» 

-►0eu9i\r-^oo if^<0. 


ZeitBchrift fUr Math, und Pftyg, xxvii. (16S2), p. 95. 
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Making ao , we obtain the result of Hurwitz that, if 0 - < 0, 

. 2r(l— «)f . /I \ 2 cos(2n’an) /i \ 2 ain(2van)) 

each of these series being convergent. 


13 161. Riemanns relation betw^ f (s) and f (1 — s). 

If we write a« 1 in the formula of Hurwitz given in § 13*15, and employ 
§ 12*14, we get the remarkable result, due to Riemann, that 

2— r («) i(») cos - w* - «)• 

Since both sides of this equation are analytic functions of s, save for isolated 
values of s at which they have poles, this equation, proved when a < 0, 
persists (by § 5*5) for all values of 8 save those isolated values. 

Example 1. If m be a ^Kisitive integer, shew that 

i (2m) « 2**- * BJ{%m ) ! . 

Example 2. Shew that r (i<) { (e) is unaltered by replacing « by I 

(Rienaann.) 

Example 3. Deduce from Rieinann’s relation that the zeros of f (s) at -2, - 4, - 6, ... 
are zeros of the first order. 


13*2. Her mite's* formula for f («, a). 

Let us apply Plana’s theorem (example 7, p. 145) to the function 
(^) = (a + z)'*, where arg (a 4- z) has its principal value. 

Define the function q (a;, y) by the equation 

? («. y) - {(o + « + ty)- -{a + x- »y)-*} 

{(0 + ®)*+ y*]~**8in jaarc tan^-^l . 

Since + arc tan does not exceed the smaller of Aw and -J-2-L , we 

' x + a x+ a 

have 

l3(«,y)k{(a + «)’ + y*)*‘*'l3r*|8inh|jw|s||, 

1 9 («, y) I « {(a + ^)’ + »•} ■ * ' I {sinli I • 

Using the first result when |y|>a and the second when |yl<o it is 

• Annali di Hatematica, (8), ▼. (1901), pp. 67-72. 

ft dt dt . ^ ^ ft .. 

+ lf{>0.8rct»{= 1^ l + i + tS’ ««*•»{ < /,<**• 
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evident that, if » > 0, I 5 (x, y) — 1)“* dy is convergent when and 
J 0 

tends to 0 as « ^ X ; abo (a + aiy^dx converges if <r > 1. 

Jo 

Hence, if <r > 1. it is legitimate to make tf?, x in the result contained in 
the example cited ; and we have 

?(«.“)- 5 (a + x)-‘ dx + 2 (a*+y*)"**|8in^«arctan|)|-5;^^. 

So 

f («, a) - g a- + ^ + 2 (a> + y») - 4 * jsin arc tan ^ ^ . 

This is Hermite’s formula*; using the results that, if y > 0, 

arc tan yfa ^ yja ^ , arc tan yja < g tt ^ , 

we see that the integral involved in the formula converges for all values of s. 
Further, the integral defines an analytic function of 8 for all values of s. 

To prove this, it is sufficient (§ 6*31) to shew that the integral obtained by differentiating 
under the sign of integration converges uniformly ; that is to say we have to prove that 

/o {* arc tan ^Z\ 

+j |^(a*+y*)“4*ar<5 tan ^cos are tan^^J 

converges uniformly with respect to $ in any domain of values of s. Now when | < | 
where A is any positive number, we have 

j arc tan ^ cos arc tan ^ j < (a®+y*)*^ ~ cosh (JirA) ; 

f /. («*+y»)*^ 

converges, the second integral converges uniformly by § 4'43l (I), 

By dividing the path of integration of the first integral into two parts (0, ^rra), 
(Jira, 00 } and using the results 


sin (sarc tan 

< sinh ^ , 

sin ( sarc tau-j 

\ «/ 

a 

1 \ «/ 1 


in the respective parts, we can similarly shew that the first integral converges uniformly. 

Consequently Hermite's formula is valid (§ 5 * 5 ) for all values of s, and 
it is legitimate to differentiate under the sign of integration, and the 
differentiated integral is a continuous function of s. 


The corresponding formula when asl had been previously given by Jensen. 
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18 * 21 , 18 * 3 ] 

13*21. Deductions from, Hermite’a formula. 

Writing « IB 0 in Hermite's formula, we see that 

f(0. a)- 5- a. 

Making « 1, from the uniformity of convergence of the integral involved 

in Hermite’s formula we see that 


Umlf(8,a) m«»lim ^^ — ^ + ~ + 2f — ^^5 — T\- 

' s-lj ,*i «-l 2a jo (a* + y’)(«*^.- 1) 

Hence, by the example of § 12*32, we have 

Further, differentiating* the formula for ((«, a) and then maltin g « -,>0, 
we get 

fd J 1 - r 1 .1 a*"'*loga a*~* 

+ 2 I — 5 log{a* + y*).(o* + y*)“l* sin arc tan 

+ (a’+y*)“i*arc tan | cos ^sarc tan 

/ i\ , , - /■®arctan(w/o) j 

^(a-^Jloga-a + 2j^ 2i 

Hence, by § 12*32, 

^ ,.o “ ^ ~ 5 

These results bad previously been obtained in a different manner by 
Lerchf. 

Corollary. lim (a) - “ 7. ?' (0) - - g log (2w). 


13*8. Euler’s product for ^{s). 

Let o*>l+8; and let 2, 3, 5, ...p, ... be the prime numbers in order. 
Then, subtracting the series for 2~’ ^(s) from the series for ((«), we get 

f(8).(l-2-)-i + l + i + l + .... 


* This was justified in f 18*2. 

t The formula for ^(f, a) from which Leroh derived these results is given in a memoir 
published by the Academy of Sciences of t^rague, A summary of his memoir is contained in 
the Jahthuch ilOer die Fortschritte det Math» 1898-1894, p. 484. 
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all the terms of for which n is a multiple of 2 being omitted ; then in 
like manner 

+ i + i + 

all the terms for which n is a multiple of 2 or 3 being omitted ; and so on ; 
so that 

^( 8 ) . (1 - 2-^)(l - 3-0 (1 -P-) « 1 + 

the ' denoting that only those values of n (greater than p) which are prime 
to 2 , 3 , ... /> occur in the summation. 

Now * I X'nr* | < -►0 as p oo . 

Therefore if the product ^(s) 11 (1 — p“*) converges to 1, where 

p 

the number p assumes the prime values 2 , 3 , 5 , ... only. 

But the product IT (1 — p-*) converges when <r ^ 1 4* S, for it consists of 

p 

40 

Some of the factors of the absolutely convergent product IT (1 - 

11 = 2 

Consequently we infer that (s) has no zeros at which <r > 1 + i ; for if 
it had any such zeros, IT (1 — p**) would not converge at them. 

p 

Therefore, if cr > 1 -h S, 

This is Euler’s result. 

13 31 . Riemann's hypothesis concerning the zeros of ^(s). 

It has just been proved that f (s) has no zeros at which <r > 1. 

From the formula (§ 13 ‘ 151 ) 

f («) = 2*-i w* {r («))-» sec ?(!-«) 

it is now apparent that the only zeros of f (s) for which o- < 0 are the zeros 

of {F («)!”* sec , i.e. the points « « — 2 , — 4 

Hence all the zeros of f («) except those — 2 , — 4 , . , . lie in that strip of 
the domain of the complex variable s which is defined by 0 ^ <7 < 1 . 

It was conjectured by Riemann, but it has not yet been proved, that all 
the zeros of ^(s) in this strip lie on the line <7 » 5 ; while it has quite recently 
been proved by Hardy + that an infinity of zeros of f («) actually lie on <r « ^ . 

It is highly probable that Riemann’s conjecture is correct, and the proof of 
it would have far-reaching consequences in the theory of Prime Numbers. 

* The first term of 2^ starts with the prime next greater than p. 
t Compie$ Rendut^ clvux, (1914), p. 1012 ; see p. 260. 
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13*4 Bdemann'a integral for f^(e). 

It is easy to see that, if <r > 0, 

n-» r (i «) IT - 4 * - J* e ^ djr. 

Hence, when o* > 0, 

f («) r a« lim f 2 

\ f nmi 

« 1 

Now, if V (x)^ 2 e"** since, by example 17 of Chapter vi (p. 124), 

n«l 

1 + 2w (x) « {1 + 2w (l/o?)), we have lim x^ w (ar) » 1 ; and hence 

OD 

I dx converges when <r > 1. 

Jo 

Consequently y if c>% 

?(a) r « lim r f w ctr— f 2 e ^ cLrl . 

/ N-^^Uo Jo n»N+l J 

Now, as in § 13 * 12 , the modulus of the last integral does not exceed 

Jo U-JV+l j Jo 1 + 

< { 7 r(jyr+ 1)}~* [ 

Jo 

- {*-(JV+ !)}-> {(JV»+ 2 JV) 7r{ 1 - 4 * r (5 a - 1 ) 
0 as JV 00 , since <r> 2 . 

Hence, when 0 2, 

* J |- ^ + ga;“4 +a!~4 0 : 4 *-* (i(p+ «r(a:)«4*-l (i® 

= — <c4»(a;)a;~4*+l «•(») »4* - 1 <^ 5 . 

Consequently 

?(*)r^ 5 «)ir- 4 * (<r 4 (l-*) + a:**) «(«)«*«. 

Now the integral on the right represents an analytic fimction of s for all 
values of s, by § 5 * 32 , since on the path of integration 

w (x) < e“»* 2 ^ r"** (1 - 

n«0 

Consequently, by § 5 * 5 , the above equation, proved when <r > 2 , persists for 
all values of s. 


W. M. A. 


18 
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If now we put 
we have 

f (0*5*“ (^* + 1) a?“*«r(fl?)cos dx. 

Since cos^tlogaf + gww^da? 

satisfies the test of § 4*44 corollaiy, we may differentiate any number of times 
under the sign of integration, and then put Hence, by Taylor’s 

theorem, we have for all values* of t 

f(0* 2 

«h0 

by considering the last integral 0 ,^ ^ obviously real. 

This result is fundamental in Biemann’s researches. 

13*5. liMqttalities »ati»Jied by ( («, a) whm cr > 0. 

We shall now investigate the behaviour of C («, a) as ± ao , for given values of a*. 

When <r > 1, it is easj to see that, if S be any integer, 

N 1 “ 


C(I, a)= S (a+n)-*- 


(1— «)(xV+o)*~> 


2 /.(•), 


{(«+l+a)*~i ~ (»+l+a)* 

Now, when <r>0, l/.(«) I «| *1 /" , . .,+i- 

Jn (w + a)^‘ 


Jn (w + a)*^^ 

du 

7» («+a)'+* 

- I.Kw+a)”^*. 

Therefore the series S /«(«) is a ttnifortnly convergent series of analytic functions 

n^JiT 

OD 

when <r > 0 ; so that S /„ («) is an analytic function when a* > 0 ; and oonsequently, by 
§ 6*5, the function f («, a) may be defined when or > 0 by the series 

f (*. «)-J^ («+«)-.- 

Now let [/] be the greatest integer in | ^ | ; and take Then 

w 

|i(o,a)|^ S |(a + 7i)-l + Ua--)’'(W+a)‘-}|+ S + 

n-O n»U] 

* M . • . 

< 1 (a + »r‘"+Ur»(W+<») *" + 121 2 (w+a)"*^"^ 

nmO nmlf) 

* In this particular piece of analysis it is oonvenieiit to regard f as a complex variable, 
defined by the eqnatbn and then ( (t) is an integral fnnotion of f. 
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18 - 5 , 13 * 51 ] 

UaiDg tite MAclaurin-Caaoby aam fonnuU (§ 4*43), we get 

/ '[*] r* 

(a+ar)“'<i»+ 1 1 1"* (W+®)‘“'+l * I / (#+a)“^* dx. 

0 yw-1 

Now when d < cr ^ 1 - d where d > 0, we have 

I f (., a) I <a-'+(l ((«+tt])-'-«-n+l 1 1-‘ (W+«)‘“'+l • k-‘ (W- 1 +«)""• 

Hence ((<> a)«> 0 ( 1 1 conetant implied in the symbol 0 being independent of s. 
Buty when + we have 

|f(«, a)l = 0(|« |'“^+ J^\a+ar)“®’£i!r 

<0(1 < |'-') + {a>-'+(a+<)*“'} p\a+x)-idx, 

since when <r>l, and (a+x)'^^(a4*[0y'^(a+^)“‘ 

O’ < 1, and so 

C(i, a)^0{\trnog\t\}. 

When o’> 1+d, 

I f (., a) I < a-'+ 5 (o +»)-*-*- 0(1). 

n«l 

13*51. Inequalities satisfied by ^ (^i ujhen o* ^0. 

We next obtain inequalities of a similar nature when a In the case of the 
function ( {$) we use Riemann’s relation 

f (8) * 2* tr« - 1 r (1 - 8) f (1 - 8) sin ( J 8ir ). 

Now, when o’ < 1 -*3, we have, by § 12*33, 

r ( 1 - 8) « 0 {8^* 

and BO 

f (8) « 0 [exp (i tr I 8 1 4- (i - <r - log 1 1 - 8 1 + » arc tan r/( 1 - e)}] f ( 1 - 8). 

Since arc tan 1/(1 — o’)= ±lw + 0 according as / is positive or negative, we see, from 
the results already obtained for ( (8, a), that 

f(.)-0{|<|*-K(i-»). 

In the case of the function ( (8, a), we have to use the formula of Hurwitz (§ 13*15) 
to obtain the generalisation of this result ; we have, when o’ < 0, 

f(«, a)- -t(2ir)-‘ r(l-.) t«r**'‘C.(l -*)-•“**’* 

«o Jtnwie 

where * 

Hence (l-«*'*»)f.(l-«)=e*"<»+ f 

+ («-!) i u—*du, 

n*N-¥l J n-1 

since the series on the right is a uniformly convergent series of analytic functions 
whenever o‘<l-5, this equation gives the continuation of fa(l-8) over the range 
0<a<l-d; so that, whenever cr < 1 - 3, we have 
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Taking we obtain, aa in § 18'6, 

-Odtriogltl) (-«^«r<A). 

And obviously 

(ir<-d). 

Consequently, whether a is unity or not, we have the results 

-0(|«|*) (8<<r<l-d) 

-O(|«|*log|«|) (-«<»<«). 

We may combine these results and those of § 13*5, into the single formula 
where* 

r(<r) = J“<r, («r<0); T(ir)-J, T(ir)«l*-er, r(<r)—0, 

and the log | ^ | may be suppressed except when ^5 or when 


13'6. The asymptotic expansion of log F (z+ a). 

From § 12*1 example 3, it follows that 

\ (iJn^iW a + n/ j r(-r+a) 

Now, the principal values of the logarithms being taken, 


log(l+i) + log_n{(l + ^),-«-) 

» i [( \ + X ^ 1 I x^-)” 

(« + «)/ «'-* TO (o+n)”‘J „.i TO 

If I « j < a, the double series is absolutely convei^ent since 


X r_^l -loefl Ifl'l+JlL' 

,»«iLn(a + n) ®\ a+n/ a+nj 


converges. 

Consequently 


e“y*r(a) z % az % (-) -mv/ \ 

® r (x + a) a n-i ^ (a + 

Now consider J z^m^s contour of integration being 

similar to that of § 12*22 enclosing the points s»2, 3, 4, ... but not the 
points 1, 0, — 1, 2, ...; the residue of the integrand at s»m(m^2) is 

f (m, a); and since, as o* -► oo (where s ■» <r + it\ f (s, a) • 0 (1), the 

m 

integral converges if | ^ | < 1. 

* It isan be proved that r (ir) may be taken to be ^ (1 - when 0 < er < 1. See Landau, Prtm^ 
zahlen^ § 287. 
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Consequently 


Jo r (o) z £ az 
® r (z + o) ~ a »ti n (o + n) 


2iri j ( 


C 8 Sin TTS 


f (s, a) da. 


Hence 


1 « r(a) _ r'(a) 1 /* TTZ* 

log o) = " r (a) ~MJc «lm^ ^ 

Now let i) be a semicircle of (large) radius N with centre at s * f , the 
semicircle lying on the right of the line On this semicircle 

f(s, tt)« 0(1), and so the integrand is* 0 

Hence if 1 2 : | < 1 and — w + S ^ arg -2 ^ tt — S, where S is positive, the integrand 
is 0 (| 2 :('^^-'*i^i), and hence 


1 jD 8 am TTs 


f(«, a)ds -^0 


as iV' ao . It follows at once that, if | arg z | ^ tt — S and | ^ | < 1, 

r(a) _ r'(a) . 1 + w 

^ ^r(z+a) f («)■*■ 

But this integral defines an analytic function of z for all values of | z | if 

|arg^| i^TT-S. 

Hence, by § 5*5, the above equation, proved when \z\<l, persists for all 
values of I 2 r I when | arg 

^ TTZ^ 

Now consider / — ; f (s, a) ds, where n is a fixed integer and 

It is going to tend to infinity. By § 13*51, the integrand is 0 [z* 

where — and hence if the upper signs be taken, or if the lower 

signs be taken, the integral tends to zero as i2 oc . 

Therefore, by Cauchy's theorem. 




r'(o)^ 1 ,rz* 


w+JLr" 

a) 27rt;_„ 


^ * air» iTj* ^ ^ ’ 

J - 00 f ^ sin TTS - 1 


where Bm is the residue of the integrand at ^ = — w. 
Now, on the new path of integration 


where K is independent of z and f, and T(<r) is the function defined in 
§ 13*51. 


The conslantt implied in the symbol 0 are independeot of s and z thron^hout. 
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Consequently, since j converges, we have 


log 


r(a) 


r(«) 

r(a) 




r (2 + a) 

when I I is large. 

Now, when m is a positive integer, — , and so 

— m 

by § 13'14, Rm « — 7- ^^T , where (a) denotes the derivate of 

Bernoulli’s polynomial. 

Also Rt is the residue at s == 0 of 

i(l+5^+...)(l+slog^ + ...) ji-a + «?'(0.o) + ...}. 
and so i2, « ^5 — log z+^ {0, a) 

“ (5 “ ®) *08 + log r (a) - ? log (2w), 

by § 13-21. 

And, using § 13*21, .B_, is the residue* at S=0 of 


Hence 


, r' (a) 

-R-i = - ir log^r+ ^ YJay + 


Consequently, finally, if | arg ^ | ^ -tt — S and | « | is large, 
logr(ir + a)» (^z + log-?~i: + ^log(27r) 

^ 2 (— ) ”^ ^^fn+9(0 ') 

,«*i m (m + 1) (m + 2) s”^ ^ 

In the special case when a « 1, this reduces to the formula found 
previously in § 12*33 for a more restricted range of values of arg^. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0 < a ^ 1 ; but the investigation of it involves the rather 
more elaborate methods which are necessary for obtaining inequalities satisfied 
by a) when a does not satisfy the inequality 0<a< 1. But if, in the 
formula just obtained, we write 1 and then put ^ + a for z, it is easily 
seen that, when | arg (^r + a) | ^ tt — S, we have 

log r ( 2 r + a + 1) « + a + log(^r + a) - fr - a 4- 5 log (27r) 4 o (1); 


Writing «sr£r-f 1. 
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sabtrecting log{z + a) from each side, we easily see that when both 
|arg(s + a) |<ir— 8 and )argsi<ir— 8, 
we have the asymptotic formula 

logr(r + o)-^s + a-g^logs-s: + ?log(2w) + o(l), 
where the expression which is o (1) tends to zero as | z |— »od . 
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Miscellaneous Examples. 

1. Shew that 

(2*-l)f(«)«^?4-2 (Jt4-y*)“*'ain(<arctan2y)^;^^. 

(Jensen, VlntemMiaire dec Math, (1695), p. 346.) 

2. Shew that 

(l+y*)-*'sin(«arctany)^-^^. 

(Jensen.) 


3. Discuss the asymptotic expansion of log(?(s+a), (Chapter xu example 46) by 

aid of the generalised Zeta-function. (Barnes.) 

4. Shew that, if o- > 1 , 

logfW-* s 

the summation extending over the prime numbers 2, 3, 6, .... 

(Dirichlet, Journal de Math, iv. (1839), p. 407.) 

6. Shew that, if <r> ), 

• A(n) 

f(*) »ti 

where A (7»)«0 when n is not a power of a prime, and A (n)^log/j when n is a power of a 
prime p. 

6. Piove that 


1" e-’*dx 

^ /% 

1. (-5)*- 



(Lerch, MraMe Roepraw^^ n.) 
* See the Jahrluch (Ibcr die ForUehritte der Math. 1603*1894, p. 488. 
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7. If 


ubI W* 


where | ^ | < 1, and the real part of i is positive, shew that 


and, if »<1, 


*-►1 

(Appell, Comptes Hendwt, Lxxxvu,) 


8. If s, a, and s be real, and 0 < a < 1, and «> 1, and if 

shew that 

and 


^ (jF, a, !-«)« 


rW f (-a, or,*) 


- ’U 

(Lerch, i/o/A. xi.) 

d. B7 evaluating the residues at the poles on the left of the straight line taken as 
contour, shew that, if ir > 0, and | arg ^ | < jir, 


] 

;, 1 - jr, 8)j 


1 fk+coi 


and deduce that, if ir > 


1 [k+cei 

and thence that, if a is an acute angle, 

jo f (0 fife * cos ia - {1 + Sw (e»«)} . 

(Hardy.) 

10. By differentiating 2n times under the integral sign in the last result of example 9, 
and then making a Jir, deduce from example 17 on p. 124 that 

(.)n 




^“•s- 


By taking n large, deduce that there is no number ^ such that ({t) is of fixed sign 
when t > to^ and thence that {{s) has an infinity of zeros on the line (r»^. 

(Hardy.) 


[Hardy and Littlewood, Proc. London Math, Soc, xix. (1920), have shewn that the 
numlicr of zeros on the line for which 0 < ^ < Tm at least 0(7^ as go ; if the 

Riemaiin hypothesis is true, the number is ^ T log T- ^ ^4-0 (log 70 ; see 

Landau, Primtahleny i. p. 370.] 



CHAPTER XIV 

THE HYPERGEOMETRIC FUNCTION 
141. The hypergeometric aeries. 

We have already (§ 2'38) considered the hypergeometric aeries* 

1 j. » I ® (® + 1) ^ (i + 1) , ffl (flt + 1) (a + 2) 6 (6 + 1) (6 + 2) j 

i:2.c(»+l) * + r.2.3.c(c + l)(c + 2) + - 

from the point of view of its convergence. It follows from § 2'38 and § 5'3 
that the series defines a function which is analytic when | | < 1 . 

It will appear later (§ 14‘53) that this function has a branch point at ^=» 1 
and that if a cutf (i.e. an impassable barrier) is made from + 1 to 4 - oo along 
the real axis, the function is analytic and one-vaJued throughout the cut 
plane. The function will be denoted by /’(a, 6 ; c ; x). 

Many important functions employed in Analysis can be expressed by 
means of hypergeometric functions. Thus} 

(1 +zY^F(-n,0;fi;-‘e), 

log(l + «) = zF(l, l;2;-z), 

c^-lim^a/3;l;x//9). 

Eauviple, Shew that 

^F(a,bi c; z)^^F(a + l,b + li c+1; z). 

1411. The valued of F(a, 6 ; c ; 1) when E(c—a-b)>0. 

The reader will easily verify, by considering the coeflBcients of »** in the 


* The name waa given by Wallis in 1655 to the series whose nth term is 
a {rt-f 5} [a + 25} ... {a + (n - 1)6|. 

Euler used the term bypergeometrio in this sense, the modern use of the term being apparently 
due to Kummer, Journal fUr Math, xv. (1836). 

t The plane of the variable r is said to be cut along a curve when it is convenient to consider 
only such variations in x which do not involve a passage across the curve in question ; so that 
the out may be regarded as an impassable barrier. 

J. It will be a good exercise for the reader to construct a rigorous proof of the third of these 
results. 

§ This analyiiB is due to Gauss. A method more easy to remember but more difficult 
to justify is given in § 14*6 example 2. 
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various series, that if 0 < < 1, then 

c{c-l-(2c-«-6- !)«} ^( 0 , b;c;a!) + {c-a)(c-b)xF(a, b,e + l‘,w) 

»■ c (c — 1) (1 — af) /'(o, 6 ; c — 1 ; *) 

» c (c - 1) |l + , 

where is the coefficient of «• in F(a, fc ; c — 1 ; <p). 

Now make «-»!. By § 3-71, the right-hand side tends to zero if 
00 

1 -t- S (nn- «n-i) converges to zero, Le. if which is the case when 

i? (c — a — 6) > 0. 

Also, by § 2*88 and § 3*71, the left-hand side tends to 

c(a + 6 - c)F{a, 6; c; 1) + (c-a) (c-b)F(a, 6; c-h 1 ; 1) 
under the same condition ; and therefore 

Repeating this process, we see that 

^■(0, i ; « , 1 ) . { is; ^ ; o + - ; ■ > 

I (c — o + n) (c — fc r)) e,, , 

U-,.. »-o(c + n)(c-o-6-)-n)j ' ’ ’ ’ 

if these two limits exist. 

But (§ 12-13) the former limit is (c^-Ta) F (c - t ) ' ^ * negative 

integer; and, if Un(a, b, c) be the coefficient of in F {a, b-, c; x), and 
m > 1 c 1, we have 

I i''(o, 6 ; c + »i ; 1) — 1 1 $ 2 | u* (o, 6, c -H «i) | 

I»bI 

< 2 tt„(la|, |6j, m-|c|) 

fi»0 

Now the last series converges, when m > |c| + |a| -H |h| — 1, and is a positive 
decreasing function of m; therefore, since {♦» — |c|}~’— *0, we have 

lim F(a, A; c-f wi; 1)* 1 ; 


. ,, r(c)r(c-o-A) 

J’(a, 6, c; 1)= r(c-o)r(c-6)' 


and therefore, finally. 



THE HYPERGEOMETRIC FUNCTION 


283 


14-2, 14-8] 

14’2. Tfie differential equation eatiafied by F{a^h\c\ z). 

The reader will verify without difficulty^ by the methods of § 10*8, that 
the hypergeometric series is an integral valid near z^Qof the hypergeometrio 
equation* 

(1 - ^ -f {c - (a -f 6 4- 1) ^ - oftu * 0 ; 

froin.§ 10*3, it is apparent that every point is an ‘ordinary point’ of this 
equation, with the exception of 0, 1, oo , and that these are ‘ regular points/ 

ExwmpLe, Shew that an integral of the equation 

(4-^) 

2 */*(a + fl, 64 * 0 ; a— )3 + l; «). 


14‘3. Solutions of Riemanns P-equation by hypergeometHc functions. 
In § 10*72 it was observed that Riemann’s differential equationf 


d^u 

dz'^ 


+ P ^ 1 - j8 - / 3 ' 1-7-7' ! ^ 

a z^b z — c ) dz 

^ f qa^ (a - 6) (a - c) ^ /8/3^(6-c)(6~o) ^ yy'(c--a) (c-fe) ) 
I z^a z-^b z^c ) 


^ — u) ( 2 r ^ 6) — c) ** ’ 

by a suitable change of variables, could be reduced to a hypergeometric 
equation ; and, cariying out the change, we see that a solution of Biemann’s 
equation is 






(x-a)(c-&) ] 
Iz-b) (c-a)j 


provided that a — a' is not a negative integer ; for simplicity, we shall, 
throughout this section, suppose that no one of the exponent differences 
a — a', — 7 — 7 ' is zero or an integer, as (§ 10*32) in this exceptional 

case the general solution of the differential equation may involve logarithmic 
terms ; the formulae in the exceptional case will be found in a memoir^ by 
Lindelof, to which the reader is referred. 


Now if a be interchanged with a', or 7 with 7 ', in this expression, it must 
still satisfy Riemann’s equation, since the latter is unaffected by this change. 


* This equation was given -by Oaues. 

t Tbe oonetants are aabjeet to the eondition e + a'-j-^ + zS' + y+v'-l. 
t Acta Soe. Sclent. Fennieae^ xix. (1898). See also Klein's Utbograpbed Lectares, Ueber die 
hypergeometrieehe Funktion (Leipzig, 1894). ' 
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We thus obtoin altogether four expressions, namely. 


o,-(i^) ^'ja + ^ + y, a + ^' + y; 


1 -fa-o'; 
1 + o' - a ; 


1 + 0 — o' 5 
1 + o' — o ; 


(c-6)(2r-a) | 
(c-a)(£r-6)) ' 

(c-6)(^-o) ] 
(c- a)(^-6)J * 
(c-6)(g-a )] 

(c-a)(^-6)r 

(c,6)(^-a) | 

(c-a){z^h)) ’ 


which are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a , a), 
(/8, /S', 6), (7, 7', c) are interchanged in any manner. If therefore we make 
such changes in the above solutions, they will still be solutions of the 
differential equation. 

There are five such changes possible, for we may write 
{6, c, a}, {c, a, 6}, (a, c, 6}, [c, 6, a}, {6, a, c} 


in turn in place of {a, 6, c}, with corresponding changes of a, a', /3, /8', 7, 7'. 

We thus obtain 4 x 6 » 20 new expressions, which with the original four 
make altogether twenty-four particular solutions of Riemann's equation, in 
terms of hypergeometric series. 

The twenty new solutions may be written down as follows : 


(l^c) 

(x^) -^|/3'+7+«'. ^+7'+«'; i+/9'-/9; 
(i^) •f’| 7 +«+A 7 +«'+^; 1+7-7; 
^’{y+a + A 7 ' + «'+^; 1 + 7-7; 
■*^{ 7 +«+^. 7 +«'+^; 1+7-7'; 

^{7'+« + /3'.7'+a'+/9'; l+7'-7; 


(a - c) (x - 6)' 
(a — b)(z — c)J ’ 

(g — c) (x — 6) 

(o — 6) (x — c)J ’ 

(g-c)(x-6) ) 
(a-fc)(x-c)J ’ 

(g-c)(x-h) ] 
(g-6)(x-c)) ’ 

(6-o)(x-c) ] 
(6-c)(x-a)J ’ 

(fe-a)(ir-c) ] 
(6-c)(z-a)j ’ 

(h-g)(x-c) | 
(6-c)(x-a)J ’ 

(fe-o)(g-c )] 
(6-c)(x-a)J ' 
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-P|a + 7 + /9, « + y + /9; 1+a-o'; 

+ «'+ 7 '+^; l + flt'-a; 

(f^) + 7 + • + 7'+^"> 1 + « “«'j 

(j^) ^|«'+7+^',«'+7'+^'; i+«'-«; 

“"“(ffj) («^) ■^|'y+^+*» 'y+^+®! 1+7-7'; 

(f^) ^|7'+^+®>7'+^'+«; i+7'-7; 

^|7+^ + «'.7 + ^+a'; 1+7-7'; 

(i^) •^j 7 '+^+«'> 7 '+^'+«'; 1 + 7 - 7 ; 

[“"”£■31) £ 3 ^)’^ /'|^ + a + 7,/3 + a'+7; 1 + ^-^'; 

““ ” (^) (^)'' {/9'+ « + 7. ^+ a'+7; 1 + ^'- ^ ; 

“*•“(^31) (^3^)’' ■^’|^ + «+7'.^ + «'+7'; l + fi-0-, 


(5-c)(*-a) | 

{b-a)(z-c)l’ 

(b-c)(g-a) ) 

(b-a)(e-c)r 

(6-c)(g-g) | 
(6-o)(z-c)J ' 

(6-o)(g-a) ) 

(b-a)(z-c)l* 

(a-b)(z-c) ) 

(a-c){z-b)}’ 

(0-fe)(ir — C)) 
(a-c)iz-b)t‘ 
(a-b)(z-c) ) 
{a-c)(z-b)\^ 

(a-b)(z-c) ) 

(a-c)(z-b)r 

(c-a)(z-b) ) 

(c-b)(z~a)) 

(c~-a)(z-b) ) 

(c-bHz-a)j’ 

(c-a)(z-b) ) 

(e-b){z-a)y 

{c-a){z-b) ) 
ic — b){z — a)) ’ 


By writing 0 , 1-C, A, B, 0 , C-A-B, a for a, fi, y 9 ', 7 , 7 ', 
£ — ^ respectively, we obtain 24 solutions of the hypergeoinetric 
equation satisfied by F(A, S; 0; a). 


The existence of these 24 solutions was first shewn by Kutnmer^. 


14'4. Relations between particaiar solutions of the hypergeometric equation. 

It has just been shewn that 24 expressions involving hypergeometrio 
series are solutions of the hypergeoinetric equation ; and, from the general 
theory of linear differential equations of the second oixler, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant ooeflBcients connecting those three solutions 

If we simplify U|, u,, 1 ^ 4 ; u,,, u^g; tcn, in the manner indicated at 

* Journal filt MtUk. xv. (1896), pp. 89-^, 1S7-17S. They ate obtained in a different manner 
in Forsyth’s TrtatiH on Differential EquaHona^ Ohap. tx. 
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the end of § 14*3, we obtain the following solutions of the hypergeometric 
equation with elements A, B, C,xi 
yi ^F{A, B; C\ x\ 

y, « (- F{A^C^l,B^C^l\2-^C)x), 
y, ^(1 - F (C^B,C^ A ; C;xl 

y, « (- a?y-^(l - xf-^-^F{l ^B,l^A;2-0;xy 
yi7 ** F (At B\ A + -B — C7+l;l — «?), 

= C-ii-fi + l; 1-^), 

y^im(-^xY^ F(A, ^ “ <7+ 1; A-fi-f 1; x-% 
yaa — F(B, B — C-f* 1; -B — + 1; ar^). 

If |arg(l — «?)| < TT, it is easy to see from § 2*53 that, when |ir|< 1, the 
relations connecting yi, y^, y,, y^ must be yi =ya, y 2 =* y 4 , by considering the 
form of the expansions near a? = 0 of the series involved. 

In this manner we can group the functions ... into six sets of four*, 
viz. Uit Uzt Ui„ lAul W 4 , 1 /^ 4 , 1 ^ 6 ; Mr. Mja, ; ^ 6 . Mg , w*,, u** ; Mg, Mu, w, 7 ,t^g; 
Mio. Mia, 1 ^ 8 , Mao^ Buch that members of the same set are constant multiples of 
one another throughout a suitably chosen domain. 

In particular, we observe that Mj, ti*, m^, are constant multiples of a 
function which (by §§ 5*4, 2*58) can be expanded in the form 

(z - a)» |l -f 2 en(z- a)” • 

I n«l 

when |z — a| is sufficiently small; when arg(z — a) is so restricted that 
(z — a)* is one-valued, this solution of Biemann’s equation is usually written 
And P^“^; P^’, P^‘^\ P<^'^ are defined in a similar manner when 

|z — a|, \z — h\, 1^ — c| respectively are sufficiently small. 

To obtain the relations which connect three members of separate sets 
of solutions is , much more difficult. The relations have been obtained by 
elaborate transformations of the double circuit integrals which will be obtained 
later in § 14*61 ; but a more simple and singularly elegant method has recently 
been discovered by Barnes ; of his investigation we shall give a brief account. 


14 * 6 . Barnes^ contour integrals for the hypergeometric functi(m\, 

, If- r(f.j:.^r(M..)r(-.) 

r(c+«) '■ ’ 


r (c + «) 


(- zyds. 


where ] arg (— ^) | < w, and the path of integration is curved (if necessaiy) to 
ensure that the poles ofr(a-f-«)r(b4-«),viz.«a:->a — n, — 6 — n(n«0 , 1, 2, ...), 


* The special formula 

which is deriTsble from the relation oouneotiog Ui with tiu, was discovered in 1780 by Stirling, 
MtHiodm Differentialit^ prop. vii. 

t Ptoe. London Math. Soe, (2), vi, (1908), pp. 141-177. Beferences to previous cork on similar 
topics by Pincherle, Mellin and Barnes are there given. 
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lie on the left of the path and the poles of viz. « vO, 1, 2, lie on 

the rij^t of the path*. 

From § 13*6 it follows that the integrand is 

0 [| s exp {- arg (- z) ./(«)- ir 1 7 (s) | j] 

as on the contour, and hence it is easily seen (§ 5'32) that the integrand 
is an analytic function of z throughout the domain defined by the inequality 
I arg ^ 1 ^ TT — S, where h is any positive number. 

Now, taking note of the relation F (— «) F (1 + «) — — w cosec sir, consider 


1 f F(a4-s) F(fe4-s) 7r(- 
2iri ic F(c-|- s) F(1 H-s) sin sir ’ 

where C is the semicircle of radius iV + 1 on the right of the imaginary axis 
with centre at the origin, and N is an integer. 

Now, by § 13’6, we have 

r(a+s)r(64-s) irC-zy ^ (-^y 

r(c4-s) F (1 H-s) sin Sir ‘sin sir 


as 00 , the constant implied in the symbol 0 being independent of arg s 
when s is on the semicircle ; and, if s « 4- S** and | s] < 1, we have 


(— zy cosec aw^O |^exp -f ^ cos log ] s ( — 4* ^ sin 0 arg (— s) 

-(j7 + 5)w|smd|}J 
= 0 l^exp |(i7 + g) cos d log I z i - (a-h-j) filsin d|| j 
0 j^exp|2"*^iV+^^log|zl|J 
0 j^exp |-2~*S^A' + 5 ^|J 


Hence if log{s| ia negative (i.e. \z\< 1), the integrand tends to zero 
sufiiciently rapidly (for all values of 0 under consideration) to ensure that. 


L 


0 as . 


Now I + 1 I 


(3r+*)ij 


by Cauchy’s theorem, is equal to minus 2irt times the sum of the residues 
of the integrand at the points s«»0, 1, 2, N, Make JV-^oo , and the last 


* It i« ft— that a and b are naoh that the oontpnr can be drawn, i.e. that a and b 
ate not negative integers (in which case the hjpergeometrio series is merely a polynomial). 
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three integrals tend to zero when | arg (— z) | < tt ^ 8, and | | < 1» and so, in 
these circumstances, 


1 p* 

2711 


T(a^s)r(b'k'8) r(-s) 

r (o + s) 


(— zVdtfas lim 


nmO r (c + ») . w 1 ' 


the general term in this summation being the residue of the integrand at 
5 « n. 


Thus, an analytic function (namely the integral u/nder consideration) exists 
throughout the domain defined by the inequality | argz | < tt, and, when | z | < 1, 
this analytic function may be represented by the series 

* r(a4-a)r(6-f w) 

«aio r (c -l- n) , n ! 

The symbol F(a,b;c;z) will, in future, be used to denote this function 
divided by r (a) r(6)/r(c). 


14‘S1. The continuation of the hypergeometric series. 

To obtain a representation of the function jP (a, 6 ; c ; z) in the form of 
series convergent when \ z\>l, we shall employ the integral obtained in 
§ 14’5. If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the origin, it may be shewn* by the methods of § 14-5 that 



r(a + «)r(5-hs)r(- 

r (c + a) 


(— zyds^O 


as p-^oo, provided that | arg (— -?) | < tt, |xrj >1 and p— >00 in such a way 
that the lower bound of the distance of D from poles of the integrand is 
a positive number (not zero). 


Hence it can be proved (as in the corresponding work of § 14*5) that, when 

1 (— ^) I < 'w* 1^1 > 


1 rr( a4-s) r(6-f s) r(- s) 

2iri J r (c -t- s) 


(^zyds 


* r(a + n) r(I — c-f g-hn) sin(o-a--7i)7r . 

r(l-l-w)r(l - 6 + a-l-n) cosn7r8in(6-a-n)7r^ ^ 

• r{b+n)r(l-c + b + n) Bm(c-6-»)Tr 
.,0 r(l + w)r (1 — 0 + 6 + n) 008 JMTBin (0 — 6 — n)ir'^ ^ 


the expressions in these summations being the residues of the integrand at 
the points s^ — a — n, 8=^ — b — n respectively. 

It then follows at once on simplifying these series that the analytic 


* In oonBidering the asymptotic expanaion of the integrand when | « | is large on the oontonr 
or on D, it is simplest to transform F F (S+s), r(e+f) by the relation of 1 13*14. 
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continuation of the series, by which the hypergeometric function was originally 
defined, is given by the equation 

o;z) = ^ (o -V ^ 1 -c + o; 1 - 6 + a; r->) 

+ 1-c + fc; 1-0 + 6; O. 

where | arg (— | < w. 


It is readily seen that each of the three terms in this equation is a solution 
of the hypergeometric equation (see § 14*4). 

This result has to be modified when a^b is an integer or zero, as some of the poles of 
r(a+a)r(^+«) are double poles, and the right-hand side then may invoh^e logarithmic 
terms, in acoordanoe with § 14‘3. 

Corollary. Putting we see that, if | arg ( - «) | < w, 

r (a) ( 1 (a +*) r (-»)(-*)• di^ 

where (1 as 2 ^ 0 , and so the value of | arg (1 - ■?) | which is less than ir always 

has to be taken in this equation, in virtue of the cut (see § 14*1) from 0 to -f-oo caused 
by the inequality | arg( - r) | < w. 


14*52. Barnes* lemnia that^ if the path of integration is curved so that the poles of 
r (y - «) r (fi — #) lie on the right of the paXh and the poles of r (a +«) r O +5) lie on the left*^ 
then 


1_ 



a^s)r(fi^’S)T{y-s)T{b-s)ds 


r(o-hy)r(a-hfi)r(i8-|-y)r03 + ^) 
r(o+j3 + y+«) 


Write / for the expression on the loft. 


If C be defined to be the semicircle of radius /> on the light of the imaginary axis with 
centre at the origin, and if p-*-ao in such a way that the lower bound of the distance of 
C from the poles of r (y - <) r (3 - s) is positive (not zero), it is readily seen that 

r (a -f «) r (g + «) r (y - «) r (a - ^ ^ i ° t ») ^ ») (y ~ (» - «) y 


as I a l-^oD on the imaginary axis or on C. 

Hence the original integral converges ; and j ** ® > when f?(a+/9-f-y+d - 1) <0. 

Thus, as in § 14*5, the integral involved in / is - 2ni times the sum of the residues of the 
integrand at the poles of r (y- <) r (5 -#) ; evaluating these residues we gett 

T ? r(a-hy-b»)r(ff4-ybn) ir , J r (eH-fi-m) T (i94‘5-l-n) tr 
**»»or(w + l)r(l+y-5+n) 8in(5-y)ir naoP (m+ 1) r(l+5-y+») ein(y— 5) ir * 


* It is sappossd that a, /9, y, d are suoh that no pole of the first set ooinoides with any pole 
of the second set. 

t These two series converge (§ 2*58). 


W. M. A. 


19 
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And aOf uaing the reault of § 19*14 freeljr, by § 14*11 : 

fi-j +jt**^**'''*’ *■'■* ‘ *> 


»-fa)r(g+a) 


, irr(i-«-E-Y-a) f r(a+ 

8in(y — a)ir \r(l-o — 

^(a^^Y)^ 08 +y)^(a+a)^o^^a) 


r(a+y)r(0^-Y) ) 

y) r(i -E-V) " r(i -a-a) r(i -/9~a)j' 


-r(a+/S+y+a)rin(.+/9+y+a),.in(y-a),r ' 

- sin (a + d) IT sin 0+ «*}. 

But 2 8in(a4-y)ir sin 0+y) ir- 28in (a+d) n* sin (|9-(-d)fr 


*•008 ( 41 —/ 8 ) IT - cos (a+^ + 2 y) IT— cos (a— /2)ir +008 (a+^+2d)ir 
»2 Bin(y- d) IT sin (a+i9+y+i) ir. 


Therefore 


r_r (o+y) r (/9+y) r (a+d) ro+d) 
r(a+^+y + «) * 

which is the required result ; it has, however, only been proved when 


i2(o + /3+y+d-l)<0; 

but, by the theory of analytic continuation, it is true throughout the domain through 
which both sides of the equation are analytic functions of, say, a ; and hence it ia true for 
all values of a, /8, y, d for which none of the poles of r (o+s) r (j3+#), gvct function of s, 
coincide with any of the iwles of r (y - «) r (d - #). 


Corollary, Writing s+/?, a-^*, 3-1?, y+/t, d+it in place of #, a, 3, y, ft, we see that 
the result is still true when the limits of integration are - Ir ± oo », where k is any real 
constant. 


14*53. Tko connexion between hypergeometric functtom of t and 0 / 1 — 
We have seen that, if | arg ( >-^) | <fr, 


r(a)r(6) 

r(c) 





by BarnoH’ lemma. 


X 


r(-a)(-^) 
r(c-a)r(c-ft) 


If 1: be HO chosen that the lower bound of the distance between the $ contour and the 
t contour is positive (not zero), it may be shewn that the order of the integrations* 
may be interchanged. 

Carrying out the interchange, we see that if arg (1 -z) be given its principal value, 


r(c-a) r(c-6)r(a) r(ft)/’(a, t; c; «)/r(c) 


r (a+o r(ft+0 r (c-a-ft-0 r ( -/) (i -z)‘ dt. 


* Meihods similar to thoae of § 4*51 may be used, or it may be proved without muoh difficulty 
that conditions established by Bromwich, Infinite Seriee, § 177, are satisfied. 
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Now, when | arg(l | <2ir and 1 1-«| <l,tbuiliuit integral be evaluated by the 
methods of Barnes’ lemma ($ 14*62); and so we deduce that 

r(<j-<i)r(c-6)r(a)r(6)/*(a, 6; c; £) 

»r(o)r(a)r(b)r (c-a^b) F(af b; a+6-c4-l; 1-r) 

+r(i?)r(e-a) r(c — 6) r(a + i"C) (1 — c — 6 ; c-a-d+l; l-«), 

a result which shews the nature of the singularity of /*(a, 6 ; c ; z) at 1. 

This result has to be modified if c— a - 5 is an integer or zero, as then 
r(a+0r(6+0r(c-o-6-0r(-0 

has double poles, and logarithmic terms may appear. With this exception, the result is 
valid when | arg ( -*) | < ir, | arg (1 -z) | < ir. 

Taking | s | < 1, we may make z tend to a real value, and we see that the result still 
holds for real values of z such that 0 < s < 1. 

14‘6. Solution of Riem(mn*s equation by a contour integral. 

We next proceed to establish a result relating to the expression of the 
hypergeometric function by means of contour integrals. 

Let the dependent variable u in Riemann’s equation (§ 10*7) be replaced 
by a new dependent variable /, defined by the relation 

tt « (x — a)* (x — 6)^ (s — c)y /. 

The differential equation satisfied by / is easily found to be 

d«/ ^ ^ dl 

dz* (jf — a X — 6 X — c )dz 

(g 4- -f 7 ) {(« -f - 1 - 7 *4* 1) X -h Sa (tt -f + 7 ^ — 1)1 j ^ ^ 

(s — a)(x — 6)(s — c) 

which can be written in the form 

Q(*)^-«X- 2 )(J'(*)+Ji(^))^ 

+ {i (X - 2)(X- 1) Q" {z) + (X - l)R’ («)} / - 0, 
where / X = 1 - a— — y = o' + /9' + 7 ', 

• Q («) = (* - »)(* ~b)(z- c), 

M (je) = 2 (o' +;9 i)(r - c). 

It must be observed that the function I is not analytic at oo , and consequently the 
above diffsrential equation in 7 is not a case of the generalised hypergeometric equation. 

We ahctll now shew that this differential equation can be satisfied by an 
integral of the form 

Jc 

provided that 0, the contour of integration^ is suitably chosen. 


19--2 
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For, if we substitute this value of I in the differential equation, the con- 
dition* that the equation should be satisfied becomes 

f (t- (t - {t - {z - « 0 , 

J c 

where 

K^{\-2) |<?(z) + {t-z) Q'{z) + i (t - *)* Q"{z)- 
+ {t-z){R{z)-i-{t-z)R'{z)] 

= (X - 2) {Q (<) - (f - a)*} +(t-z) [R (t) -(t-zyi(a' + /3 + 7 )} 

* — (1 + o + ^ + 7 ) (^ ~ ®) ~ ®) 

+ 2 (a' + ^ + 7 ) (< — i>) (i - e) (t-z), 

f dV 

It follows that the condition to be satisfied reduces ^ J ^ where 

v^(t- ay^^-^y (t - hy^^'^y (t - c)"+^+y' (t - 

The integral I is therefore a solution of the differential equation, when 
C is such that V resumes its initial value after t has described C. 

Now 

F = (^ — (t — (t — (t — U, 

where U — (t — a)(t--b)(t^ c) (z - 

Now U is a, one-valued function of t ; hence, if G be a closed contour, it 
must be such that the integrand in the integral I resumes its original value 
after t has described the contour. 

Hence finally any integral of the type 

{z — aY(z — by(z-‘ c)y f (^ — 

J c 

where C is either a closed contour in the t-plane such that the integrand 
resumes its initial value after t has described it, or else is a simple cui've such 
that V has the same value at its termini, is a solution of the differential equation 
of the general hypergeometric function. 

The reader is referred to the memoirs of Pochhammer, Math, Ann, xxxv. (1890), 
pp. 495-526, and Hobson, Phil, Trcms, 187 a (1896), pp. 443-531, for an account of the 
methods by which integrals of this t^^pe are transformed so as to give rise to the relations 
of §§ 14*51 and 14*53. 

Example 1. To deduce a real definite integral which, in certain circumstances, 
represents the hypergeonietric series. 

* The differentiations under the sign of integration are legitimate (§ 4*2) if the path C does 
not depend on z and does not pass through the points a, b,e,z; if C be an infinite contour or if 
C passes through the points a, b, e or z, further conditions are necessary. 
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The hypergeometrio aeries F{a^ h\c \ already shewn, a solution of the differential 

equation defined by the scheme 

r 0 CO 1 

PiOa 0 2-. 

tl-c h 

If in the integral 

(i-a)« {*-«)» (i~e)'‘+f+y'-^((-z)-‘-fi-vd(, 

which is a constant multiple of that just obtained, we make b-^cc (without paying 
attention to the validity of this process), we are led to consider 

«•-«(<- 1 )«-»-»(<- 1)-« dt. 

Now the limiting form of V in question is 

and this tends to aero at I and i «= 00 , provided R(c)>R (b) > 0. 

We accordingly consider j where z is not* po<e?tive and 

greater tlian 1. 


In this integral, write ; the integral becomes 


/: 


(1 (1 - uz)^*du. 


We are therefore led to expect that this integral may be a solution of the differential equation 
for the hypergeometric series. 


The reader will easily see that if R(c)>R (b) > 0, and if arg u=» arg (I - u) —O, while the 
branch of l-tu is specified by the fact that (1 as u-^O, the integral just 
found is 


r(b)r(c-b) 

r(c) 


F{a, b; c; z). 


This can be proved by expanding f (1 — in ascending powers of z when | « 1 < 1 and 
using § 12*41. 


Example 2. Deduce the result of § 14-11 from the preceding example. 

14*61. Determination of an integral which repi'CHnts 

We shall now shew how an integral which represents the particular solution 
(§ 14*3) of the hypergeometric differential equation can be found. 

We have seen (§ 14*6) that the integral 

/= {z - a)* (* -‘h'fiz- cf (t - a)^+ r ^ (t - 6)y 1 (t - c)» - z) "• 

satisfies the differontial equation of the hypergeometric function, provided is a closed 
contour such that the integrand resumes its initial value after t has described 0. Now the 
singularities of this integrand in the f-plane are the points a, 6, c, 2 ; and after describing 
the double circuit contour (§ 12-43) symbolised by(6-f)4;'t*,&~tO— ) the integrand retunis 
to its original value. 

* This ensures that the iK4nt t^l/z is not on the path of integration, 
t The justifloation of this process by § 4*7 is left to the readerl 
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Now, if f lie wi a circle whose centre is a, the circle not oonteiniDg either of the points 
6 and c, we can choose the path of integration so that t is outside this circle, and so 
I a )< I I for all points i on the path. 

Now choose arg («- a) to be numericallj less than ir and arg ( 2 -' 6), arg (s - c) so that 
they reduce to* arg(a-fr), arg(a-c) when t^a; fix arg(^— a), arg (<-5), a^g(^-c) at 
the point at which the path of integration starts and ends ; also choose arg (( - z) to 
reduce to arg (t - a) when 

Then ji +/S , 

(*-c)>-(a-c)> |l +y (^,)+-} . 

and since we can expand into an absolutely and unifoimly convergent series 

|l -(a+j8+y) , 

we may expand the integral into a series which converges absolutely. 

Multiplying up the absolutely conveigent series, we get a series of integer powers of 
X — a multiplied by {z - a)*. Consequently we must have 

I^ia-bf (a-c)* _ j,vv+.+/i'-i (« 

We can define by double circuit integrals in a similar 

manner. 

14 ' 7 . Relations between contiguous hypergeometric functions. 

Let P{z) be a solution of Riemann’s equation with argument z, singularities 
a, 6 , c, and exponents a, a', y 8 ', 7 , 7 '. Further let P{z) be a constant 

multiple of one of the six functions P^^\ P^'\ P^y\ P</^ Let 

Pi^\,m-\{^) denote the function which is obtained by replacing two of the 
exponents, I and ni, in P(z) by / -f - 1 and m — 1 respectively. Such functions 
Pi+i,m-i {^) said to be contiguous to P (z). There are 6 x 5 = 30 contiguous 
functions, since I and m may be any two of the six exponents. 

It was first shewn by Riemannf that the function P(z) and any two of 
its contiguous functions are connected by a linear relation, the coefioients in 
which are polynomials in z. 

There will clearly be ^ x 30 x 29 » 435 of these relations. To shew how 
to obtain them, we shall take P {z) in the form 

P («) (z -b'f(z- c)y j {t - a)»+Y+-'-> (t - 

(t - o)-+»+Y'-i (t - zy~*-y dt. 

where C is a double circuit contour of the type considered in § 14'61. 

* The v^oes of arg (a > b), arg (a - c) being fixed. 

t Jbh. 4er k. Oez. der Wisi. zu Odttingen, 1857 ; Gaase had previoasly obtained 15 relations 
between oontigaoiis hypergeonietrio Ainctions. 
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First, sinoe the integral round C <rf the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 =/^ ^ « - c)-+^-> (« - e)—*-y] dt. 

On performing the differentiation by differentiating each factor in turn, 
we get 

(a' + ^ + 7)F + (a + /S' + 7- l) + (« + ^8 + y _ i) 

_ (a + ^ + 7 ) p 

t-b 

Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 

(ft + + 7) 

These, together with the analogous formulae obtained by cyclical inter- 
change* of (a, ft, ft) with (6, /9, and (c, 7, 7'), are six linear relations 
connecting the hypergeometric function P with the twelve contiguous 
functions 

, -Py+i,#'-!) Py^+i^fi'^i. 

Next, writing < — a = (i - 6) -h (6 — a), and usingf to denote the result 
of writing ci' — 1 for o' in P, we have 

Similarly P * P. (c « a) P./.,. 

Eliminating P.'_, from these equations, we have 

(c — 6) P -f (a — c) P + (6 — a) P«'_j,y^.i » 0 . 

This and the analogous formulae are three more linear relations con- 
necting P with the last six of the twelve contiguous functions written above. 
Next, writing (« - x) - (f - a) - (x - a), we readily find the relation 

P >= Ps+,.y-, -{*- «)•+• (* C)r 

X f (« - «)»+>+•'-* {t - (t - (t _ ,)— 

Jc 

which gives the equations 

(t - 0)-> (P - (* - b)~' P/I+I,y-,) - (* - 6)-’ IP - (* - c)-> P»+, 

- (* - c)"’ |P - (* - a)~* P.+i,s-il. 

* Th« interohange if to be made only in the integmnde; tiie oontour (7 is to mnain 
unaltered. 

t ie not a fnnotion of Biemann'e $ype since the sum of its eiponsnti at a. b, e is not 
unity. 
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These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
functions of z. Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them ; that is, between P and any two of 
the above fundtiona thef'e exiete a linear relation. The coefficients in this 
relation will be rational functions of x, and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so fiur as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established for the rest of the thirty contiguous functions. 

Corollary. If functions be derived from P by replacing the exponents a, a , ft ft, y, y 
by a+p, a +^, ff+r, ft+#, y+^ V+w, where p, q, r, t. u are integers satisfying the 
relation 

p-^q-k-r+B-^t + um^Of 

then between P and any two such functions there exists a linear relation, the coefficients 
in which are polynomials in z. 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing down the linear relations which connect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions. 

Many theorems which will be established subsequently, e.g. the recurrence-formulae 
for the Legendre functions (§ 15*21), are really cases of the theorem of this article. 
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Miscellaneous Examples. 

1. Shew that 

P(a, />+! j c; r)-/’(a, 6; c; f)=«~P(a+l, 6+1 ; c + 1 ; *). 

2. Shew that if a is a negative integer while /8 and y are not integers, then the ratio 
P(a, /9 ; 0+/3+ 1 - y ; 1 - 4r)+ P(a, j8 ; y ; a?) is independent of a?, and find its value. 
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3. If P (z) be a hypergeometrio functioui express its derivates ^ and linearly in 

terms of P and contiguous functions, and henoe find the linear relation between P, 
d'ip . , . €U 

f >•©• verify that P satisfies the hypergeometric differential equation. 


4, Shew that P{J, ; 1 ; 4«(1 -«)} satisfies the hypergeometrio equation satisfied by 
■^(i» i > I ; *)• Shew that, in the left-hand half of the lemniscate | *(1 -s) |=a these two 
functions are equal ; and in the right-hand half of the lemniscate, the former function is 
equal toP(i, J; 1; l^z). 

6. If ■*P(a+ 1 , 6 ; c ; a:), Pa- ~ 1, ^ ; c ; .r), determine the 16 linear rdations 
with polynomial coefficients which connect P(o, 6 j c j j?) with pairs of the six functions 
P« + J Pa-> Pb^» P6-» Pe + » Pe-. (QaUSS.) 

6. Shew that the hypergeometrio equation 

1) {y-(«+i8+i) ^+fli8y-o 

is satisfied by the two integials (supposed convergent) 


7. Shew that, for values of a between 0 and 1, the solution of the equation 

*(1 -*) 0 + ^ («+/9+l) (1 - 2») *0 

is ilZ-lio, i/9; i; (l-2x)*}+B(l-S*)/’{i{o+l), iO+1); 

w^here X, B are arbitrary constants and P(a, ^;y\x) represents the hypergeometric series. 

(Math. Trip. 1896.) 

8. Shew that 


^ «! r(y-a)r{y-|8)r(«)r(/9) ^ J 


r(y-a-/3)r(Y ) 

r(y-«)r(y-/9') 

where k is the integer such that k^R (a+0— y) <^+l. 

(This specifies the manner in which the hypergeometric function becomes infinite when 
1-0 provided that o^-^- y is not an integer.) (Hardy.) 


9. Shew that, when P (y - a - |S) < 0, then 

^ ■ r(y)n^*^-y 

‘**-(a+/9-y)r(«)rO) 

as n-».QD ; where Sn denotes the sum of the first n terms of the seipes for P(ii, y ; 1). 

(M. J. M. Hill, Proo, London Math, Soc. (2), t.) 
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10. 8h«w if yit be independent solutionB of 

tiien the general solution of 

g+«>g+|!i»+f+4e}* + (4i>«+«f}.-0 

is *»^5ri*+^yiys + ^^ 2 *i where (7 are constants. 


[OHAP. XIV 


(Appell, VompteB Rendw^ xoi.) 


11. Deduce from example 10 that, if 


(F{a^h\ e\ «?)}*« 


r(g)r(2c~i) 


r(2a-m) r (a-f 6-f w) r (26-t*n) 


‘ F(2a) r (2i) r (a -I- b) nto n! r (c+n) r (2c- 1+n) 


(Clausen, JoumcU far Math, iii.) 

12. Shew that, if | | < J and | (1 — jt) 1 <i, 

/’{2a, a+/8+J; /’{a, /9; a+/9 + J; 4.r(l-j?)}. (Kummer.) 

13. Deduce fh>m example 12 that 

/’{2a, 2^; + 1} == 

14. Shew that, if « = and B (a) < 1, 

/•KSe-l; 2e; -*exp{J«(3e- 1)} 

J>'(a,Za-li 2ai - «) =3««-« exp (1 -3«)} . 

(Watson, Quarterly Journal, XLi.) 


15. Shew that 


F(-in, + n+5; - J).(j).Ei|i£g±t) . 

(Heymann, ZelUchrift fur Math, uud Phye. zliv.) 
16. If (l-4?)*+^-1'F(2a,28; 2y; X!)-l+J?* + 0'j:* + 2>a,-» + ..., 
shew that 

■^(e. 8; y+i; *)■/'’(>-*'. y-/8; y+ J: •>;) 

(Cayley, PhU, Mag, (4), xvi. (1858), pp. 366-357, See also Orr, Camb, Phil. 
Traru. xvii. (1899), pp. 1-16.) 


17. If the function F(a, ^ ff,y\ x, y) be defined by the equation 

/»(«, A /S', y, X, y)- _EM_^ J‘«-»(l-u)y— 1 {\-ux)-*{\-u^)~f^du, 

then shew that between F and any three of its eight contiguous functions 
F{a±\\ F{P±l), F(ff±l), F{y±\\ 

tiiere exists a homogeneous linear equation, whose coefficients are polynomials in x and y. 

(Le Vavasseur.) 
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18. If y->a— /9<0, shew that, as -0, 


yi *) t |— 


(Y)r(a+<3-y) 

r(a)r(/9) 



and that, if y — a— j9a*0, the cotresponding approximate formula is 




19. Shew that, when | « | < 1, 


(Math. Trip. 1893.) 


/: 


(flCH-.O-t-.X-.O-) 


x^-^(p-xy 




(1 “ v)“^dp 


■ -4<!*^*8in a>rBin(y-a)ir. ff; y, a), 


where c denotes a point on the straight line joining the points 0, x, the initial arguments 
of N— and of p are the same as that of and arg (1 n) -*-0 as n-^O. 

(Pochhammer.) 

20. If, when | arg (1 - j?) | < 2^, 


/ri, (r(-»)r(i+*)}*(i-^)**. 

and, when | arg x\<2n^ 

jZi ^ (4 +*)}* 

by changing the variable « in the integral or otherwise, obtain the following relations ; 
K(x)^K' {I -x), if |arg(l— jt) |<tr. 

K (l~'X)^K* {x)y if I arg 47 1 <»r. 


JS:(47)-(l-x)-i/f(^), 

iSr(l-r)=x-iA'(-^), 

ir'(*)=ar-iir'(l/ir), 


if I oig (1 - ar) I < w. 
if |arg.r|<jr. 
if laig*|<ir. 


A" (1 -*)-(! -x)-i A" if I arg (1 - j:) I < ir. (Barnes.) 


21. With the notation of the preceding example, obtain the following results ; 

W w- - I (Eiif!-)) V ji.„,-4j.,,+4 (J . , 

when I X I < I, I arg .r I < »r ; and 

A (*) - T .• ( - *) - i ^ (l/x)+( -*) - 4 K' (llx\ 

when I arg ( - x) | < r, the ambigtu 4us sign being the same as the sign of / (x). 


(Barnes.) 
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22. Hypergeometric aeries in two variables are defined by the equations 

Fi (a, a',fi,0; y; x,y)~, S 


„,,«»! «I y„+, 
>ymyn' 




where om»o(o+l)... (a +971-1), and 2 means S 2 . 

«, n ms^O t»nO 

Obtain the difierential equations 

^ ^+{y - («+^ + 1) 

Hl-^)^+y^{y-(a+0+l)x}%»-afiF»^O, 

and four similar equations, derived from these by interchanging x with y and a, y with 
a*, y* when a , /9', y occur in the corresponding series. 

(Appell, Comptu Rmduty xc.) 

23. If a is negative, and if 

a-« -i/+a, 

where v is an integer and a is positive, shew that 

r Wr(a) « (R^ 1 

r(;p+a) lar+Tj*^ n( )|i 


where 


24. When a < 1, shew that 


n ! 

c.(„. gW-g(- ). 


ar+n 


(Hermite, Journal fur Math, xcii.) 


where 


rwr(a-^ )^ i j?!L . 2 ^ 

r (a) jP+a""««ia?-a-»* 

j^,^ (~)'*q(a + l)... (g+w-l) 
n ! 


25. When a>l, and p aud a are res^iectively the integral and fractional parte of 
a, shew that 

r(^)r(«->g) _ • Wpn * pp>m 

r(a) H»i J?+« X’-a^n 


'\jt-a x-o -1 jr-o-. + lJ 



THE HYPBROEOMBTSIO FUNCTION 


301 




where 
and 

nl 

(Hermite, Journal fiir Math, xcil.) 

26, If 

f <T V f>-l- ^ *(y+»+»-l) , /V J^(*+l)(y+«+n-l)(y+»+») 
where n is a positive integer and .<7,, ,Cs, ... are binomial coefficients, shew Uiat 

.Tn{>l>f ) r(y_x)r(y+»)r(v)r(jr+v+n)' 

(Saalschiltz, Zeittohrift fur Hath, xxxv ; a number of similar results are given 
by Dougall, Proe. Edinburgh Math. Soe. xxv.) 

8hew that, when iZ (^ +€ - Jo - 1) > 0, then 


/’(o, a— 1, a — € + 1 ; S, « ; 1)=2~* 


r(^)r(a)r(f)r(6-t-€-<a >-i) 


r(a-ja)r(€-ia)r(i+ia)r(a+c-a-i)- 
(A. C. Dixon, Proc, London Math, Soc. xxxv.) 


28. Shew that, if It (o) < g, then 


29. If 


(Morley, Proc. London Math. Soc, xxxiv.) 


shew, by integrating with respect to x, and also with respect to y, that B (i^J, ky f, m) is a 
symmetric function of k-k-ly Z+wi, w+i. 

Deduce that 

Ay; i)-hr(a)r(f)r(a-Hc-o-/9-y) 
is a symmetric function of a, *, a-f #-o- A a+«— ^-y, a+f-y-o. 

(A. C. Dixon, Proc. London Math. Soc. (2), ii. (1906), pp. 8-16. For a proof of 
a special case by Barnes’ methods, see Barnes, Quarterly Joumaly XLi. 
(1910), pp, 136-140.) 


30. If 

/*=F’(-n, a+n; y ; x) = 






y (y+1) ... (y+w-1) daf*^ 
shew that, when n is a large positive integer, and 0<x<ly 


|jj.y+n-I(i.^)ffi+n-rj^ 


(cos * cos {(2»+») 0 - Jw (2y _l)}+0 , 

where x^sin^<fb, 

(This result is contained in the great memoir by Darboux, ^^Sur Papprozi- 
mation dee fonctions de tr6s grands nombres,” Journal de Mal/t, (3), iv. 
(1878), pp. 6-66, 377-416. For a systematic development of hyper- 
geometric functions in which one (or more) of th^ constants is large, see 
Camb. Phil. Tram. xxn. (1918), pp. 277-306.) 



CHAPTER XV 

LEGENDRE FUNCTIONS 


16‘1. Definition of Legendre polynomicUe. 

Consider the expression (1 -2x4 + A*)“*; when 12sA-A*|<l, it can be 
expanded in a series of ascending powers of izh~h*. If, in addition, 
1 2th I + j A I* < 1 , these powers can be multiplied out and the resulting series 
rearranged in any manner (§ 2'52) since the expansion of [1 - (| 2sA | + 1 A |*}] ~ ^ 
in powers of |2*A| + |A|* then converges absolutely. In particular, if we 
rearrange in powers of A, we get 

(1 - 2tk + A‘) “ * » P. (x) + AP, (t) + A‘P, (t) + h*P, (x) + . . . , 

where 

P.(s) = l, P.(x) = x, P,(x)-5(3s*-1). P,(s) = ^(5P-3x), 

P, (t) » I ( 86 s* - 80i* + 8 ), P. (s) - J (63s* - 70s* + 1 5s), 


and generally 


Pn(>) 


Ln _ ”(«-!) , n(rt-l)(w-2)(»-3) 

2*.(nl)*l 2(2n-l)' 2. 4.(2n - l)(2n-3) 


1 r_y (2n-2r)l 
r-o' ^ 2 *.r!(n-r)!(n- 2 r)!' 


where m ■■ 5 n or g (n — 1 ), whichever is an integer. 


If o, A and d be poMtive constants, b being so small that SaA+f^l-A, the expansion 
of (1 - 2tA A*) ~ ^ converges uniformly with respect to t and A when | s K a, | A | < A. 

The expressions Pt (s). Pi (s) which are clearly all polynomials in s, 

are known as Legendre polynomials*, Pn(s) being called the Legendre 
polynomial of degree n. 

It wiB appear later (g 16'2) that these jiolynomials are particular oases of a more 
extensive class of functions known as Legmdn fvnetioM. 

K 

EmmpU 1. By giving s special values in the expression (1 - 2xA+A*) ~ shew that 


* Other oameB are Legtndre eotfleienU and Zonal Harmonici. Thaj were introdnoed into 
analysiB in 1784 by Legendre, Mimoira par diven «avant, x. (1785). 
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Mramplt S. From the expansion 
(l-SAoo8tf + A«)-l-(l+l4«"+|^ *»«••» + ...) 

x(i+1as-«+|^a»s-«*+...), 

shew that 

{gcoantf 8 cos (n - 8 ) ^ 

g cos (»- *) + .. ■} . 

Deduce that, if d be a real angle, 

I -P f’coo I jT ^ ‘ ^ *** ^** "” ^ f? I ^ ^ t 1 • 3 • (2w) (2n— 2) ^ ) 

|P„(oo8d)|< 2.4.^_2»- r + 27(2^ ■ 4 . (2« - 1) (8n- 3 ) ' ^ + » j 

^PnW, 

SO that I P„ (cos d) I < 1. (Legendre.) 

Example 3. Shew that, when 

Pn=^PoPim- P — ... +Pa„Po. (dare, 1905.) 


15*11. Rodrigues*^ formula for the Legendre polgnomiala. 
It is evident that, when n is an integer. 


1) 


m 

2 i^y 


(2n^2r)! ^,, 


rl(n — r)! (n — 2r)l 

where iii .«2 ^ l)i coefficients of negative powers of z vanishing. 

From the general formula for {z) it follows at once that 

this result is known as Rodrigues' formula. 

Example. Shew that P„ (3)—0 has n real roots, all Ijring between ± 1. 


15*12. 8ohl€ifli*8'\‘ integral for 

From the result of § 16*11 combined with § 5*22, it follows at once that 
^ ^ 2*t j c 2- (« - * )“+' 

where C is a contour which encircles the point z once counter-clockwise; this 
result is called SMdfiVe integral formula for the Legendre polynomials. 

* Certeep, »ur Vacate pn^teehnique, iiz. (1814-1816), pp. 861^85. 

t BehUlfli. Ueber die ewei Heime^eehen Kuqelfunetionen (Bern, 1881). 
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15'13. Legeadr$’$ differential equation. 

We shall now prove that the function u » P,| (a) is a solution of the 
differential equation 

,, ,.d}u a tiu , 

which is called Legendre's differential equation for functions of degree w. 

For, substituting Schlafli's integral in the left-hand side, we have, 
by § 6-22, 

(1 - ^’) + « (n + 1 ) P„ {z) 


“ /c {- (n + 2) (f* - 1) + 2 (n + 1) f (t-z)] 

_ (« + l) [ d ^ 

2in[ . 2“ Jcf dt ( (< ~ j ' 

and this integral is zero, since — l)**"*"^ {t — resumes its original value 

after describing C when n is an integer. The Legendre polynomial therefore 
satisfies the differential equation. 

The result just obtained can be written in the form 

i {(1 - + «(« + !) P«(^) -0. 

It will be observed that Legendre’s equation is a particular case of Riemann’s equation^ 
defined by the scheme 

r-1 00 1 I 

0 w-bl 0 z\, 

0 -n 0 ) 

Example 1. Shew that the equation satisfied by is defined by the scheme 

(-' * ‘1 

Pl-r « + r+l -r z\, 

I 0 -?4+r 0 j 

Example 2. If shew that Legendre’s differential equation takes the form 

. n L l ^ j. 

dij* (27 1-7/ ^7 47(1-7) 

Shew that this is a hypergeometric equation. 

Example 3 . Deduce Scblafli’s integral for the Legendre functions, as a limiting case of 
the general hypergeometric integral of § 14 * 6 . 

[Since L^ndre’s equation is given by the scheme 

^-1 X 1 

p{ 0 »+i 0 *) 

0 -n 0 
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1518, 1514] 

the integral snggeeted is 

j®. O-i) 

= !)• (f- f)-»-» <ft, 

taken round a contour C such that the integrand resumee its initial value after describing 
it ; and this gives Sohlfifli’s integral.] 

16'14 The integral properties of the Legendre polynomials. 

We shall now shew that* 


f^P^(e)Pn(z)di 


= 0 

2 

2n+ 1 


(m as n). 


Let {w}r denote then, if r^n, {(s®— iy^]r is divisible by (jg®— I)”"**; 

and BO, if r < n, — l)**}r vanishes when z^l and when jp « — 1. 

Now, of the two numbers tn, n, let m be that one which is equal to or 
greater than the other. 

Then, integrating by parts continually, 


((s»- I)**},, {(s*-l)“}„<i* 

- [{(*• - {(s* - 1)»},]‘_^ - {(z*- {(P- !)»},+, dz 


= (-)"• f ^ («* - 1)” - !)*}*+« de, 


since {(s*- {(^*— I)"*)*.-*. ••• vanish at both limits. 

Now, when m > n, {(*•— “ 0. 8»“ce difiFerential coefficients of (** — 1 )» 
of order higher than 2n vanish ; and so, when m ia greater than n, it follows 
from Rodrigues’ formula that 

J‘^P„(r)P„W<fo = 0. 

When m * n, we have, by the transformation just obtained, 

{(s* - !)•), {(*• - l)-}« dz - (-)• ^ (r*- 1)* irdz 

^(2n)lJ\l-t>y*dz 

«2.(2n)jf*(l-s*)«d» 

Jo 

r*' 

-2.(2n)!/ Bin**«tfcW 


»2.(2n)! 


2.4... (2n) 
3.5...(2« + l)’ 


* These two rewilte ware giten by Legendre in 1784 end 1788. 


We Me A. 


20 
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where cosff has been written for z in the integral; hence, by Bodiigues* 
formula, 



2.(2n)! (2».n!)* 
(2-.n!)“ (2n + l)! 


2 

2ii+ 1 • 


We have therefore obtained both the required results. 

It follows that, in the language of Chapter xi, the functions -PnW are normal 

orthogonal functicms for the interval (-1,1). 


Example 1. Shew that, if ;r>0, 


Example 2. 


j (ooshSj?— i 
If /- f** (*) P» {») dt, then 




(i) /-.V(*« + i) 




(CUra, 1908.) 


(ii) 7-0 

..... r ( — n ! »n I 

“gm + M-l (v !)*(/*!)* 

16*2. Legendre functions. 


{m-^n even), 

(w«a2if + 1, m^2fA). 

(Clare, 1902.) 


Hitherto we have supposed that the degree n of Pn(^) is a positive 
integer; in fact, has not been defined except when w is a positive 

integer. We shall now see how Pn (z) can be defined for values of n which 
are not necessarily integers. 

An analogy can be drawn from the theory of the Gamma-function. The expression 
el as ordinarily defined (viz. as z (z — 1) (x-2) ... 2 . 1) has a meaning only for positive 
integral values of z ; but when the Gamma-function has been introduced, e ! can be defined 
to be r (z + 1), and so a function e ! will exist for values of e which are not integers. 


Referring to § 15*13, we see that the differential equation 
(l-z*)^-2z^ + n(n+l)n^0 


is satisfied by the expression 

2wtVc2»(#-x)»+> ’ 

even when 7i is not a positive integer, provided that C is a contour such that 
(f*— l)**+*(f — resumes its original value after describing C, 

Suppose then that n is no longer taken to be a positive integer. 

The function — 1)*+* (f — has three singularities, namely the 

points and it is clear that after describing a circuit round 

the point t^l counter-clockwise, the function resumes its original value 
multiplied by ; while after describing a circuit round the point t^m z 

counter-clockwise, the function resumes its original value multiplied by 
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If therefore O be a contour enclosing the points < =• 1 and t*=z, but 
not enclosing the point — 1, then the function (<•— l)"+*(t— will 
resume its original value after t has described the contour C. Hence, 
Legendre’s differentkd equation for functums of degree n, 

is satisfied hy dte expression 

for all values of n ; the many- valued functions will be specified precisely 
by taking A on the real axis on the right of the point < = 1 (and on the 
right of -2 if be real), and by taking arg(i — l)=sarg(^-|- 1)=»0 and 
I arg (^ — ^) I < ^ at 

This expression will be denoted by {z\ and will be termed the Legendre 
function of degree n of the first kind. 

We have thus defined a function Pn(^), the definition being valid whether 
n is on integer or not. 

The function (z) thus defined is not a one-valued function of z ; for we might take 
two contours as she^vn in the figure, and the integrals along them would not be the same , 


A 



to make the contour integral unique, make a cut in the t plane from — 1 to - ao along the 
real axis ; this involves making a similar cut in the z plane, for if the cut were not made, 
then, as z varied continuously across the negative part of the real axis, the contour would 
not vary oontinuously. 

It follows, by g 5*31, that Pn («) analytic throughout the cut plane. 


16'21. The Recurrence Formulae, 


We proceed to establish a group of formulae (which are really particular 
cases of the relations between contiguous Biemcuin P-functions which were 
shewn to exist in § 14*7) connecting Legendre functions of different degrees. 
If C be the contour of § 15’2, we have* 




2*+*WlJ £?{*-«)•+* ’ 




n + 1 f «•-!)" 

2»+>w»Jc («-»)•+• 


• We write P,' (r) for ~ P, (»). 


20—2 
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di («-«)•+« “ (<-*)»+• 

and so, integrating. 


0.0 f (HziD—dt 


Therefore 

1 f («*-!)" 

2"+*7rt J c (< - *)" 
Consequently 




1_ f 

2»+*wt Jc (<- 


(f» -!)«+» 




,)*+! 2»+>irt 


.f (^Z l>ld 


(I). 


(A). 

Differentiating*, we get * 

■P'n+i W - ^P'n («) - i*n («) * («). 

and so P n+i («) - <^-P'n («) “ (« + 1 ) («) 

This is the first of the required formulae. 

Next, expanding the equation 

jcd« 1 ®’ 

we find that 

Jo{t-z)r Jo (<-*)“ yc(<-^)”^' 

Writing (<*-1)4-1 for <* and (< — z) 4- * for t in this equation, we get 




(<• - 1)«-* 
. (t-zr 


dt 


f (<*- 




d< -0. 


c (< - ^)" 

Using (A), we have at once 

(n + 1) {Pn+, (^) - W! + nPn-^ (z) « n^Pn W « 0. 

That is to say 

(n + 1) Pn+i (z) - (2n + 1) zPn (z) -f nPn-i “ 0 (II), 

a relation f connecting three Legendre functions of consecutive degrees. This 
is the second of the required formulae. 

We can deduce the remaining formulae from (T) and (II) thus : 
Differentiating (II), we have 

(n + 1) (P'n+i (z) - zP'n (Z)} - u {zP'^ (z) - P^^, (5)1 - (2n -h 1) Pn (z) * 0. 
Using (I) to eliminate P'n+\ (z), and then dividing by J n, we get 

5P'n (z) - P Vi (z) » nPn ( 5 ) (lU). 


* The prooees of differentiating under the eign of integration is readily justified by 1 4*2. 
t This relation was given in substanoe by Lagrange in a memoir on Probability, ifise. 
Taurinemiat v. (I77fi-1778), pp. 167-282. 

t If »s=0, we have P® W = li W = trivial. 
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Adding (I) and (III) we get 

P Vi (^) - («) - (2n + 1) P, (^) (IV). 

Lastly, writing n — 1 for n in (I) and eliminating P'»-i (r) between the 
equation so obtained and (III), we have 

(e* - 1) P', (r) « nePn (r) - nP,_, (a) (V). 

formulae (I) — (V) are called the recurrence formulae. 

The above proof holds whether n is an integer or not, i.e. it is applioable to the general 
Legendre function^ Another proof which, however, only applies to the case when n is 
a positive integer (i.e. is only applicable to the Legendre polynomials) is as follows ; 


Write 




Then, equating coefficients* of powers of h in the expansions on each side of the 
equation 

(1_2A*+A»)|?=(*-A) K, 

we have l) 2 p„_i(«)+(»i— 

which is the formula (II). 

Similarly, equating coefficients* of powers of h in the expansions on each side of the 


equation 


we have 




dz dz 

which is the formula (111). The others can be deduced from these. 

Example 1. Shew that, for all values of n, 

^ {» (P.*+ /»„,)- ,}-{2»+3) ,-(2»+ 1) P*. 

(Hargreaves.) 

Example^. If » 

shew that = j‘ M^(x)dx^O, (Trinity, 1900.) 

Example 3. Prove that if m and n are integers such that m^9i, both being even 
or both odd, 

/‘ ^ + (dare, 1898.) 

Example 4. Prove that, if m, n are integers and m'^n^ 

(Math. Trip. 1897.) 

* The reader te reoommended to juetilj these proeeetts. 
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15 * 211 . The easpreeeion of any polynomial as a series of Legendre 
polynomials, 

Let fn (z) be a polynomial of degree n in z. 

Then it is always possible to choose Oo. a,, ... On so that 

fn {z) = a^P 0 (z) + a^Pi (z) + ... ^a^Pn (z), 

for, on equating coefficients of z^, z^-\ ... on each side, we obtain equations 
which determine Oni On-i* ••• uniquely in turn, in terms of the coefficients of 
powers of s in fn (z). 

To determine Oq, a^, ... On in the most simple manner, multiply the 
identity by Pr(zX and integrate. Then, by § 15*14, 

when r aaO, 1, 2, ... n ; when r > n, the integral on the left vanishes. 


Example 1 . Given ;s*‘ *= aoi© («) + Pi W + . . . + P» («), to determine oq, aj , . . . > 

(L^ndre, Exercices de Calc, ItU, il p. 352.) 

[Equate coefficients of on both sides ; this gives 




2* . (n !)« 


(2w) ! 

J («) so that, by the result just given, 




2m+i(w I)* 

‘ (2m+)) ! * 


Now when w — wi is odd, /»,»* is the integral of an odd function with limits ±1, and m 
vanishes ; and 1^^^ also vanishes when n^m is negative and even. 

To evaluate /^.m when n-m is a positive even integer, we have from Legendre’s 
equation 

ot (»» + 1 ) j {(!-*») /»„'(*)}<& 

•=» [*»->(! ^-nj /*„(*)<*, 

on integrating by parts twice ; and so 
Therefore 


n(n- 1) 


1) ... 


(«— m) (» — 2— m) ... 2. («4*w-hl)(w + m“ 1) ... (2m+3) 
by carrying on the process of reduction. 


•fiNtiny 
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Consequently / » ' 

s»d so OmkO, when n— m is odd or ne^tive, 

_ (S»i»+l)8»nI(J«+i»«)! , . , 

!(«+«+!) ! positive.] 

Examfle 2. Express oos as a series of Legendre polynomials of cos ^ when n is an 
integer. 


Example 3. 

Evaluate the integralfl 


Example 4. 

^ ^ W -^11+1 W ^ («) (r) dt. 

Shew that 

(St John’s, 1899.) 


{p,' (.)}* . 

(Trinity, 1694.) 

Example 6. 

Shew that 



n 

nP^(oosS)^ 1 COB rdP,*.,. (coed). 

rwl 

(St John’s, 1898.) 

Example 6. 

If y ^ (1 - P^ (;y) cfo, where »i< shew that 


(«- w) (271+29114*1) n„*s2«%„.j. 

(Trinity, 1896.) 


16 * 22 . Mvrphy*8 expression* of Pni^) os a kypergeometric function. 

Since (§ 15*13) Legendre’s equation is a particular case of Riemann’s 
equation, it is to be expected that a formula can be obtained giving Pn (s) in 
terms of hypergeometric functions. To determine this formula, take the 
integral of § 15*2 for the Legendre function and suppose that 1 1 — r | < 2 ; to 
fix the contour C, let S be any constant such that 0 < £ < 1, and suppose that 
z is such that 1 1 — .r | ^ 2 (1 — S) ; and then take C to he the circle^ 


|l-f|»2-£. 

Since | J _ ^ i ^ < 1, we may expand {t — s)‘ 


into the uniformly 

convergent series | 

(t - - l)r— |l + (« + 1)^ + (n + !)(« + 2) + ... .. 

Substituting this result in Schlafli’s integral, and integrating temi-by- 
term (§ 4’7), we get 

P /,\ r (* + 2)... (n + r) /*<>+■«■*-* (<*-!)* 

rn {e) = 2"+'irt r ! J ^ (t - !)"+>+*• 

.5 


^ Eleetrieity (1888). Morphy's result was obtaioed only for the Legendre polynomials, 
t This oirole contains the points 
t The series terminates if n be a negative integer. 
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by § 5*22. Since arg (f + 1) 0 when < » 1, we get 

+ -2— '«(n-l)...(n-r + l), 

and BO, when { 1 — x | < 2 (1 — £) < 2, we have 

p w (n + l)(n + 2)...(n + r).(-n)(l-M)..,(r-l-w) /I i V 

nC*)- ^2 (H)i la-8*j 

•■i^^w+1,— n; 1; 5 — 5^^. 

This is the required expression ; it supplies a reason (§ 14’5tS) why the cut 
from — 1 to — 00 could not be avoided in § 15’2. 

Corollary. From this result, it is obvious that, for all values of 

Note. When 22 is a positive integer, the result gives the Legendre polynomial as 
a polynomial in 1 - « with simple coefficients. 


ExampU 1. Shew that, if m be a positive integer, 

- r(2m-h7i4-2) 

1 /•-! 2«‘+i(is + l)!r(nV 


(Trinity, 1907.) 


Example 2. Shew that the Legendre polynomial (cos 6) is equal to 

ij cos*id), 

and to co8»Jd^(->n, — n ; 1 ; tan* Jd). (Murphy.) 


16 ' 23 . Laplaces integrals^ for Pn {^)> 

We shall next shew that, for all values of n and for certain values of z, 
the Legendre function Pn(^) can be represented by the integral (called 
Laplace* s first integral) 

~ f + (;S* — 1)* COS <f>]^ dif}. 

w jo 

(A) Proof applicable only to the Legendre polynomials. 

When w is a positive integer, we have, by § 16 ‘ 12 , 




where 0 is any contour which encircles the point z counter-clockwise. 
Take 0 to be the circle with centre z and radius («“ — 1 |^, so that, on ( 7 , 
f -I- (,?» — 1)4 where ^ may be taken to increase from — w to w. 


* Mecanique C4U$U, Livre xi. Ch. 2. For the oontonr employed in this section, and for 
some others introduced later in the chapter, we are indebted to Mr J. Hodgkinson. 
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Making the substitution, we have, for all values of z, 

{-e + («*-!)* cos 

= — f {z + («* — l)i cos dA, 

^ Jo 

since the integrand is an even function of The choice of the branch of 
the two-valued function (z* — 1)^ is obviously a matter of indifference. 

(B) Proof appltcahle to the Legendre functione, where n is unrestricted* 

Make the same substitution as in (A) in Schlafli’s integral defining 
Pf^ {z) ; it is, however, necessary in addition to verify that ^ = 1 is inside the 
contour and t = - 1 outside it, and it is also necessary that we should specify 
the branch of {-? + (£^ — 1)^ cos which is now a many- valued function of 0. 

The conditions that < = 1, ^ — 1 should be inside and outside C re- 

spectively are that the distances of z from these points should be less and 
greater than | — 1 These conditions are both satisfied if ( -e — 1 1 < j ^ + 1 1 

which gives R {z) > 0, and so (giving arg z its principal value) we must have 

Therefore {z) = ^ {z + («• - 1)* cos ^}» d^, 

where the value of arg [z + (f* — 1)^ cos is specified by the fact that it 
[being equal to arg(t*— 1) - arg(^ — j?)] is numerically less than tt when t is 
on the real axis and on the right of z (see § 15-2). 

Now as 0 increases from — »r to ir, *+(«* — 1)^ cob 0 describes a straight line in the 
Argand diagram going from « - (z* - 1)^ to r + (r* — 1)^ and back again ; and since this line 
does not pass through the origin*, arg oos<^} does not change by so much as 

n* on the range of integration. 

Now suppose that the branch of + 1)^ cos which has to be taken is such that 

it reduces to (where k is an integer) when 

Zmkiri . 

Then Pn (*)“ *2^ j 0* oos 

where now that branch of the many-valued function is taken which is equal to when 

Now make by a path which avoids the aeros of since Pn(z) and the 

integral are analytic functions of z when | argr | <^, X- does not change as z describes the 

path. And so we get — 1. 

* It only does so if « is a pure imaginary; and such values of $ have been eioluded. 
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Therefore, when | arg « | < g ir and n is onrestricted, 

Pn ^ /'^ {r + (r* - l)i COB dif>. 

where arg - 1)^ cos is to be taken equal to argir when ^ * 2 

This expression for Pn (^)» which may, again, obviously be written 


if {^ + ( 2 r* — 1)* cos 
w jo 

is known as Laplace’s first integral for (s). 

CwoUary. From § 16*22 corollary, it is evident that, when | arg z | < Jir, 




.1 \-. 
^Jo j 


cUp 


{*+(*»- 

a result, due to Jacobi, Journal filr Math. ixvi. (1843), pp. 81-87, known as haplac^i 
zecond irUegral for (z). 

Example 1. Obtain Laplace’s first integral by considering 


i A- f’{z+(z>-l)i cos 
»I»0 j 0 

and using § 6*21 example 1. 

Example 2. Shew, by direct dififerentiation, that Laplace’s integral is a solution of 
Legendre’s equation. 

Example 3. If « < 1, | A | < 1 and 

(l-2Aco8d+A*)~*« X 6 »co8»^, 

naO 


shew that 

Example 4. 
the substitution 


Example 5. 
values of £, 


yo(l-'a^)*(l-*A*)* 


(Binet.) 


When z>lj deduce Laplace’s second integral from his first integral by 


{*-(**-1)1 coed} !*+(**- 1)1 COB «^}-l. 

By expanding in powers of cos^, shew that for a certain range of 


“ f + 1)^ cos =»***/’(“ ^n, 1; l-x“*). 

njo 


Example 6. Shew that Legendre’s equation is defined by the scheme 

1 0 00 1 'j 

-Jn i + 0 fl, 

J + Jn -Jn 0 j 

where *-i(fl+f"*). 

16 * 231 . The Mehler-Dvnehlet integral^ far (*). 

Another expression for the Legendre function as a definite integral may be obtained in 
the following way : 


* Diriohlet, Journal flu- Math. xvn. (1887). p. 86 ; Mehler, JlfotA. Ann, ▼. (1872), p. 141. 
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For all values of n, we have, by the preceding theorem, 

IT J 0 

Id this integral, replace the variable ^ b j a new variable A, deHned by the equation 

A««+(«*- l)i cos 0, 

i*ndweget •?»(*)=- /*'''**’ A"(l -2A*+A*) " ; 

the paUi of integration is a straight line, arg h is determined bjr the fact that A<a< when 
Jtr, and (1 — 2 Aj+ A*) “ 4 = - 1 (z* - 1 )4 sin 


Now let zmfCOaS; then 


Pn(coa«)^~ I* ^A«(l-2At+A*)-4<tt. 


Now (S being restricted so that — when n is not a positive integer) the 

path of integration may be deformed* into that arc of the circle |A|nl which passes 
through A = 1, and joins the points A ~ A ■« e**, since the integrand is analytic throughout 

the region between this arc and its chord t. 


Writing A**c^ we get 




and so 


,(co8d) irJ-e(2coB^~2<!OBfi)i 
.(C08d)-i /’"_c«(«+i)* 

n J 0 


dtp, 




{2(C08^ — COSd)}l 

it is easy to see that the positive value of the square root is to be taken. 

This is known as MMer'z simplified form of Dirichlel^s integraL The result is valid for 
all values of n. 

Examfde 1. Prove that, when n is a positive integer, 

J 9 {2(C08 d- COS^)}a 

(Write IT for d and «r for ^ in the result just obtained.) 


Example 2. Prove that 

i*. (cos d) - 5 ^ f — r dk, 

2irt; (A»_2Aco8d + l)* 

the integral being taken along a closed path which encircles the two points and 

a suitable meaning being assigned to the radical. 

* If be complex and JR (cos d) > 0 the deformation of the contour presents slightly greater 
difficulties. The reader will easily modify the analysiB given to cover this case. 

f The integrand is not analytic at the ends of the arc but behaves like near 

them ; but if the region be indented (| 6*23) at and the radii of the indentations be made to 
tend to aero, we see that the deformation is legitimate. 



316 


THK TRANSCENDENTAL FUNCTIONS 


[chap. XV 


Hence (or otberwiee) prove that, if $ lie between and fir, 

P (oMffi..- — ^ ^ cob(«^-H») 1« 00»(w^-f3^) 

* «r 3.6 ,„(*n+l) s(2n+8) (2sintf)* 

I*. 3* co8(iid+5(^) 

2.4.(2n+3)(2A+6) (2810^)* 



where ^ denotes 

Shew also that the first few terms of the series give an approximate value of (cos $) 
for all values of 3 between 0 and ir which are not nearly equal to either 0 or ir. And explain 
how this theorem may be used to approximate to the roots of the equation (oo8^)-»0. 

(See Heine, KugdfunkHonent i. p. 178 ; Darboux, Comptes Rendus^ Lxxxii. (1876), 
pp. 366, 404.) 

16*8. Legendre functions of the second hind. 

We have hitherto considered only one solution of Legendre’s equation, 
namely We proceed to find a second solution. 

We have seen (§ 15*2) that Legendre’s equation is satisfied by 

taken round any contour such that the integrand returns to its initial value 
after describing it. Let 2) be a figure-of-eight contour formed in the following 
way : let a be not a real number between ± 1 ; draw an ellipse in the f-plane 
with the points j: 1 as foci, the ellipse being so small that the point is 
outside. Let A be the end of the major axis of the ellipse on the right 
of f = 1. 

Let the contour D start from A and describe the circuits (1 — , — 1 +), 
returning to A (cf. § 12*43), and lying wholly inside the ellipse. 

Let jarg^^l^TT and let | arg (r — f) | ^ arg 2 ^ as f — > 0 on the contour. Let 
arg(f + 1) = arg(f ~ 1) = 0 at j4. 

Then a solution of Legendre’s equation valid in the plane (cut along the 
real axis from 1 to — oo ) is 

n / \ 1 f (<* - 1)” ,, 

Vn W ** gjjj nw Jd 2^ (z — * 

if n is not an integer. 

When R (n + 1) > 0, we may deform the path of integration as in § 12*43, 
and get 

Qn(^) “ - ^)” ^ 

(where arg(l — f) « arg(l +t) = 0); this will be taken as the definition of 
Qn(z) when n is a positive integer or zero. When w is a negative integer 
(s m *- 1) Legendre’s differential equation for functions of degree n is 
identical with that for functions of degree m, and accordingly we shall take 
the two fundamental solutions to be (z), Qm (^)- 

Qn(^) is called the Legendre function of degree n of the second kind. 
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15'Sl. Easpansion of Qni^) as a poujer-series. 

We DOW proceed to express the Legendre function of the second kind as 
a power-series in 

We have, when the real part of n + 1 is positive, 

(*) * ^ ~ 

Suppose that | ^ | > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 

I 

dt 


1 


2n+i ^n+i 

1 

r (i-<«)«|i+ i 

/ -1 1 r«l 

2n+i ^+1 

1 r 

2n^+l 

r (1 -«•)“(£<+ 2 ' 

/ 0 


where r = 2«, the integrals arising from odd values of r vanishing. 

Writing = u, we get without diflSculty, from § 12*41, 

7r^r(n-fl)lEf/l 11 ^ 3 \ 

Qn (s) =*» 2n+i r ^ + 2» * 

The proof given above applies only when the real part of (?i 4- 1) is positive 
(see § 4*5) ; but a similar process can be applied to the integral 

Q„(,) . 1 f 1 (f _ ly. (* _ t)-^i 

^ ' 4i Sin nw J X) 2* ' ' 

the coefBcients being evaluated by writing I (^• — 1)*^ r dt in the form 

J D 

ra-) r(“i+) 

(1 - <•)** r dt + 6"*^ (1 - <*)•* r dt ; 

Jo Jo 

and then, writing P a u and using § 12*48, the same result is reached, so 
that the formula 

r(7i4-l) 1 Bt/i^ . 1 i„ . 1 . 3. 1\ 

Qn (s) a P ^ I) ^n +1 (2 ^ 2 ' 2 ^ 2 » zV 

is true for unrestricted values of n (negative integer values excepted) and for 
all values* of x, such that | x j > 1, | arg x | < w. 

JExatnple 1. Shew that, when a is a positive integer, 


When n ie a positive integer it is nnnecessary to restrict the rvalue of arg s. 
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[It is easily verified that Legendre’s equation can be derived from the equation 
( I — **) -gp- + 2 (n — I ) » ^ + 2 »mp » 0, 

by difierentiating n times and writing 

Two independent solutions of this equation are found to be 

(«*— 1)* and (** — (v*— 1 )'"**”* (fv. 

It follows that -1)-— Irfej. 

is a solution of Legendre’s eqimtion. As this expression, when expanded in ascending 
powers of oommenoes with a term in it must be a constant multiple* of Qn {^) ; 

and on comparing the coethcient of in this expression with the ooeffioient of in 
the expansion of as found above, we obtain the required result.] 

Exam^ie 2. Shew that, when n is a (losltive integer, the Legendre function of the 
second kind can be exi>res6ed by the formula 

€,(i)-2»n!j J ... 

Example 3. Shew that, when n is a positive integer, 

[This result can be obtained by applying the general integration>theorem 

/. 77 * - = i * 

to the preceding result.] 

15'32. The recurrence-formulae for (z). 

The functions (z) and (z) have been defined by means of integrals of precisely the 
same form, namely 

j 

taken round different contours. 

It follows that the general proof of the recurrence-formulae for P*(«), given in g 15-21, 
is equally applicable to the function (*) ; and hence that the Legendre furuslion of the 
eecond kind eatiefiee the recurrence-formulae 

+ 1 (*) - * (*) = (« + 1 ) €» (*), 

(n + 1 ) ♦ I (*) - (2n + 1 ) (*) + (*) = 0, 

*Vn(*)-V..-i (»)=««,(*). 

V. + i (*)- V«-i W=(2«+ 1) W, 

(*)-»<?«-! (*)• 

Example 1. Shew tiutt 


and deduce that 
and that 


«oW-ilog*4T. 

<?» (*) - (*) log ^ 

1 i’ ^ («-!)* 

* -5-6*- 7*-...-(2n-l)** 

* {z) contains pozitive powers of z when n is an integer. 
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jS!ram/92e 2. Shew by the reourrenoe^formulae that, when ?» is a positive integer*, 
iP, (*) log *-±| - Q, (*) -A_, (.), 

where (z) oonsists of the positive (and zero) powers of z in the expansion of 
JPn W log in descending powers of z, 

[This example shews the nature of the singularities of {z) at ± 1, when n is an integer, 
which make the out from —1 to +1 necessary. For the connexion of the result with 
the theory of continued fractions, see Gauss, Werke, iii. pp. 165-206, and Frobenius, 
Journal fUr Math. Lxxiii. (1871), p. 16 ; the formulae of example 1 are due to them.] 


16 ' 33 . The Laplddan integral^ for Legendre functione of the second kind. 
It will now be proved that, when JJ (n + 1) > 0, 

On if) = f (x + (x- — 1 cosh dff, 

Jo 

where arg {z + (x* — 1)* cosh 6] has its principal value when 0 = 0, if n be not 
an integer. 

First suppose that z>l. In the integral of § 16*3, vix. 

e. w - 2^! /'a -<•)"(' - 0— ' <«• 

e>{z + l)i + (z- 1)4 

so that the range (— 1, 1) of real values of t corresponds to the range (— 00 , 00 ) 
of real values of 0. It then follows (as in § 16'23 A) by straightforward 


substitution that 


Qn(^)-l [ {z -i- (z^ - 1)^ cosh 0}-^-^ d0 

* J -ao 

r* 

* I {« + (^^ — 1)4 cosh dd, 

J 0 


since the integrand is an even function of 0. 


To prove the result for values of z not comprised iti the range of real values greater 
than 1, we observe that the branch points of the integrand, qua function of z, are at the 

points ±1 and at points where r+(r‘- 1)^ ooshd vanishes; the latter are the points at 
which ± ooth 

Hence («) and j {# + («* - 1)^ cosh d} ^ dd are both analytic J at all points of the 

plane when out along the line joining the points x-b ± 1. 


* If - 1 < t < 1, it is apparent from these formulae that Q„ (z •(- Ot) - (x - Ot) = - riP^ («). 

It is convenient to deflme Q,g(x) for each values of x to be iQ«(x + 0f) + iQ„(x-0t). The 

reader will observe that this function satisfies Legendre's equation for real values of x. 
t This formula was first given b; Heine ; see his Kugtlfunktumen, p. 147. 

X It is easy to shew that the Integral has a unique derivate in the oui plane. 
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Bj the theory of analytic continuation the equation proved for positive valueif of r — 1 

persists for a)] values of z in the cut plane, provided that arg {«+ 1)^ cosh B) is given 

a suitable value, namely that one which reduces to aero when a - 1 is positive. 

The integrand is one>valued in the cut plane [and so is $»(«)] when n is a positive 

integer; but arg {i -f (i*- 1)^ cosh B} increases by 2«r as ai ^ z does so, and thereforo if » be 
not a positive integer, a further cut has to be made from — 1 to » oo . 

These outs give the necessary limitations on the value of z ; and the cut when n is not 
an integer ensures that ai^ {« + (r* — l)i} « 2 arg {(*+ 1)1 + (r - 1)1} has its principal value. 

Example 1. Obtain this result for complex values of z by taking the path of 
integration to be a certain circular arc before making the substitution 

where B is real 


Example 2. Shew that, if r > 1 and coth a» 2 i, 


where arg - (s* — 1)1 cosh w} —0. 



— 1)1 cosh cf w, 


(Trinity, 1893.) 


16'34. Eeumann^e* for mtda for (z)^ when n is an integer. 

When n is a positive integer, and z is not a real number between 1 and —1, the 
function Qn (^) expressed in terms of the Legendre function of the fiiet kind by the 
ralation 


which we shcJl now establish. 





dy 

^y' 


When 1 1 1 > 1 we can expand the integrand in the uniformly convergent series 

CO yM 

■P«(y) * j^i- 

msO * 

Consequently 

i/— ‘ / V 

The integrals for which m— n is odd or negative vanish (§ 15*211) ; and so 

*— y y-i 

1 • 2**^^ (n + 2i») ! (n + m) ! 

”2,fo* »»1 (2*i+2»i+l) ! 

" ' -y (i» + 5 . + 1 ; »+4 : *■*) 

-<?»(*), 

by § 15*31. The theorem is thus establish^ for the case in which |«|> 1. Since each 
side of the equation 



represents an analytic function, even when | r | is not greater than unity, provided that z is 
not a real number between - 1 and -H 1, it follows that, with this exception, the result is 
true (§ 5*5) for all values of z. 

* F. Nenmaon, Journal fUr Math, xxxvii. (1846), p. 24. 
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The reader should notice that Neumann’s formula apparently expresses as a 

one-valued function of s, whereas it is known^. to be many- valued (§ 15*32 example 2). 
The reason for the apparent discrepancy is that Neumann’s formula has been established 
when the z plane is cut from - 1 to +1, and (x) is wm-voIh^ mi the cut plane. 

Example 1. Shew that, when - 1 < /2 (x) < 1, | (x) | < | /(e) |-> ; and that for other 

values of x, ] (x) | does not exceed the larger of | x - 1 1-^, [ x + 1 1~’. 

Example 2. Shew that, when n is a positive integer, (x) is the coefficient of A" in 
the expansion of (1 -2Ax + A*) ' 4 arc cosh i ^ \ , 


[For, when | A | is sufficiently small, 


2 = 
liavO 


^ r n (1 -2Ay-t-A»)^4< 

7-1 “2y_i 


B (1 - 2Ax-|- A*) " 4 arc cosh 


1(2*-1)4i 


This result has been investigated by Heine, KugdfunHionen^ i. p. 134, and Laurent, 
Journal de Math. (3), i, p. 373.] 

16*4. Heine's^ development of (t — as a series of Legeiidre poly- 
tioinials in z. 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomials. 

The reader will readily prove by induction from the recurrence-formulae 

(2w + 1) tQm (0 - + 1) Qm+i (0 - wQw-i (0 * 0, 

(2m + l)zP,n (^) - (m + 1) P,H+, (z) - (z) = 0, 


Now consider 


_ S (2m + 1) P,„ (z) Q„ (t) + ~ (z) Q„ it) - Pn iz) (<))• 

^ W »0 V — Z 

Using Laplace’s integrals, we have 

P n+i {z)Q„it)-P..iz)Q 

n-Kl (0 

r (g+(^*- o^coB^}" 

IT jo Jo + (*• — l)i cosh u}"'*’' 

X [* + — l)i cos ^ + (f* - l)i cosh m}“>] d^du. 

XT j * + («*- 1)4 COB0 

Now consider ^ x ^ 

(<*— 1)* cosh u ; 

Let cosh a, cosh a be the semi-major axes of the ellipses with foci ± 1 which pass 
through X and ( respectively. Let d be the eccentric angle of x ; then 
x«co8h (a-f 

I X ± (x* - 1 )1 cos ^ I ■* I cosh (a+iS) ± sinh (a + i^) cos ^ ] 

= {cosh* a - sin* ^ + (cosh* a — cos* If) cos* ^ ± 2 sinh a cosh a cos i^}4 . 

This is a maximum for real values of ^ when cos :fi ; and hence 

|*±(*»-l)4 cos I* ^ 2 cosh* a - 1 + 2 cosh a (cosh* « - I )4B«exp (2a). 

Similarly !< + (#*- 1)^ cosh u | ^ exp a. 

* Journal /Ur Math, XLti, (1851), p. 72. 


w. M. A. 
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Therefore 

I Pn^i W Qn (0 - Pn W Cn+i (t) | < ir*"' exp {n (a - a)} 


where I ^ 1 -I- (^8 _ ijj 

« + (e»-l)*co8hwl 




Therefore | Pn+i (^) Qn (0 ■” Pn (^) Qn+i (0 1 — ► 0, as n oo , provided a < a. 

And further, if t varies, a remaining constant, it is easy to see that 
the upper bound of J J Vd<^du is independent of t, and so 

P i»+i C*^) Qn (0 ^ Pn Qn+l (0 

tends to zero uniformly with regard to t 

Hence if the point z is in the inte^nor of the ellipse which passes through 
the point t and has the points ± 1 for its foci, then the expansion 

1 (2n + l)/>„(z)Q,.(«) 

f ^ n =0 

is valid; and if the a variable point on an ellipse with foci ± 1 such that z is 
a fixed point inside it, the expansion converges uniformly with regard to L 

16‘41. Nemianns'^ expansion of an arbitrary function in a series of 
Legendre polynomials. 

We proceed now to discuss the expansion of a function in a series of 
Legendre polynomials. The expansion is of special interest, as it stands next 
in simplicity to Taylor’s series, among expansions in series of polynomials. 

Let f{z) be any function which is analytic inside and on an ellipse C, 
whose foci are the points ^ = ± 1. We shall shew that 

f{z) = a^Po (^) + Gti Pi (r) -h tt,P, (z) + OjP, (z) + . . . , 
where Ug, a,, Ot, ... are independent of z, this expansion being valid for all 
points z in the interior of the ellipse C, 

Let t be any point on the circumference of the ellipse. 

OD 

Then, since 2 (2»+ 1) Pnia) Qn(f) converges uniformly with regard to t, 

/w - IS ^ *> <*> 

2 anP»(z), 

n*0 

where j 

* K. Nenmann, Utber die Entwickelung einer FunkHon nach den Kugetfunktianen (Halle, 
1863). See also Thom4, Journal fUr Math, lxtx. (1866), pp. 887-848. Keomann aleo gives an ex- 
pansion, in liSgendre fnnotions of both kinds, valid in the annulns bounded bj two ellipeea. 
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This is the required expansion ; since S (2n + 1) (z) Qn (t) may be proved * 

1**0 

to converge uniformly with regard to z when z lies in any domain C* lying 
wholly inside C, the expansion converges uniformly throughout G\ 

Another form for On can therefore be obtained by integrating, as in 
§ 15'211, so that 

= j" J{x)Pnix)dx. 

A form of this equation which is frequently useful is 

which is obtained by substituting for from Rodrigues’ formula and 

integrating by parts. 

The theorem which bears the same relation to Neumann’s e.xpansion as Fourier’s 
theorem bears to the expansion of § 9* 11 is as follows : 

Let f{t) he defined when — 1 ^ I, mui let the integral o/(l — he 

aheolutely convergent; also let 

a„«=(n+i) I PJt)dt. 

Then 2a^P^{.v) is convergent and has the sum J {/(J?+0) + /(xr-0)} at any point Jur 
which - 1 < .r < 1, (/■ any condition of the type stated at the end of § 9*43 is satisfied. 

For a proof, the reader is referred to memoirs by Hobson t and Burkhardt|. 

Example 1. Shew that, if p 1) be the radius of convergence of the series then 

Zc^P^{z) converges inside an ellipse whose semi-axes are J (p+p”*), .J (p — p”')- 

ExampU^ If «(^)*. wtoi.,>^> 1, 

> 1 * .1 

[Substitute Laplace’s integrals on the right and integrate with regard to 
Example 3. Shew that 

f(jb) >«» i'tlig;!} - . ■ I e. (.) e. w. 

(Frobenius, Journal fiir Math. LXXiii. (1871), p. 1.) 


16*6. Fei'rerJ associated Legendre functions {t) and Qn” 

We shall now introduce a more extended class of Legendre functions. 

If m be a positive integer and - 1 < ^ < 1, n being unrestricted §, the 
functions 




* The proof is similar to the proof in § la *4 that that oonvergenee is uniform with regaid to t. 
t Proe. London Math* Soe. (*2), vi. (1998), pp. 388-^395; (2), vn. (1909), pp. 24-^9. 
t MUnchenef SiUungsheriehte, xxxxx. (1908), No. 10. 

9 See p. 817, footnote. Ferrers writes (s) for (x). 
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will be called Ferrers’ associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these functions satisfy a differential equation 
analogous to Legendre’s equation. 

For, differentiate Legendre’s equation 


nt times and write v for . 


We obtain the equation 


(1 — -e®) ^ — 2^ (w + 1) ~ q- (n — m) (ti + m + 1) v s 


0. 


Write w « (1 — v, and we get 

This is the differential equation satisfied by and 

From the definitionfi ii^iven above, several expressions for the associated Lej^odre 
functions may be obtained. 

Thus, from Schlafli*s formula we have 

.rf,, 

where the contour does not enclose the point <«*—!. 

Further, when n is a positive integer, we have, by Rodrigues’ formula, 

p - rri (»-**)*”• «<>■*’" 

* ^ ^ 2-n! « 

ExampUf, Shew that Legendre’s associated equation is defined by the scheme 
r O GO 1 \ 

\m w + 1 (Olbricht.) 

( - « — jm j 

15'51. The integral properties of the associated Legendre functions. 

The generalisation of the theorem of § 15*14 is the following: 

W^hen n, r, m are positive integers and n>m, r > m, then 


/: 


Pn^{z)Pr^ {Z)dz 


2 (a m)\ 
2a + 1 (n -- m)\ 


(r + n), 
(r « w). 


To obtain the first result, multiply the differentia] equations for P^i^z\ 
Pr^{z) by Pr^{z), P^^{z) respectively and subtract; this gives 


B ["-'■'h-W 


rff „”(;?> 


B 

+ (n - r) (n + r + 1) P,"* {t) „ q. 
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On integrating between the limits — 1, +1, the result follows when n 
and r are unequal, since the expression in square brackets vanishes at each 
limit. 

To obtain the second result, we observe that 

p^m+i (,) (1 _ + Wfcg (1 - S*) ~ * Pn** (s) ; 

squaring and integrating, we get 

- - /!/■”« £ {<" - '■>'^1 * - ” L ^ 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for P^(js) to simplify the first 
integral in the second line, we at once get 

J Wl* = (n — w) (n + w + 1) J {Pn”* (^))* dz. 

By repeated applications of this result we get 

= (n — m + 1) (n — w + 2) . . . w 

X (a + m) (n m - 1) . .. (n + 1) J [Pn{^)Y dz. 


and so 




dz' 


2 (a -f m) 1 
2w -h 1 (n - w)I* 


16*6. Hobsons definition of the assodated Legendre functions. 

So far it has been taken for granted that the function (1 — which 
occurs in Ferrers' definition of the associated functions is purely real ; and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that — 1 <z< 1, no complications arise. But as we wish 
to consider the associated functions as functions of a complex variable, it is 
undesirable to introduce an additional cut in the z-plane by giving arg(l — z) 
its principal value. 

Accordingly f in future^ when z is not a real number* such that — 1 < z < 1, 
we shall follow Hobson in defining the associated functions by the equations 

whm m is a positive integer, « is unrestricted and aigx, arg(x + IX aig(r - 1) 
have their principal values. 
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When m is unrestricted, (a) is defined by Hobson to be 
r(i-m) 

and Barnes has gi%*en a definition of (z) from which the formula 

8in(n+w)w r(m-w-n) r(|) 

sinnyr 2** + *r(n+ 5) «» + »*■►» 

X + + fi+i ; 

may bo obtained. 

Throughout this work we shall take si to be a positive integer. 

16'61. Expressim of Pn”^(z) as an integral of Laplace's type. 

If we make the necessary modification in the Schlafii integral of § 16*6, 
in accordance with the definition of § 16*6, we have 


PfTiz)- 


Write z ^ {z^ — \)^ as in § 15*23 ; then 

p „ . . (« + T)(« + 2)...(7i + ro) _ (^ + (g«-l)*co3^1” j . 

" 27r ^ ^ A 

where a is the value of when ^ is at -4, so that 

I arg (-?• — 1)* -f a I < TT. 

Now, as in § 15*23, the integrand is a one- valued periodic function of the 
real variable ^ with period 2ir, and so 




(n + l)(n + 2) ... (n -f m) 
27r 


J -f (^® — 1 )i cos <l>] ” d<f>. 


Since + — 1)* cos^}" is an even function of we get, on dividing 

the range of integration into the parts (- w, 0) and (0, tt), 

w Jo 


Pn^(z)^ 


The ranges of validity of this formula, which is due to Heine (according as 
n is or is not an integer), are precisely those of the formula of § 15*23. 

Example, Shew that, if | arg 2 : | < Jir, 

(«)-( - )« /**" -- co8m<l>d4> ^ 

where the many- valued functions are specified as in 15*23. 

16*7. The addition theorem for the Legendre polynomial^. 

Let z^xjf - l)i 1)^ cos 40, where x^ .r^, m are unrestricted complex numbers. 

* Legendre, Calc, Int, 11 . pp. 262-*2fi9. An investigation of the theorem based on physical 
reasoning will be given subsequently (§ 18*4). 
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Then we aball ihew that 

P. (*) P. (^) +8 J, ( - ^ 

First let R (#')>0, »o that ^ is a bounded fijnotion of ^ in the 

i;’+(jt^-l)»ooB« 

range 0 <^ < 2ir. If if be its upper bound and if | A 1 < if“‘, then 

I f*+(4i»-l)*ooe (»-»)}» 

•-0 {y+(*^-i)4cos<^}"+* 

oonverges uniformly with regard to and so (§ 4‘7) 

; (• {*+(4»«-l)*ooe(«-d»)}* ^^_ f’ ; A»{a>+(a!«-l)*ooe(»-»)}» ^^ 

,fo {a'+(y»_i)*ooe<^}"+> ;-»«-« {y+(y«-i)ioo»^}»+> 

-••*'+(y*-l)iooe^-A{4f+(**-l)*coe(«>-^)} 

Now, by a slight modification of example 1 of § 6*21, it follows that 


/:. 


d<f> 


2w 


r i +5 C08^+O8ind>”(jl*_fl»— £?*)*’ 

where that value of the redioal is taken which makes 

1 d - (4* - jB* - O')* 1 < I (B* + C*)4 1 . 


Therefore 


/ 




4/ + ( 4 /* - 1)^ 008 ^ - A { j? (jt;* - 1 )* 008 (w - d>)} 

2ir 


[(y - hxY - {(y» - 1 )* - A (** - 1 )* COB «.}* - {A (*• - 1 )* sin «}*]4 

2ir 

"(l-SAs+A*)* ’ 

and when A-.-0, this expression has to tend to Sir Po (^) Expanding in powers 

of A and equating coeflScients, we get 

2w J -» 1)* oos^}*^'*'* 

Now /*,(«) is a polynomial of degree n in oosi*, and can consequently be expressed in 

the form Mo+ * A^ooBnua, where the coefficients A^t -d,, ... are independent of «» ; 

to determine them, we use Fourier’s rule (§ 9*12), and we get 

/ P*(r)oosm«<fo» 
tr J ‘w 

L f’' f f* 

••■•j-irU-' {*'+(y*-l)ioOS«P}»+‘ J 


8? 

1 


1 f' rf* {x+ - 1 )* QOS (m - ^)}" QOS m» ^ n 

{y+{*^-l)*cosip}»*» *J^ 

.J- f’ rf' fa ^ ^t 1 Af., 

“ss^y-wLi-* {y+(*'*-i)*ooe4i}*'*’* -I 

on ntu^nging the Older of integration, writing and changing the linute for ^ 

from ±ir“^ to ±w. 
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Now j 1)^ ooa^}*rinm^(i^a>0, since the integrand ie an odd Amotion; 

and so, by § 15*61, 

jl ^ *• /"' cos <a^. /»,■"( j) j 

" w(n+m)lj (y+(y*_i)looe^}*+» 

-2(-r 

Therefore, when | aig / 1 <iw, 

F. (*)-/*. (*) P. (^)+8^2 ( - )"§^' /’«" (*) /*,“ (*') cos m». 

But this is a mere algebraical identity in x, x' and cos a> (since n is a positive int^r) 
and so is true independently of the sign of /t (^). 

The result stated has therefore been proved. 

The corresponding theorem with Ferrers’ definition is 

P, {**' +(1 - J!»)i (1 - a;'*)! cos »} -P, (*) P. W +2 (*) (»') «» 

16 * 71 . TAe addition theorem for the Legendre functione. 

Let 47, y be two constants, real or complex, whose arguments are numerically less than 
and let ( 4 ;± 1 )^, ±1)^ be given their principal values ; let m be real and let 

ZzsXXf - (JF* ~ 1)1 (y*- 1)1 008 tt. 

Then we ehadl ehew that^ if | arg r | < for all ntcdirn of the real varuMe a», and n be 
not a poeitive integer, 

P. « - A W P. (x') + 2 ( - )« P»* W P."* (y) oos »»«. 


Let cosh a, cosh d be the semi-major axes of the ellipses with foci ± 1 passing through 
X, y respectively. Let /9, y be the eccentric angles of x, x' on these ellipses so that 

— ^ip</3<Jir, — Jit </3'< Jit. 

Let a' -I- 1 / 3 ^ *= f , so that jraBCOshf, y ssooshf'. 

Now as tt passes through all real values, R (z) oscillates between 

R (asp) ±P (*»- 1)1 (y*- l)*-co8h (o±o') COB 0±/S'), 


so that it ie neoeeearg t/iat he acute angles poeitive or negative. 
Now take Sohlafii’s integral 

p+.»+) (r«-i)i» 




and write 




-r 

^JA 




(t^zy 


^ e*^ sinh ( cosh — oosh ( sinh cosh ( cosh — e *** sinh ( sinh 

cf»sh i^+e*^ sinh 

The path of as ^ increases fW>m - ir to ir, may be shewn to be a circle ; and the 
reader will verify that 

j ^ 2 {g^ ~ 

cosh -h e^^ sinh 


^ ^ 2 {g*^^"**Uinhtf + cosh ^ftlcosh^f cosh II’- g*** sinh sinh tf} 

oosh + g*^ sinh jf ' 

^ g oosh If «i-Binh jf'} (g^** sinh j sinh* -^^T*** sinh ^ cosh* - oosh ^ sinh ^7 

oosh Jf+g^ sitth Jf' 
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1571, 15-8] 


Since* | ooeh | > | einh |, the ai^gument of the denominators does not change when 
^ increases by 2ir ; for similar reasons, the arguments of the first and third numerators 
increase 2ir, and the argument of the second does not change; therefore the circle 
contains the points and not —.1, so it is a possible contour. 

Making these substitutions it is readily found that 


Pn 



{ar+ (g« - 1 )* cog (« - ^)}» ^ 


and the rest of the work follows the course of § 16*7 except that the general form of 
Fourier’s theorem has to be employed. 


Example. Shew that, if n be a positive integer, 

msBl 

when <» is real, A (^) ^ 0, and | (^ - 1) (x^ 1) | < | (ar- 1) (jZ+I) |. 

(Heine, Kngelfunktianm ; K. Neumann, Leipziger Ahh, 1886.) 


16’8. The funetwni (z). • 

A function connected with the associated Legendre function PtJ^(z) is the function 
(^)) which for integral values of n is defined to be the coefficient of A** in the expansion 
of (1 — 2A^ + A*)” ^ in ascending powers of A. 

It is easily seen that Cn*' («) satisfies the difierential equation 


d*g (2^4-1) g dg a(a-f2y) 
dr* r*-l dz r*-l 


y«o. 


For all values of n and v, it may be shewn that we can define a function, satisfying 
this equation, by a contour integral of the form 


(I 


where C is the contour of § 16*2 ; this corresponds to Schlafli’s integral. 
The reader will easily prove the following results ; 

(I) When n is an integer 

w!(2n + 2v-l)(2«+2i.-2)..,(»4-2v)^^ ^ 

since {z\ Rodrigues’ formula is a particular case of this result. 

(II) When r is an integer, 


whence 


s-r 






-l)(2r-3)...3. r 

The last equation gives the connexion between the functions (7/ (z) and (j). 


* This follows firom the fact that oos/)'>0. 

t This funotion has been studied b^r Oegenbauer, Wiener Sitzunpeberiekte, lxx. (1874), pp. 434- 
44$; mcxv. (1877), pp. 891-896; xovn. (1888), pp. 269-816; on. (1898), p.i942. 
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(III) Modiflofetioos of the recurrenoe-fonnalee for P. («) era the ftdlowing : 

(*), «£?/ (.) -(n- 1 +2») »c;_j (.) - Sr (1 -P) f?;"* (*). 
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Miscellaneous ExamplesI. 

1. Prove that when r is a positive integer, 

{(1 -*)^ + ( - )« (!+*)'}• 

(Math. Trip. 1898.) 

2. Prove that J « (1 - #*) de 

is zero unless m-n— ± 1, and determine its value in these oases. 

(Math. Trip. 1896.) 

3. Shew (by induction or otherwise) that when is a positive integer, 

(2«+l) J^‘p,*(*)*-1-*P.‘-2*(P,*+P,*+... + P»,_,)+2(PiP,+P*^, + ...+P»_,P»). 

(Moth. Trip. 1899.) 

4. Shew that 

«P,' (*) =nP, (*) + (2m - 3) P,., (r)+ (2m - 7) P. _.(*) + ... . 

(Clare, 1906.) 

5. Shew that 

**P,"(*)-«(n-l)P,(*)+ 2 (2M-4r+l){r(2«-2r+l)-2)P._e.(»), 

r»l 

where jdbb or } (» ~ 1). (Math. Trip. 1904.) 


* Before studying the Legendre function P^i^) in this treatise, the reader should consult 
Hobson^s memoir, as some of Heine's work is incorrect. 

t The functions involved in examples 1--80 are Ijegendre polynomiale. 
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6. Shew that the Legendre polynomial satisfies the relation 

(Trin. Coll. Dublin.) 


7. Shew that 

/o **‘^*+‘ *"(2«-l)(a«+l)(2n+3) ' 

(Peterhouse, 1905.) 

8. Shew that the values of J (1 - «*)* («) P„' (z) dz are as follows : 

(i) 8» {n + 1) when m-n\^ positive and even, 

(ii) - 2w (n* - 1 ) (n — 2)/(2n + 1 ) wheu m ^ n, 

(iii) 0 for other values of m and a. (Peterhouse, 1907.) 

9. Shew that 

Bin«^i»,(8intf)=: S (-)*• , v” ’ . , coe-^fi-Ccog tf). 
r»o r!{n-r) 1 

(Math. Trip. 1907.) 

10. Shew, by evaluating P„ (cos d) (§ 15-1 example 2), and then integrating by 

parts, that J P„ (/*) arc is zero when n is even and is equal to v -■ ? 

when n is odd. (Clare, 1903.) 

11. If m and n be positive integers, and m ^ ra, shew by induction that 


D /m\ D « ^m-r-dr-dn-r /2a4*2m — 4r-t- 1 

^(^)^(^)“*o"X::.,. v^+^^r-^+i 


I) A + m-*i- W, 


^ 1.3.6...(2m-l) 


(Adams, Proc, Royal xxvn.) 

12. By expanding in ascending powers of u shew that 

where is to be replaced by (1 -z^) after the differentiation has been performed. 

13. Shew that Pn(z) can be expressed as a constant multiple of a determinant in 
which all elements parallel to the auxiliary diagonal are equal (i.e. all dements are equal 
for which the sum of the row-index and column-index is the same) ; the determinant 
containing n rows, and its elements being 

11 11 1 
*• “3' 3*’ "6’ 6*’ •2Srn[*- 

(Heun, Gott, Nack, 1881.) 

14. Shew that, if the path of integration passes above 

p 2 /« {*(!-(*) -sad -**)»}• 

A (*)- J , (TZr^i (SJva.) 

1 5. By writing oot cot d — A cosec d and expanding sin $' in powers of A by Taylor’s 
theorem, shew that 

/',(oo8tf)=^ (Math. Trip. 1898.) 
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16. By conaidoring S h^Pn («)» shew that 

i»«M> 

(Qlawher, Ptoc. London, Math, 8oc, vi.) 

17. The equation of a nearly spherical surface of revolution is 

f «« 1 4* o {Pj (cos 6) + Ps (cos d) + . - . 4* Pfc, _ 1 (cos 6)}, 
where a is small ; shew that if a* be neglected the radius of curvature of the meridian is 

l4-a 2 {n(4»i-f 8) — (f» + l)(8wi + 3)}P*,„+i (cosd). 

** ^ (Math. Trip. 1894.) 


18. The equation of a nearly spherical surface of revolution is 

rasa {1 4-€p* (cos d)}, 

where « is small 

Shew that if be neglected, its area is 

4,ra* |l +i.* . (Trinity, 1894.) 

19. Shew that, if ir is an integer and 

(l-SAi+A*)-**" S 

in=0 

then 


4. 8*<*~®>(2n+l) 


“•“(1-4*)*-* 1.3.6. 




where x and y are to be replaced by unity after the differentiations have been performed. 

(Bouth) Proc, London Math. Soc. xxvi.) 


20. Shew that 


/!., jh n ’ 

.i, srn 

21. Let a:*4-y*4-r*«'r*, s— pr, the numbers involved being real, so that 
Shew that 


(Catalan.) 


where r is to be treated as a function of the independent variables j?, y, z in performing 
the differentiations. 

22. With the notation of the preceding example (of. p. 819, footnote *), shew that 

(«+i) £ (?) • 

23. Shew that, if | A | and | x | are sufficiently small, 

^- . y— — i (2n+l)4»P«(*). 

(l-SAi+A*)* •“» 
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24. Prove that 


p n + 1 W »— 1 W Qni-l (*)"“ 


(Math. Trip. 1894.) 

25. If the arbitrary hmetion /(s) can be expanded in the serieu 

converging uniformly in a domain which inoludee the point 1, ehew that the expannon 
of the integral of this function ia 

26. Determine the coefficients in Neumann’s expansion of in a aeries of Legendre 

polynomials. (Bauer, Journal filr Math, lvi.) 

27. Deduce from example 25 that 

IT « (1.3.6. ..(2n-l))*,,, 

* {- 2.4.e...2n -; 

28. Shew that 


(Catalan.) 


+ g-P.-sW •^»(*)+"*+|^-Po(*)-P»-l wj- . 


29. Shew that 


(Schlafli ; Herraite, Teixeira J. ofe Sci, Math. Ti. (1884), pp. 81-84.) 




Prove also that 


<2;, (*)-!/>.(*) log 








1 «(»-l)(n-2)(n+l)(»+2)(n+3) (t-V^ 


where *.-l+i + l + ...+^. 


(Math. Trip. 1898.) 


30. Shew that the complete solution of Legendre’s differential equation is 

the path of integration being the straight line which when produced backwards passes 
through the point 

* The first of these expreaaioiiB for {z) was given by Cliristoffel, Journal JUr Math. LV. 
(1858), p. 08, and he also gives {Ibid. p. 72) a generalisation of example 28% the second was given 
by Stieltjes, Corretp, d^Hermite et de StUltJez^ n. p. 59. 
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81. Shewthat {*+(**-!)*}•= 8 

where 

32. Shew that, when K (»+ 1) > 0, 


_ _ r(w-i)r(»)t-g-i) 

2fr »«!r(w-« + l) ■ 


[0H4P. XV 


(SohlKfli.) 


33. Shew thftt 


Q^(z)^ . 'I dh, 

;*+(**- D* ri~2A«+A*^4 

dL 


■*-(»« -1)* A» 

« (l-2Ai+A»)i' 


r(n4 - 1 ) f “ coah mu 

-m + l)jo - l)4coBh 


r(n 




(Hobson,) 


where the real part of (a + 1) is greater than m, 

34. Obtain the expansion of Pn (z) when | arg 2 1 < tt as a series of powers of I/ 2 , when 
n is not an integer, namely 

71 

2»r(>n-i) _« i_„ I'l 

r(«+i)r(i)* V 2 ’ 2 ’ * ’ W 

^ r(-n)r(|r \ 2 ^ ’ 2 

[This is most easily obtained by the method of § 14-51.] 

35. Shew that the differential equation for the associated Ijegendre function /V" (£) 
is defined by the schemes* 

0 1 00 1 

Pi -in m -in -i" i»» <> 

\i"+i i“+i U«+t -W J 

(Olbrioht.) 

36. Shew that the differentia] equation for Cn* (z) is defined by the scheme 

(-1 00 1 j 

P-Jj — I' « + 2i^ z>, 

i 0 -n 0 J 

37. Prove that, if 

(2n4-l)(2n-t-3)...(2w + 24-l) . 

(«•-!) (n*-4) ... {«*-(*- 1)»} (n+*) ™ ^ ’ 

„ n 2(2«+l) „ , 2«+3 „ 

then 

3(2»H-3) „ . 3(2« + 5) „ (2n-f3)(2e+S) „ 

y»“-r»t9 .»»+!+ g^_j 

and find the general formula. (Math. Trip. 1896.) 


See also § 15*5 example. 
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38. Shew that 

f -(oontf)^ 8 r(»+w+l) r ooa{(H+^)tf-|ir+j^iir} ^ coa{(a+t)tf-|«r+i»w} 

""Vw r(«+}) L (Saintf)* 2(2n+3) (Saintf)* 

(l*-4j»*)(3*-4m») coe{(n+f)^-fjr+imir} 1 

•*’2.4. (2n4-3) (2n+6) (2«in^)» J’ 

obtaining the I'anges of values of m, n and B for which it is valid. 

(Math. Trip. 1901.) 


39. Shew that the values of for which (cos B) vanishes, decrease as B increaaee 
from 0 to ST when m is positive; and that the number of real zeros of P«~*^(cosd) for 
values of B between - w and n is the greatest integer less than »- w + 1. 

(Macdonald, Froe, London Math. Soc. xxxi, xxxiv.) 

40. Obtain the formula 

[1 - 2A {cos a> cos ^ +Bia «> sin if» cos (d' - B)} 4- A*] “ ^ S hJ^F^ (cos «») (cos <^). 
2hr y — IT w=»o 

(Liegendre.) 


41. If /(:r)“iB® (jf^O) and /(j?)= — ^*(^<0), shew that, if f{x) can be expanded 
into a uniformly convergent series of Legendre polynomials in the range (-1, 1), the 
expansion is 

(Trinity, 18JW.) 

(T::2STat "»=/*“ 

Cn” ixx^ -(X>-1)^ (V - 1)4 cos 

r(2i.-i) • ,4*r(«-x+i){r(»+X)}>(2..+2X-i) 

(»-))• r(n + 2..+X) 

X (*•- 1)‘* (*.*- 1)4* (X) (*.) cr;-* (oos^) 

(Gegenbauer, Wiener Sitjun^therichtej on. (1893), p. 942.) 


42. If 
shew that 


43. If 


<r» (*)= j*‘ (fi-9U+ 1) “ 4 t«dt. 


where ei is, the least root of <*— 3<3-f 1=0, shew that 

(2n-hl)ir»+i-3(2n- 1) ?<r„_i + 2 («-l)<rn-s=0, 


and 


whei« 


4 (4*3 - 1) frj" + 144*W' - 5 (12«* - 24n - 291) ir„' - (n - 3) (2n - 7) (2ft 4-5) * 0, 

„_ d»xn(z) 

** ^ 


44. If 
shew that 

and 


(Pinoherle, Rendiconti Linoei (4), vii. (1891), p, 74.) 
(A*-3A*-H)~*-« 2 R«(*)A*, 

HaeO 

2 (n+ 1) + 1 - 3 (2n + 1 ) iR. + (2n - 1) 

nR, + JF. — »R»' <= 0, 


4(4»»-l)R,"’+9«i*R,"-i(12«*+24«-91)R,'-«(2n+3)(2*+e)R,-0, 

(Kncherle, Mem. let. Bologna (5), l (1889), p. 837.) 


where 
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45. If 




obtain the reonmooe-fonuula 

(»4*l)(8»-l)ii»W-{(4w*- 1)^+1} (jr)4*(w-l)(2n+l)i4n-i(^)«0. 

(Schendel, Journal fUr Math, lxxx.) 

46. Ifn is not negative and m is a positive integer, shew that the equation 

(**-l)^+(2«+2)jr^-m(«»+2« + l)y 

has the two solutions 

when X is not a real number such that —1 ^ < 1. 

47. Prove that 


shew that 


48. If i 

• ^ II5»0 ♦»! 

shew that 

where {x^ a; is a polynomial of degree n in 4? ; and deduce that 
P%^\ a)m(^x^a)P^{x, a)+x~P^(x, o). 

49. If Fn (x) be the coefficient of in the expansion of 
in ascending powers of z, so that 

3a;*- A2 

/’oCjt) = 1, Fj («)-4?, Fa (x) = — g , etc., 

shew that 

(1) Fft (j?) is a homogeneous polynomial of degree n in x and A, 


(Clare, 1901.) 


(Trinity, 1905.) 


(3) f* F,(x)dx<~0 






(4) If y— B jFo (x)+a,/i(«)+a,/j («)+..., where Og, a,, Oj, ... are real constants, 

then the mean value of in the interval from - A to +4 is 0 ^. (L4aut4.) 

our 

50. If F^ (x) be defined as in the preceding example, shew that, when - A <x < A, 

(*)-(-)”• 2 ^ (^008 008-^- +psOOS-j-+...j, 

n / \ / / . wx 1 2fr4r 1 . 3ir4? \ 

W-( - )”• 2 , (^sin j Hin -jp + ma-j-+...y 


T ~ 2SS+> “T ■*■ ““ ■ 


(AppelL) 



CHAPTER XVI 


THE CONFLUENT HYPEROEOMETRIC FUNCTION 


16*1. The confiuenoe of two aingvlaritiee of Riemann's equation. 

We have seen (§ 10*8) that the linear differential equation with two 
regular singularities only can be integrated in terms of elementary functions; 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv. As the next type 
in order of complexity, we shall consider a modified form of the differential 
equation which is obtained from Riemann’s equation by the confluence of 
two of the singularities. This confluence gives an equation with an irregular 
singularity (corresponding to the confluent singularities of Riemann’s equation) 
and a regular singularity corresponding to the third singularity of Riemann’s 
equation. 

The confluent equation is obtained by making c so in the equation 
defined by the scheme 

0 00 c 

pj + f» -c c-k z 

m 0 k 


The equation in question is readily found to be 


d*u du 
dz^ ^ dz^ 


(i 


+ 




««0 


(A). 


We modify this equation by writing and obtain as the 

equation* for 




F=0 


(B). 


The reader will verify that the singularities of this equation are at 
0 and 00 , the former being regular and the latter irregular ; and when 2m 
is not an integer, two integrals of equation (B) which are regular near 0 and 
valid for all finite values of z are given by the series 




I ■^l!(2m + l) 2!(2m+l)(2m + 2) ^ 



* Thii 6iq[UAiion wm giT6ii by Whittakir^ BulUtin Aneticcn M^th. Soc*^x, (1904)f pp. 12&-1S4. 

22 


W. V. A. 
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^*.-»(*)-** ® r+iT(r“2;r)*+ 2 KT- 2m) (2 -2m) 

These series obviously form a fundamental system of solutions. 



[Note. Series of the type in { } have been considered by Kummer* and more recently 
by Jaoohsthalt and Barnes | ; the special series in which k^Q had been investigated by 
Lagrange in 1762-1765 {Oeuvre*^ L p. 460). In the notation of Kummer, modified by 
Barnes, they would be written i/^i ± m - Ir ; ±2m-|-lf r}; the reason for discussing 

solutions of equation (B) rather than those of the equation ^ 

which iF] (a; p ; r) is a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity in the equations giving various functions of Applied Mathe- 
matics (see § 16*2) in terms of solutions of equation (B).] 


16T1. Rummer's formulae. 

(I) We shall now shew that, if 2m is not a negative integer, then 


that is to say; 


I ^l!(2»n + l) ^ 2!(2»n + l)(2TO + 2) 

. ^ + m + k (i + m + A) (J + m + A:) , 

“ ll(2m + l)^'''"21(2m + l)(2m + 2r^ 


For, replacing er^ by its expansion in powers of z, the coeflBcient of z^ in 
the product of absolutely convergent series on the left is 



+ m - A:, - n ; 2m + 1 ; 


(— )** r (2m + 1) r (m + ^ 4- i + n) 
nl r(m 4 i 4- A) r (2m + 1 + n)' 


by § and this is the coefiBcient of z^ on the right§; we have thus 

obtained the required result. 


This will be called Rummer's first formula. 


(II) The equation 

1 1 + ^.p!(TO + iy(TO + 2)...(m+|>)} ’ 

valid when 2m is not a negative integer, will be called Rummer's second 
formula. 

To prove it we observe that the coefficient of in the product 

(m+i ; 2m + l; r), 


* Journal fUr Math. zv. (1886), p. 139. 
t Math. Ann. lvi. (1908), pp. 129-154, 
t Tram. Camh. Phil l^c. zz. (1908), pp. 258-279. 

I The result is stiU true when m+ i + lc is a negative integer, by a slight modification of the 
analysis of § 14*11. 
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of which the second and thixd factors possess absolutely convergent ezpansicms, is (§ 3*73) 


n 1 (2m+l) (2m+2) ... (2m+»j 


F{-^ny -2m-n; 


-n+^ 


m; J) 


n 1 (2m+l) (2«+2) ... (2TO+n) 


■^(-K 




1), 


by Kummer’s relation* 


valid when and so the coefficient of (by § 14*11) is 

(t+”*) (8H-y>i) r(~n-i-i-w)r(^) 

n! (2»i+l)(2?n+2) ... (2m+n) r (^ — m - ^n) r - ^n) 

r(i-m)r(i) 

n ! (2«i+l)(2m+2) ... (2m +n) r(i-w-iw) r(t-^)* 

and when n is odd this vanishes ; for even values of n(m^ip) it is 

r(i>m)(^t)(-8)«.>(l--i>) 

2p ! 2’fP (w+ J) (m+l) ... (m+^- J) (w-Hhl) (m-|-2) ... (m4-;p) r (J-w-jp) 

1.3...(2p-l) 1 

"‘2p I 2^ (m + 1) (m-f 2) ... (m+p) ** 2^ . p ! (m+1) (m + 2) ... (m+/))' 


16*12. i>cySmYtonf of the function 

The solutions Mjc^±f^(z) of equation (B) of | 16*1 are not, however, the 
most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2m is an integer. 

The integral obtained by confluence from that of § 14*6, when multiplied 
by a constant multiple of e*', isj 

It is supposed that arg z has its principal value and that the contour is so 
chosen that the point is outside it. The integrand is rendered one- 

valued by taking | arg (— 0 1 < taking that value of arg (1 -f t/z) which 
tends to zero as f 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5*32 that the integral is an 
analytic function of z. To shew that it satisfies equation (B), write 

t) - 1 (_ i) - ‘ - J+"* (1 + «/,)* 

* See Chapter zzv, examples 12 and 18, p. 228. 

t The fanotion was defined by means of an integral in this manner by Whittaker, 

Joe. ett. p« 126. 

X A suitable contour has been chosen and the variable t of S 14*6 replaced by - 1, 

22—2 
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and we have without difficulty* 

« 0 . 

since the expression in { j tends to zero as ^ ^ -J- « ; and this is the condition 
that should satisfy (B). 

Accordingly the function defined by the integral 

is a solution of the differential equation (B). 

The formula for (^) becomes nugatory when i ^ — w is a negative 
integer. To overcome this difficulty, we observe that whenever 


i? 5 — m) ^ 0 

and A: — ^ — 7)1 is not an integer^ we may transform the contour integral into 
an infinite integral, after the manner of § 12*22; and so, when 


R(k - m^^O, 






This formula suffices to define Wu,m{^) the critical cases when 
771 + ^ — A; is a positive integer, and so is defined for all values of 

k and m and all values of z except negative real values f. 

Example, Solve the equation 

in terms of functions of the type If*, ^ (z), where a, 6, c are any constants. 


16*2. Expression of various functions hy functions of the type 

It has been shewn J that various functions employed in Applied Mathe- 
matics are expressible by means of the function Wk,m (^) \ the following are a 
few examples : 

* The differentiations ander the sign of integration are legitimate by § 4*44 odrollary, 
t When z is real and negative, he defined to be either + 

whichever is more convenient. 

; Whittaker, Ttxdletin American Math. Soc. x; this paper contains a more complete account 
than is given here. 
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(I) The Error fwneiion* which occurs in connexion with the theories of 
Probability, Errors of Observation, Refraction and Conduction of Heat is 
dedlined by the equation 

Erfc(a?)«J 

where x is real. 

Writing — 1) and then w^slx in the integral for TT.j 

we get 

e“*^d8y 

and so the error function is given by the formula 

Erfc (®) « J ^ »r . j, j (a;»). 

Other integrals which occur in connexion with the theory of Conduction 

of Heat, e.g. f g- can be expressed in terms of error functions, and 

J a 

SO in terms of functions. 

Example, Shew that the formula for the error function is true for oomplex values of x, 

(II) The Incomplete Oamma fanction, studied by Legendre and othersf, 
is defined by the equation 

7 (n, a?) =s f 
Jo 

By writing ^ s — a? in the integral for (x), the reader will 

verify that 

7 (n, «) - r (n) - (» - 1) fl- i* Ifj _ i,_ {«). 

(III) The Logarithmic-integral function, which has been discussed by 
Euler and othersj, is defined, when ( arg {— log «} | < w, by the equation 



* TbU name U also appUsd to th« {unotion 

Erf(x)= J*«-*’<i»=^-Erfc(x). 

t Legendre, Bxereicen, i. p. 889; Ho^evar, ZeiUchrift fiir Math, und Phya. xxi. (1878), p. 440; 
SohlOmiloh, Zeitachrift JUr Math, vnd Phya. xvi. (1871), p.261; Prym, Journal fUr Math, lxxxu. 
(1877), p. 165, 

X Euler, Inat, CaU, Int, i. ; Soldner, Monatlicha CorreapondenZt von Zaoh (1811), p. 182; 
Brie/weehael zwiachen Oauaa und Beaaal (1880), pp. 114-190; Bessel, K'dnigaberger Archiv^ i, (1812), 
pp, 869-405; Laguerre, Bulletin de la Soc,Math,de France, vii. (1879), p. 72$ Stieltjes, Ann, de 
V^tcole norm, aup, (8), in. (1886). The logarithmic-integral function is ot cqnsiderahle importance 
in the higher parts of the Theory ot Prime Numbers. Bee Landau, Primzahlen, p. 11. 
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On writing $ — log and then w w — log < in the integral for 

it may be verified that 

li log ~ TV . j 0 (- log z). 

It will appear later that Weber’s Parabolic Cylinder functions (§ 16*5) and 
Bessel’s Circular Cylinder functions (Chapter XVli) are particular cases of the 
Wk,in function. Other functions of like nature are given in the Miscellaneous 
Examples at the end of this chapter. 

[Notk. The eoTor function has been tabulated by Encke, Berliner cut. Jahrbuek, 1834, 
pp. 248-304, and Burgess, Trane. Roy. Soc. Edin. xxxix. (1900), p. 257. The logarithmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Emde, 
FunJctionentafeln (Leipzig, 1909), and Glaisher, Factor Tahlee (London, 1883), should also 
be consulted.] 


16*3. The asymptotic expansion of {^)> when \ z\ is large. 

From the contour integral by which Wk^miz) was defined, it is possible 
to obtain an asymptotic expansion for (z) valid when | argz | < tt. 

For this purpose, we employ the result given in Chap, v, example 6, that 



(X- n + 1) 


n! 


+ i?n (t, z\ 


where 


iZn (t, Z) > 


X(X-l)...(X-n) 


/ t\^ 

-h -J j (1 + uY^^^du. 


Substituting this in the formula of 1 16*12, and integrating term-by-term, 
it follows from the result of § 12*22 that 

n ! z^ 


provided that n be taken 8o large that R (n — ft — j > 0. 

Notv, if I arg « | ^ ir - o and | « | > 1, then 

1 « I (1 + I < 1 + « R(z)>0 

I (1 + tjz) I > sin a R (z) < 0 

and BO* 

I (t, «) I < (1 + (coseco)'*' [ w’*(l + 

ni Jo 


It i* Boppoadi that X i« real ; the inequality hat to be alightly modified for complex valne. of X. 
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Therefore 

< (l + <)i*i<co8eca)i*i|(<A)l*^’(l + <)'*'(» + l)~’. 

since 1 + u < 1 + L 

Therefore, when 1 | > 1 , 

r(-*+i+l?o/o I 

since the integral converges. The constant implied in the symbol 0 is 
independent of arg^r, but depends on a, and tends to infinity as a—^O. 

That is to aay, the asymptotic expansion of Wk,m(^) ^ given by the formvkb 

for large values of \z \ when | arg z | ^ tt — a < tt. 

16*31. The second solution of the equation for TT*,^ (^)- 

The differential equation (B) of § 16*1 satisfied by Wk^^(z) is unaltered if 
the signs of z and k are changed throughout. 

Hence, if 1 arg (— i:) | < tt, (— is a solution of the equation. 

Since, when | arg z\<w, 

whereas, when | arg (- z)\<n‘, 

TT^m (- t) * «** (-z)-’‘{l + 0{z- 1)}, 

the ratio Wk,m{^)/W^^nii-‘ cannot be a constant, and so Wu^„^{z) and 
(- form a fundamental system of solutions of the differential 
equation. 

16*4. Contour integrals of ike Mellin- Barnes type for 
Consider now 

. r(«)r(-«-jfc-TO+i)r(-«-*+TO+i)^j. 

'■ r(-jfc-m+i)r(-*+»n+i) 

where ] arg« ] < ? w, and neither of the numbers * ± »» + j « a positive integer 
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or zero*; the contour has loops if necessary so that the poles of r(«) and 
those of r s - A — m + r s — A? -I- m + 5 ^ are on opposite sides of it 

It is easily verified, by § 13*6, that, as s-^oo on the contour, 
and so the integral represents a function of z which is analytic at all points f 

D Q 

in the domain | arg z\ 4 , a< 

Now choose N so that the poles of s — i — m + F s — & + + 

are on the right of the line JR (s) = — jST — ^ ; and consider the integral taken 

round the rectangle whose comers are ± fi, — iV— + fi, where f is positive J 
and large. 

The reader will verify that, when larg^l^^Tr — a, the integrals 

tend to zero as >oo ; and so, by Cauchy’s theorem, 

r** F (s) F (- s - At - m -h |) F (— s - A- -h m - f ,, 

27rt j,ooi r(— A’— + i) r (— A; + m + ^) ^ ^ 

ln*0 

1 r “ ^ - i + ® » F(s) F ("-g — A; — m + |)F(— s — A: + m +■ i) , ) 

27rij - ®t f (- A: - w -f F(- A: -f + i) j ’ 

where Rn is the residue of the integrand at ^ — n. 

Write s « — JV — H- rf, and the modulus of the last integrand is 

where the constant implied in the symbol 0 is independent of z. 
r±x> 

Since / 1 1 converges, we find that 

• Id these casee tlie series of § 16 *3 tcrniiiiatcs and Wi^ (z) is a coinbination of elementary 
functions. 

t The integral is rendered one-valued when if («)< 0 by specifying arg jb. 

X The line joining Afi may have loops to avoid poles of the integrand as explained above. 
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But, on calculating the residue Rn, we get 

ff r(»-A-?w4-^)r(w-A; + »t + i)^ 

n!r(-t-m + i)r(-Ar + m + i)^~-' ^ 

{»»• — (t- J)*) — §)*} [m* — (k — n + J)®} 

* M ! f » 

and so I has the same asymptotic expansion as Wtc^^{z). 

Further I satisfies the differential equation for for, on 

substituting j r(s)r^— s-i; — ot + F^— « — 4 + m + for v in 
the expression (given in § 16*12) 

,<?•» dv f, l\ /, l\ ,dv 

we get 

J ^r(«)r^— s— m + «— A; + to + |^ g*ds 

- 1*‘ r(s + i)r(-«-i*-OT + |) r(-s-;fc+«i + 5)a*+‘d« 

Since there’ are no poles of the last integrand between the contours, and 
since the integrand tends to zero as ! « | — ► ao , « being between the contours, 
the expression under consideration vanishes, by Cauchy's theorem ; and so 
/ satisfies the equation for Wt^jn(^)- 
Therefore A 

where A and B are constants. Making | ^ | — ► oo when Ji(z) >0 we see, from 
the asymptotic expansions obtained for / and Tr*k,m(±^)y l^hat 

^ = 1, fi = 0. 

Accordingly, by the theory of analytic continuation, the equality 

persists for all values of ^ such that |arg-rl<7r; and, for values* of arg^ 
such that TT $ I arg -r j < | tt, Wjk,^ (s) may be defimd to be the expression /. 


Example 1. Shew that 


--b /•*/ 


r(8-^)r(-3-w-hi)r(~34-t>t4-^ ) , 

r ( --it-m+i) r( - I’+w-f J) ’ 


taken along a suitable contour. 


• It would have been possible, by modifying the path of integration in g 16*8, to have shewn 
that that integral could be made to define an analytic function when | arg { < |r. But the 
reader will see that it is unnecessary to do so, as Barnes’ integral affords, a simpler definition 
of the function. 
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Emm^ple 2. Obtain Barnes’ integral for ^7 writing 

■ mi r(-*-m+i) 
for (1 + in the integral of 16*18 and changing the order of integration. 


— r 

SjTI J -mi 


16*41. Relations between (t) and Jlft, i.^)- 

If we take the expression 

F(8) s r («) r - a - m + r - 1: + m + 

which occurs in Bames’ integral for and write it in the form 

^*r(g) 

r (« + A + !» + J) r (« + A — m + i) cos (« + 1: + »n) IT cos (« + Ar — m) w ’ 

we see, by § 13*6, that, when B («) > 0, we have, as | « | — » ao , 

F{s)^0 l^exp 1^— « — 5 — 24^ log 8 + ajj sec (« + A; + wi) w sec (« + A; — to) nr. 

Hence, if |argx|<|w, jF{8)^da, taken round a semicircle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the semi- 
circle from the poles of the integrand is positive (not zero). 

Therefore r(_ Aj-to 4-i)r(-fc + to + J)’ 

where denotes the sum of the residues of F(8) at its poles on the 

right of the contour (cf. § 14’5) which occurs in equation (C) of § 16*4. 

Evaluating these residues we find without difficulty that, when 


\a,Tgz\<lir, 


and 2m is not an integer*, 


Tir / X _ r(-2w) Tijr . r(2m) ji. 


r(f “*.*» V/ ^ _ A;) 

Example 1. Shew that, when | arg ( - 2 ) | < fn* and 2m is not an integer, 

r 




(Bamest.) 


Example 2. When - Jw < arg « < Jw and - fw < arg ( - r) < i»r, shew that 




r(2?>l+l) Jkwi m / \ , r(2w44*l) -(^+Iii+&)W nr 


* When 2m is an integer some of the poles are generally double poles, and their residues 
involve logaritbnis of r. The result has not been proved when Ic is a positive integer or 

zero, but may be obtained for such values of k and m by oomporing the terminating series for 
1 ^ 4 . m(^) with the series for 

t Barnes’ results are given in the notation explained in § 16 '1. 
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Example 3. Obtain Kummer’s first formula (§ 16*11) from the result 

*•«— (Bamea.) 

16’6. The parabolic cylinder functions. Weber's equation. 

Consider the differential equation satisfied by 


d {d{wz^)\ , f 1 2A: I) i - 

Isifc — Mt*0. 


this reduces to + |2ifc — - w == 0. 

Therefore the function 

satisfies the differential equation 

+ ("+§- 5 (^) - 0. 

Accordingly Dn{s) is one of the functions associated with the parabolic 
cylinder in harmonic analysis*; the equation satisfied by it will be called 
Weber’s equation. 

From § 16*41, it follows that 

j ci,.\ , . 

' r(i-jn) r(-i«) 

when jargr | <J’r. 

' ' ‘-“t.+l. 1 (i ‘') - 2 ■ ‘"■'’■{s- 5": ^ 5'’} • 

and these are one-valved analytic functions of z throughout the 5 -plane. 
Accordingly Dn {s) is a one- valued function of z throughout the 5-plane ; and, 

Q 

by § 16*4, its asymptotic expansion when | arg 5 1 < j w is 




(n-1) »(n-l)(n-2)(»i-8) 

2*‘ " 2.4** 


— • 


16*61. The second solution of Webers equation. 

Since Weber’s equation is unaltered if we simultaneously replace n 
and 5 by — n — 1 and ± iz respectively, it follows that W and 

1 it) are solutions of Webers equation, as is also Dm (— 5 ). 

* W«ber, Math, Ann, 1. (1869), pp. 1-36 ; Whittsker, Prae, London Math* 8oe» xzxv. (1908), 
pp. 417->i37. 
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It is obvious from the asymptotic expansions of D,(y) and 2 )_b-i 
valid in the range — j < arg ^ ^ tt, that the ratio of these two solutions is 

not a constant 

16*511. The relation between the functions Dn(s), D-n-i (± w). 

From the theory of linear differential equations, a relation of the form 
•On (^) “ 0._n_i (iV) 4* 62)».n~i (““ i^^ 

must hold when the ratio of the functions on the right is not a constant. 

To obtain this relation, we observe that if the functions involved be 
expanded in ascending powers of z, the expansions are 

ra)2i'' r(-i)2*"-* 

r(i-inr r(-in) " 


and 


“1 r(i+i«) + r(i+in) + 


+ b 


r(^)2-*"-i r(-^)2-*"-^ 


IZ + , 


r(i+iM) r^+in) 

Comparing the first two terms we get 

a = (2w) - * r (»i + 1) b = (2w) " * T (n + 1) e " 

and so 

i>« (Z) = D-b-, («) + s - D-b-. (- »>)] . 

16*62. The gmeral asymptotic expansion of D„ {z). 

So far the asymptotic expansion of !)» (x) for large values of z has only 

Q 

been given (§ 1 6*5) in the sector | arg z\<^Tr. To obtain its form for values 

of arg z not comprised in this range we write — iz for z and — n — 1 for w in 
the formula of the preceding section, and get 

D„ (z) = D„ (- z) + <» (- iz). 

Now, if I TT > arg ^ ^ tt, we can assign to - and — iz arguments between 

± I w ; and arg (— z) « arg z arg (— iz) *= arg 1 tt ; and then, applying 

the asymptotic expansion of § 16*5 to Dn{^z) and we see that, 

if jW>argx>j7r. 




— 1) n (n — 1) (n — 2) {n — 3) 


2^ 


\/(27r) niri 




i.A>z* 

(n + 1) (w 4- 2) 


-•} 


.2x» 

(n + !)(«-<- 2) (»4- 3) (n 


2.4iz* 


±*i. ..| 
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This formula is not inconsistent with that of § 16*6 since in their common range of 
validity, via. Jir < arga < fir, is o {z“^) for all positive values of wi. 


To obtain a formula valid in the range — ^ tt > arg ^ | w*, we use the 

formula 

Dn W - e - D„ (- z) + {iz), 

and we get an a8}nnptotic expansion which differs from that which has just 
been obtained only in containing s "***'* in place of s’**'*. 

Since Dn(^) is one-valued and one or other of the expansions obtained 
is valid for all values of arg z in the range — tt < arg x ^ tt, the complete 
asymptotic expansion of Dn (z) has been obtained. 


16 * 6 . A contour integral for D^{z), 

Consider f « ” ( - ^) dt, where | arg ( - «) | < w ; it represents a one-valued 

J « 

analytic function of z throughout the 3-plane (§ 5*32) and further 

the differentiations under the sign of integration being easily justified ; accordingly the 
integral satisfies the difierential equation satisfied by Dn(z ) ; and therefore 

« - 1** *» - J«* ( _ /)— I rf«-aZ)„ (*)+6Z)_,_, (w), 

where a and b are constants. 

Now, if the expression on the right be called (z), we have 

/ «H-) ,,» /‘(0+) 

a -i‘* (-<)—»*, ^H'(0)=j a-4‘*(-«)-rffc 

To evaluate these integrals, which are analytic functions of n, we suppose first that 
^ (w) <0 ; then, deforming the paths of int^ation, we get 

(0)- - St sin («+ 1) w y^’a - 4»* «- »-> <* 

m2 ~ 4” » sin nr J a ~ “ 4" " 

« 2 I sin (nir) r ( — ^n). 

Similarly £n' (0) « - 2i “ 4« i sin (ntr) r (f - ^n). 

Both sides of these equations being analytic functions of Uf the equations are true for 
all values of n ; and therefore 

6«i0, a« - - —" A— 2 ^ 4’* t sin (rtir) r ( - ^n) 

r( 4 ) 2 *" 

«2*T (—a) sinnir. 


Therefore 
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16*61. Becmrmce formutcu for Dn {e). 

From the equation 

“ |- «(-<)—> + (- 0- + (« + !)(- «)--*| e - ** - 

after using § 16*6, we see that 

^fH-i (^) (^) (^) *• 0. 

Further, by differentiating the integral of §16*6, it follows that 

•Di.' W + 5 W - W^n-I («) = 0. 

Example. Obtain these results from the ascending power series of § 16'5. 


167. Properties of Dn {z) when n is an integer. 

When n is an integer, we may write the integral of § 16*6 in the form 


Dn(r)-- 


n /•(o+)g 


r(o+)g-i 

27ri J (— 


0"* 


+1 


dt 


If now we write t = V’-z, we get 

Tis-j n^irn 

a result due to Hermite*. 

Also, if m and n be unequal integers, we see from the differential 
equations that 

Dn (Z) Dn." (z) - Dn. (z) Dn" (z) + (m - n) Dn. (z) Dn (z) - 0. 

and so 

(wi — n) j Dfn (^Z) Dn {z) dz s® ^Dn (z) Dfn (z) •“ Dm {z) Dn (^)J 

* 0 , 

by the expansion of § 16*5 in descending powers of z (which terminates 
and is valid for all values of argz when n is a positive integer). 

Therefore if m and n are unequal positive integers 




* Comptet Rendue, Lvm. (1S64), pp. 206-378* 
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On the other hand, when m « ft, we bare 

(n + l)f_JDn(i)}*dz 

“ j (*) n+i (■*)+ § (*)| 

» j^D, («) i)»+, («)J {5 ■®»+‘ " •^"+* W w} ^ 

on using the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

1 [Dn («)}* dr * n! f {jD, (r))* d$ 

J ~ee J —00 

=»nl f e~^*de 

J -go 

»(2ir)*n!, 

by § 12‘14 corollary 1 and § 12'2. 

It follows at once that if, for a function /{z), an expansion of the form 

/(r) - a#J?#(r) + o, A («) + ... + a»2)« (z) + ... 

exists, and if it is legitimate to integrate term-by-term between the limits 
— 00 mid 00 , then 


BEFERENCES. 

A. Ebd^lyi, Math, ZS. xui (1936), p. 125 ; xui (1937), p. 641 : Math. Ann. cxin (1936), 
p. 347 : Mon. f. M. ». P. XLV (1936), p. 31 : xtvi (1937), pp. 1, 132: Proe. Afuut. Ac. 
XXXIX (1936), p. 1092: xu (1938), p. 481 : Wtcn Silt Ila, cxivi (1937), p. 431 : Proc. 
Camb. Phil. Soc. zxxiv (1938), p. 28. 

C. S. Meijbs, Mieuv). Arch. v. IftKt.W xvin (Heft S) (1934), p. 36: (^1 xvm (Heft 4) 
(1936), p. 10: Proe. Amtt. Ac. XXXTII (1934), p. 805: XXXViq (1936), p. 528: 
XXXIX (1936), pp. 394, 619 : XL (19.37). pp. 133, 269, 871 ; XLI (1938), p. 42 : Quart. 
J. M. VI (1936), p. 241 ; Math. Am. CXII (1936), p. 469. 
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M1SCEU.ANEOUS Examples. 


1. Shew that, if the integral is convei^nt, then 

2. Shew that li“ /’(J+m-jt, i+m-^+p; 2m-fl; zjp). 


3. Obtain the recurrence formulae 

^k-1, toW’ 

W^k^mW-** ^k-4.m + i (*)+(*-*-»") ""k-LmW* 
*^'fc, W^k. n.l, mW- 


4 . * Prove that T^fc,m (0 integral of an elementary function when either of the 

numbers is a negative integer. 

5. Shew that^ by a suitable change of variables, the equation 

(024 ft2^)^[4(oi4"^J?)^-f (oo+&oJf)y=^l 
can be brought to the form 

derive this equation from the equation for F(a, b; c; x) by writing and making 

op . 


6. Shew that the cosine integral of Schlttmilch and Besso {Oiomale di MatenifjUiche^ 
vi), defined by the equation 

i••qmlto f.j.oW 

Shew also that Schlomilch’s function, defined (ZeiUchrift fur Math, und Phyzik^ iv. 
(1850), p. 390) by the equations 

is equal to ^ 1-4*' 

7. Express in terms of functions the two functions 

Si (t)s j’ dt, Ei (*)■ dt. 

8. Shew that Sonine’s polynomial, defined {Math, Ann, xvi. p. 41) by the equation 

^ 4**''”* ^ 1^“* 

(„+«)! 01 “ («-l)l(m+n-l)!T!‘^(n- 2 )l (m+*- 2 )l 2 !“ 


«I (m^n)! 


- 4 (»»+l)e 4 « W, 


n + Jiii+4t 4*» 


(«)* 


is equal to 
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9. Shew that the fitnction defined by La«range in 1762-1766 (OeuvrM, i. 

p. 620) and by Abd (Otuvret, 1881, p. 284) aa the ooefiSoient of in the expansion of 
(1 - A)“> ia equal to 

(-)"•*■*•** 

10*. Shew that the Pear8on*Cunninghani function (iVoc. /loyal Soe. lxxxi. p. 810), 
•m« («), defined aa 


«"*(-*)*“** 

r(n-im + l) 


(j _ (»+int)(»-im) (n+jm) (n+^n — l)(>t-^) 1) 

I t 2!** 



ia equal to 


r(»-i«i+i) 


,-4(«+i),-i* jr 


n+i, 


(*). 


11. Shewthat,ifIarg*|<J»,and|ai:g(l+OI<>r, 

(Whittaker.) 

12. Shew that, if n be not a positive integer and if | arg^ | < jw, then 

and that this result holds for all values of argz if the integral be \ the contours 
enclosing the poles of r ( - 0 but not those of r Qt - Jn). ^ * 

13. Shew that, if | arg a | < Jir, 

■•)***“ /),(*)* 

irlzi" -4) 

14. Deduce from example 13 that, if the integral is convergent, then 

/o * ~ *-(^ 2 )"*-" r («»+ 1 ) aiii - im) ir. 

(Watson.) 

16. Shew that, if n be a positive integer, and if 

-£•« W= (*-T)-> D. (*) *, 

then F, (X) - ± »" ^(Sn) T (» + 1 )«“*** D, i ( T i>), 

the upper or lower signs being taken according as the imaginary pai-t of .r is positive 
or negative. (Watson.) 

16. Shew that, if n be a positive integer, 

XI, (x)«( _ /* 2»+* (2w) - i *i** /*»"*- a"* ““ (2.C«) d«, 

J 0 ani 

where /a is Jn or 1), whichever is an integer, and the cosine or sine is taken as n is 
even or odd. (AdamofF.) 

* The rsflolts of examples 8, 9, 10 were oommnnieated to ns by Mr Bateman, 

w. X. A. 23 



854 


THE TBANSOBNDBKTAL EUNOTIOyS [CHAP. XVT 

17. Shew that^ if n be a positive integer, 

i). (*)-(- y* (iir) - * •***•" ** (^i +^* 

irh«re •^ 1 ”/' 

J ^00 Bin 

and — (Adainoff.) 

18. With the notation of the preceding examples, shew that, when x is real, 

- n- * n - * e - *** ® ?* ( ) ; 

while Js satisfies both the inequalities 

|^,|<2«“”^{|x|v/n}, l•^sl<(^)*«~"• 

Shew also that as v increases from 0 to 1, ar(v) decreases from 0 to a minimum at 
i^«l — Ai and then increases to 0 at t7«l ; and as v iucrea^^es from 1 to oo , ir (v) increases 
to a maximum at l+A^ and thon decreases, its limit being zero ; where 

and I o- (1 — Ai) I < ^ w " i, cr (14* A*) < ^ w “ 4, where A *i0'0742. , (AdamoflT.) 

19. By employing the second mean value theorem when necessary, shew that 

M ■■ ii/2 . ( j^cos (awi — + ^ 7 ~-J » 

where a»,| (j?) satisfies both the inequalities 

when X is real and n is an integer greater than 2. (Adamoff.) 

20. Shew that, if n be positive but otherwise unrestricted, and if m be a patitive 
integer (or zero), then the equation in z 

i>.W-o 

has m positive roots when 2w - 1 < n < 2«i+l. 


(Milne.) 



CHAPTER XVII 

BESSEL FUNCTIONS 


171. The Bessel coefficients. 

In this chapter we shall consider a class of functions known as Bessel 
functions or cylindrical fmcticns which have many analogies with the Legendre 
functions of Chapter xv. Just as the Legendre functions proved to be parti- 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeometric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
coefficients in an expansion. 

For all values of t and t (t » 0 excepted), the function 


e 



can be expanded by Laurent’s theorem in a series of positive and negative 
powers of t. If the coefficient of where w is any integer positive or 
negative, be denoted by (x), it follows, from § 5'6, that 




To express (z) as a power series in s, write w = 2tjz ; then 

•f. » - IS (i ')' P «p {» - f,} ““i 

since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle 1 | a 1 ; as the integrand can be expanded 
in a series of powers of z uniformly convergent on this contour, it follows 
from § 47 that 

Now the residue of the integrand at t = 0 is {(« +r)!}~‘ by § 6T, when 
w + r is a positive integer or zero ; when n + »• is a negative integer the 
residue is zero. 

Therefore, if n is a positive integer or zero, 


r-« r!(n-»-r)l 


r.e rj(n + r)l 

jLjl 






2M(n + l) 2*.1.2(n + l)(M- 
This piooedare is due to Sohldmiloh, SSeittehriftfOr Hath. um4 Phyi. n. (1857), pp. 137-165. 

23-- 2 
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whereas, when n is a negative integer equal to — m, 

r.m r!(r-m)! (m + s)!s! ’ 

and 80 Jn {s) m (-)» (s). 

The function (^), which has now been defined for all integral values 
of n, positive and negative, is called the Besael coefficient of order n; the 
series defining it converges for all values of e. 

We shall see later (§ 17*2) that Bessel coefficients are a particular case of a class of 
fhnctioDB known as Beuel /unetioM. 

The series by which (z) is defined occurs in a memoir by Euler, on the vibrations 
of a stretched circular membrane, Novi Comm. Acad. Petrop. x. (1764) [Published 1766], 
pp. 243-260, an investigation dealt with below in § 16*51 ; it also occurs in a memoir 
by Lagrange on elliptic motion, Hist, dc VAcad. R. des Sci. de Berlin^ xxv. (1769) [Published 
1771], p. 223. 

The earliest systematic study of the functions was made in 1824 by Bessel in his 
UntersueAung des TheiU der planetarischen StOrungen weleher aus der Bewegung der Sonne 
erUsteht {Berliner Abh. 1824) ; special cases of Bessel coefficients had, however, appeared in 
researches published before 1766 ; the earliest of these is in a letter, dated Oct. 3, 1703, from 
Jakob Bernoulli to Leibniz*, in which occurs a series which is now described as a Bessel 
function of order ^ ; the Bessel coefficient of order zero occm's in 1732 in Daniel Bernoulli’s 
memoir on the oscillations of heavy chains, Comm. Acad. Sci. Imp. Petrop. vl (1732-1733) 
[Published 1738], pp. 108-122, 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly written «/’„ (z) being now written (2z). 

Example 1. Prove that if 

then e"sin6z»di«/| {z)‘\-A%J 2 {z)-^A^J^ (z) + ,... 

(Math. Trip. 1896.) 

[For, if the contour Z> in the ?i-p]ane be a circle with centre u»0 and radius large 
enough to include the zeros of the denominator, we have 



the series on the right converging uniformly on the contour; and so, using § 4*7 and 
replacing the integrals by Bessel coefficients, we have 



— A^Ji {z) 4- A 2 («) + dj J3 («)+..., 


* Pablished in Leibnizens G$$, Werke^ Dritte Folge, iix. (Halle, 1865), p, 76. 
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IMl] 

In the integral on the left write w*“ *) — «>■ af, eo that as u deecribee a circle of 

radius t describes an ellipse with semiazes cosh /9 and sinh/S with foci at - ; then 
we have 

2ir.y <»+*« ’ 

the contour being the ellipse just specified, which contains the zeros of Evaluating 

the integral by g 6*1, wo have the required result.] 

Example 2. Shew that^ when n is an integer, 

* *42 (y) 

M^-ob 

(K. Neumann and SchUCflL) 

[Consider the expansion of each side of the equation 

«“p {i(y+») (‘-7)}”*>*p{4y(‘-j)}“p{i*(*-7)}] 

Example 3. Shew that 

(a) + 2i cos («) + 2i* cos 2 ^«r 2 (r) + . . . . 

Example 1. Shew that if 

•^0 (^) *^0 (y) — (y) +2Ji (a?) (y) - . . 

(K. Neumann and LommeL) 

17*11. BesseVa differential equation. 

We have seen that, when n is an integer, the Bessel coefficient of order n 
is given by the formula 

“ 2^5 (*-£)«**• 

From this formula we shall now shew that Jn{a) is a solution of the 
linear differential equation 

which is called Bessel’s equation for functions of order n. 

For we find on performing the differentiations (§ 4*2) that 





, rn- 1 


1 

‘ ■ 

+ i^}exp( 


2w» 

= 0 , 

since exp (< — s*/4<) is one-valued. Thus vie have proved that 

^ -pV- <*> - »■ 

The reader will observe that ^ 0 is a regular ppint and » oo an 

irregular point, all other points being ordinaiy points of this equation. 


'"i' 
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SxampU 1. By diflerentiatiTig the ezpanHion 

»*-go 

with regard to z and with regard to shew that the Bessel coeflioients satisfy Bessel’s 
equation. (St John’s, 1899.) 

Example 2. The function (’“A) satisfies the equation defined by the scheme 

( 4«* QO 0 

w+1 ^ ; 

-Jm -n 

shew that (z) satisfies the confluent form of this equation obtained by making n-^co^ 

17*2. ITie soltUim of BesaeVs equation when n is not neceeearily an 
integer. 

We now proceed, after the manner of § 16*2, to extend the definition of 
t/n (^) to the cose when n is any number, real or complex. It appears by 
methods similar to those of § 17 *11 that, for all values of n, the equation 




is satisfied by an integral of the form 




provided that exp (t - z^lU) resumes its initial value after describing C 
and that differentiations under the sign of integration are justified. 

Accordingly, we define Jn (^) by the equation 

f(0+) / g^\ 

- PJTS J “P (‘ - «) *• 

the expression being rendered precise by giving arg z its principal value and 
taking | arg f | < tt on the contour. 

To express this integral as a power series, we observe that it is an 
analytic function of z ; and we may obtain the coeflBcients in the Taylor’s 
series in powers of z by differentiating under the sign of integration (§§ 5*32 
and 4*44). Hence we deduce that 

i 

' 2*+*9rt r-o 2’'rl J_« 

* V 

ymo r (» + r + i) ’ 

§ 12*22. This is the expansion in question. 
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■Acoordvngly,fcif ffentral values of n, loe define the Beasel function </a(x’) 
by the equations 

"■ ^ (s iz' ®*p 0 - £) 

_ ? (-)'«»+“• 

*r=o2»+*Tir(w + r + l)' 

This function reduces to a Bessel coefficient when n is an integer; it is 
sometimes called a Bessel function of the first kind. 

The reader will observe that since Bessel’s equation is unaltered by 
writing -re for re, fundamental- solutions are Jn{e), J-n{z), except when 
re is an integer, in which case the solutions are not independent. With this 
exception the general solution of Bessel’s equation is 

»Jn(^)+l3J.^(s), 

where a a/nd /9 are arbitrary constants. 

A second solution of Bessel’s equation when re is an integer will be given 
later (§ 17-6). 


17‘21. The recurrence formulae for the Bessel functwns. 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, corresponding 
to the relations between contiguous hypergeometric functions indicated in 
§ 14-7. 

To establish these relations for general values of re, real or complex, we 
have recourse to the result of § 17'2. On writing the equation 

at length, we have 

0 (<“” + exp (f - Q dt 


(A). 


- 2irt |(2r->)»-» (x) + j x* (2x->)»+* (x) - re (2x-)V. (x)| , 

and so «7»_i(x) + J'i,+,(x)» — ,/),(x) 

z 

Next we have, by § 4*44, 

B l»-"A (•)) - ^ E /!"’**' “P (* - 5) * 

X 


2*+*wi 
-“X^J^«+l(x), 


/■(•+) / 
iL. '^"‘p(*-b) 


di 
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and Oonaequently, if primes denote differentiations with regard to s. 


(*) * j (•*) “ »+i (■*) (®)* 

From (A) and (B) it is easy to derive the other Fecoirence formulae 

“ •^n+i (0} (C). 


and J,'(r)-J„_,(s)-V.(s) 

z 

Example 1. Obtain these results from the power aeries for./, (3). 

Example 2. Shew that ^ [sPJ^ (*)} (*)■ 

Example 3. Shew that {z)^ ~«/i (e). 

Example 4. Shew that 


Example 5. Shew that 
Example 6. Shew that 




(D). 


17*211. Relation between two Bessel functions whose orders differ by 
an integer. 

From the last article can be deduced an equation connecting any two 
Bessel functions whose orders differ by an integer, namely 

where n is unrestricted and r is any positive integer. This result follows at 
once by induction from formula (B), when it is written in the form 


17*212. The connexion between Jn{z) and Tri_,„yitncri'(WM. 

The reader will verify without difficulty, that, if in Bessel’s equation we 
write y^t~^v and then write t » xjii, we get 

d’‘v ( 1 i - «* \ » 

5^+i-4+— 

which is the equation satisfied by Tr,,n(«): it follows that 
Jn{z)^‘Ae~ (2tt ) + Bz " (2iz). 

Comparing the coefficients of on each side we see that 

a-* 
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17^211-17-22] 


except in the critical cases when 2n is a negative integer ; when n is half of 
a negative odd integer, the result follows Eummer's second formula 
(§ 1611). 


17*22. The zeros of Bessel functions whose order n is real. 

The relations of § 17*21 enable us to deduce the interesting theorem that 
between any two consecutive real zeros of z^^Jn(z), there lies ofie and only one 
zero* of z-^Jn+i(z). 

For, from relation (B) when written in the form 

ft+l {z) 2^ \z~‘^J n (^)}» 

it follows from Rolle’s theorem f that between each consecutive pair of zeros 
of z^Jn {z) there is at least one zero of (z). 

Similarly, from relation (D) when written in the form 

it follows that between each consecutive pair of zeros of there is 

at least one zero of 

Further z^^J^{z) and have no common zeros; for the 

former function satisfies the equation 

and it is easily verified by induction on differentiating this equation that if 

both y and vanish for any value of z, all differential coefficients of y vanish, 
az 

and y is zero by § 6*4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of r^«/n {z\ since (except for z « 0), (z) and (z) have the 

same zeros. But z*0 is a zero of z-^^Jn+i{z), and if there were any other 
positive zero of z“"Jn+i(A ft* which was less than f, then z"+^J»(z) 
would have a zero between 0 and which contradicts the hypothesis that 
there were no zeros of z^^^J^iz) between 0 and f. 

The theorem is therefore proved. 

[See also § 17*3 examples 3 and 4, and example 19 at the end of the chapter.] 

* Procffl of thi« theorem have been given bj B6oher, BulL American Hath. Soc. iv. (1S97)» 
p. 206; Gegenbaner, Monauhrfte /Hr Math. vm. (1897), p. 8S8; and Porter, Bull. American 
Hath. Soe. zv. (1698), p. 274. 

t This is proved in Barneide and Panton’e Theory of Equatione {i. p. 157) for polynomials. 
It may be dednoed tot any fnnotione with continuous dUlerential ooeffidwts by nsing the First 
Mean Value Theorem (1 4*14). 
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17*28, BesBd's integral for the Beesel coeffidenta. 

We shall next obtain an integral first given by Bessel in the particular 
case of the Bessel functions for which n is a positive integer; in some respects 
the result resembles Laplace’s integrals given in § 15*23 and § 15'38 for the 
Legendre functions. 

In the integral of § 17*1, viz. 

1 /•(0+) 

take the contour to be the circle I u I » 1 and write u « so that 




Bisect the range of integration and in the former part write - for ^ ; 
w^ get 

1 

and so (z) * - I cos (n0 — z sin ff) d6, 

^ Jo 

which is the formula in question. 

Example 1. Shew that, when z is real and n is an integer, 

Example 2. Shew that, for all values of n (real or complex), the integral 


satisfies 


•- r 

IT jo 


cos(wd-«sind)rf^ 


d^y . 1 dy . n^\ sinntr /I n\ 


which reduces to Bessel’s equation when n is an integer. 

[It is easy to shew, by differentiating under the integral sign, that the expression 
on the left is equal to 


17*231. The modification of BeeeeVs integral when n is not an integer. 

We shall now shew that^, for general values of w, 

/«(*)-- f*co8(«^-«8in^)d^-^^ f ...(A), 

TT J 0 Jq‘ 

when R{e) > 0. This obviously reduces to the result of § 17*28 when n is 
an integer. 

Taking the integral of § 17*2, viz. 

* This result is due to Bohlftfii, Math. Ann. in. (1871), p. 148. 
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and supposing that z is positive, we have, on writing t^^uz, 

w - 2^1'"’“'-' {s* (“ ■ ;)} 

But, if the contour be taken to be that of the figure consisting of the real 
axis from — 1 to -*oo taken twice and the circle this integral re* 

presents an analytic function of z when R (zu) is negative as | oo on the 

path, i.e. when iarg£r|< and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for positive 
values of z) is true whenever R (z) > 0. 

Hence 

- 2S yyjc *C} “■*" 31 **■ 

where 0 denotes the circle and argM = — w on the firsL path of 

integration while arg w * + tt on the third path. 


-oo -1 



Writing in the first and third integrals respectively (so that in 

each case arg t »» 0), and w =» in the second, we have 

1 rw (gin+Dwi 


Dirt') r® 

r\L>- 


Modifying the former of these integrals as in § 17’23 and writing 6* for t 
in the latter, we have at once 

(«) - i f 'cos (»d - « sin 6) d0 + f e-"*-**^* d0, 

' ttJo •'0 

which is the requi^ result, when | arg ^ | < § w. 


When I arg z | lies between Jir and ir, since %/» ( - «)♦ we have 

- |J'oo8(a^+asin^)dtf-8in7iir (B), 

the upper or lower sign being taken as Bzgz> Jir or < - 

When n is an integer (A) reduces at once to Bessel’s integral, and (B) does so when we 
make use of the equation (^)» which is true for integer values of n. 



364 THG TBAK8C»KDBKTAL FUNCTIONS [OHAF. XVII 

Equation (A)i m already stated, is due to Sohliifli, Math, Ann. m. (1671), p. 148^ and 
equation (B) was given by Sonine, Ifctth. Ann. xvi. (1860), p, 14. 

These trigonotnetric integrals for the Bessel functions may be regarded as oofMponding 
to Laplaoe’s integrals for the Legendre functions. For (§ 17*11 example S) /«i(r) satisfies 
the confluent form (obtained by making ) of the equation for (1 — 

But Laplace’s integral for this function is a multiple of 

/o*[^ 4* «« 

« |l 4-^ oos^+ 0(n“*)| cosm^di^. 

The limit of the integrand as n-^ oo is cos and this exhibits the similarity 

of Laplace’s integral for (z) to the Bessel-Sohliifli integral for Jm («)- 


Example 1. From the formula j by a change of order of 

integration, shew that, when n is a positive integer and cos^ > 0, 

(Callandreau, BtUl. dee Set. Math. (2), xv. (1891), p. 121.) 


P„(oosd)« ^y ’ ^— ^ ./'o(^ sin d)^<ir. 


Example 2. Shew that, with Fencers’ definition of P^^ (cos d), 

when n and m are positive integers and cos d>0. 

(Hobson, Proc. London Math. Soo. xxv. (1894), p. 49.) 


17*24. Bessel functions whose order is half an odd integer. 

We have seen (§ 17’2) that when the order n of a Bessel function Jn W 
is half an odd integer, the difference of the roots of the indicial equation at 
is 271 , which is an integer. We now shew that, in such cases, is 

expressible in terms of elementary functions. 

Pot 

and therefore (§ 17-211) if * is a positive integer 

On differentiating out the expression on the right, we obtain the result that 
Jk+^ (x) » P* sin X + Ot cos X, 

where P*, Qt are polynomials in x"i 

Example 1. Shew that 
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17-24, IT S] 

Example SL Piove by induction that if jt be an integer and then 


the eammationa being continued an &r ae the terms with the vanishing fsoton in 
the numerators. 

Exatnj^ 3. Shew that ” * solution of Bessel’s equation for 




(*)• 


Example 4. Shew that the solution of -fy 0 is 


y-**"** » * (*Op**)+^«+* (Sep**)}, 


pmn 

where Cq^ C], ... arbitrary and oo, at, ... Of., are the roots of 


(LommeL) 


17*3, HankeVs contour integral* for Jn (z). 
Consider the integral 

/ (1+.-1-) - 

(t* — 1)*^ ““ 4 cos (zt) dt, 


where j 1 is a point on the right of the -point t » 1, and 

arg(t-l) = arg(f + l)-0 

at A ; the contour may conveniently be regarded as being in the shape of 
a figure of eight. 

We shall shew that this integral is a constant multiple of t/n(a). It is 
easily seen that the integrand returns to its initial value after t has described 
the path of integration ; for (t - 1)" "" 4 is multiplied by the factor ^ after 
the circuit (1+) has been described, and (t + l)^“4 is multiplied by the 
factor after the circuit (— 1 — ) has been described. 


Since 


2 

r»0 


■ (2r)! 




converges aniformly on the contour, we have (§ 4'7) 


CO 

> 1 

r «*0 


(-)' 


n-f-ir 


(2r)l 


t: 




To evaluate these integrals, we observe firstly that they are analytic 
functions of n for all values of n, and secondly that, when JS > 0, we 

may deform the contour into the circles |t — l|a>£, + = £ and the real 

axis joining the points f <>> ± (1 — 8) taken twice, and then we may make 
£ — , 0 ; the integrals round the circles tend to zero and, assigning to f — 1 


* JTatA. Ann. i. (1669). pp. 467-SOl. 
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and < + l their appropriate arguments on the modified path of integration, 
we get, if arg (1 — <•) » 0 and — it, 

m — it sin ir J <“■(! — t*)**"* (ft 
Ztsin^w — wj u’‘“i(l — tt)"~ieiu 

- 2»8in + 5 ^ w T T (n + r + 1). 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5 ‘5 that this equation, proved when 

i2 (n >0, 

is true for all values of n. 


Accordingly 


_ » (-)'-r»+>’'2tsin(« + i)irr^>-+i)r(n + i) 
^ **- (2r)!r(n + r+l) 


>*«0 


on reduction. 


2»+> i sin (n + wr (a + i) T Q J„ (z), 


Accordingly, when |r - n^j 0, we have 

CorMary. When iJ(n + J)>0, we may deform the path of integration, and obtain 
the result 

i.W 


/.(«)= 


(d/j'-'*’"' 


008 {xt) dt 


r(«+i)r(|). 


Example 1 . Show that, when (n + J ) > 0, 




r(n+i) 
Examfie 2. Obtain the result 

r (4*)“ /■* 

r(n+i)r(i)Jo 


008 (z 008 0 ) sin** 0 <f 0 , 


when A (n)> 0, by expanding in powers of t and integrating (§ 4*7) term-by-term. 
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ExamjpU 3. Shew that when - ^ < |, fl/ii (z) has an infinite number of real zeros. 

[Let ^ where m is zero or a positive integer ; then by the coroUaiy above 

«w}f 

where t«r-| (l-^*)’*“*cos {(m+J)frO dt 

Sr+T 

■/r*" {' - ('+fei)T'‘*^ «“+*> "> *• 

so, since w- J<0, tt|n>«m-i>«^m- 2 >—i hence Jn(tntr^iw) has the sign of (-)*. 
This method of proof for n^O is due to Bessel.] 

Example 4. Shew that if n be real, J% {£) has an infinite number of real zeros ; and 
find an upper limit to the numerically smallest of them. 

[Use example 3 combined with § 17*22.] 


17*4. ConiMxion between Beeed ooeffixsUnU and Legendre fanoiione. 

We shall now establish a result due to Heine* which renders precise the statement of 
§ 17*11 example 2, concerning the expression of Bessel coefficients as limiting forms of 
hypergeometric functions. 


When I arg(l±5)( <«■, n is unrestricted and m is a positive int^r, it follows by 
differentiating the formula of § 15*22 that, with Ferrers' definition of 

-*)*”' (1+^)*” F(-»+w, n-m-w; f» + l; i-J*), 
and so, if | arg z | < Jir, | arg (1 — J < tr, we have 





2*'*. ml r(n — m+1) 


/’(-w+ia, n-hl+m; m + 1 ; 


Now make (n being positive, but not necessarily integral), so that, if 

5-^0 continuously through positive values. 


Then 

r(a-m+l)n« 


-1, by § 13-6, and ♦I. 


Further, the (r+ l)th term of the bypergeometric series is 
( - r ( 1 - mb) ( I -P mfi 4- rfi) { 1 - (m + {1 - (m -f 2)«a«} . . . (1 - (m -4- r - l)»a»} 

1) (m-h2)... (m + r) . r ! 




this is a continuous function of d and the series of which this is the (r-i-l)th term is 
easily seen to conveige uniformly in a range of values of b including the point 3»0; so, 
by $ 3*32, we have 


which is the relation required. 


8” . m ! r>o (»»+l) (»t+8) ... (i»+r)r J 


Example 1. 


Shew thatf 


* The apparently different result given in Brine's KugtIfunkHonen is dne to the difference 
between Heine's associated Ijegendre function and Ferrers’ function. 

t The special case of this when m»0 was given by Mehler, Journal fllr Math, lxvxu, (1866), 
p. 140; see also Math, Ann, v. (1672), pp. 141-144. 
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Example 2. Shew- that Beasel’s equation is the confluent form of the equations 
defined by the schemes 

(0«c I f 0 » o»^ 

l-»» -iei-ie ) (.-« }-2w 2ic- 1 J (,-Jn -^(e+n) >i+l J 

the oonfluenoe being obtained by making e-^eo . 

17‘6. Asymptotic series for (s) when 1 2 1 w large. 

We have seen (§ 17'212) that 

1 8 

where it is supposed that | arg z\<fr, — g tt < arg (2iz) < g w. 

But for this range of values of z 

H (2«) = ^ 

by § 16*41 example 2, if — g w < arg (— 2iz) < g tt; and so, when ( arg z\<ir, 

Jn is) = {e* <"■'«'* w,,„ (2u) + e - i (» + i) -i (- 2w)}. 

But, for the values of t under consideration, the asymptotic expansion of 
Wt,n (± 2w) is 

i 1 + + (4»»-P)(4n«-3») 

* \ ^ ' 8iz ^ 2\(bisy 

(± l)r {4„. _ p} I4„3 _ 3 .} . . . { 4 „. _ (2r - 1)*} , 

and therefore, combining the series, the asymptotic expansion of Jn {z), when 
1 2 : 1 is large and | argz | < w, is 

(^)* (s-\n-r-\-n') 

I i (-y {4n»- P} \4oi*-3 ^\ ... i4n»-(4r-l)»n 

r r-i (2r)!2«-2»' J 

+ sinf.-^«.-?.) i ^-H4« « - .3^ j4n»-(4r-3yn 

* (^) (^ - 5 (^) - sin - 2 nw - J TT^ . T,, (*) j , 

a'here Unis), — have been written in place of the seriea 

The reader will observe that if n is half an odd integer these series 
terminate and give the result of § 17*24 example 2. 
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Even when » is not vei^ large, the value of J%{z) oan be comptited with great aoeunu^ 
from thie formula. Thua, for all poaitive values of z greater than 8, the first three terms 
of the asymptotic expansion give t^e value of («) and J\ (z) to six places of deoimals. 

This asymptotic expansion was given by Poisson^ (for n>»0) and by Jacobi t (for 
general integral values of n) for real values of z. Complex values of z were considered by 
Hankelt and several subsequent writers. The meth^ of obtaining the expansimi here 
given is due to Bames§. 

Asymptotic expansions for Jn (z) when the order n is large have been given by Debye 
{2fath, Ann. Lxvii. (1909), pp. 636-566, MUnehener Sitzung^erichte^ XL. (1910), no. 5) and 
Nicholson {Phil. Mag. 1907). 

An approximate formula for Jn, (n^) when n is lai^e and 0 <07 < 1, namely 

jc*exp {n^(l— 0 ?*)} 

(S«;n)* (1 -;(*)* {1 + V(1 - ’ 

was obtained by Carlini in 1817 in a memoir reprinted in Jacobi's Oe$. Werke^ vii. 
pp. 189-246. The formula was also investigated by Laplace in 1827 in his M^camgae 
Cdleate v. supplement [Oeuvres, v. (1882)] on the hypothesis that x is purely imaginary. 

A more extended account of researches on Bessel functions of large order is given in 
Proc. LoThdon Math, Soc, (2), xvi. (1917), pp. 150-174. 

Example 1. By suitably modifying HankePs contour integral (§ 17*3), shew that, when 
.1 <i«’ and /2(»-fi)>0, 

+ j‘ *-« „«-* . 

and deduce the asymptotic expansion of •/« (z) when | ^ | is large and | arg r | < ^ir. 

[Take the contour to be the rectangle whose corners are ±1, ±l+eiV, the rectangle 
being indented at ± 1, and make A^-^oo ; the integrand being (1 - 
Example 2. Shew that, when | argz | <^7r and (n+^) > 0, 

•^n W = _f ^ L «-•»<»*♦ C08*“* </> oosec*" ^ sin {;- (n - () ^} 

[Write ««2xcot^ in the preceding example.] 

Example 3. Shew that, if | aig « | ^ and (n + ^) > 0, then 

/“ (! + »«)"-*«-*•' dv+Be -** *“ j’ v--* (1 «-«« d» 

is a solution of Bessel’s fujuation. 

Further, determine A and B so that this represent 

(Schafheitlin, Journal far Math, cxiv.) 

17'6. I%e second eolulion of Bessel's eqwxtion when the order is an integer. 
We have seen in § 17*2 that, when the order n of Bessels differential 
equation is not an integer, the general solution of the equation is 

a«/nW + /8/_«(*>, 

where « and /8 are arbitrary constants. 

* JouftMl dt I’l&eole Polyteekntqvt (1), eab. 19 <1838), p. 880. 
t ^.tr. ItMh. sxnn. p. 94. 

; Math, Atm. I. (1869), pp. 487-801. 

8 TraiM. Comb. Phil. See. sz. (1908), p. 374. 


r(«+i)(2«)»l 


W, K. A. 


24 
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When, however, n is an integer, we have seen that 

and consequently the two solutions J»{z) and /-«(<) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinct from (z), in order to have the general 
solution. 

We shall now consider the function 

Y, (.) - , 

^ sin 2nir 

which is a solution of Bessers equation when 2n is not an integer. The 
introduction of this function ^ni^) is due to Hankel*. 

When n is on integer, Y„(^) is defined by the limiting form of this 
equation, namely 

Y, W - Um 

' ,^o sin 2 (n + 6)w 

- lim c-* {/„+. (.e) -(-)* (r)). 

€-►0 

To express Y„(x) in terms of TT*,*, functions, we have recourse to the 
result of § 17'6, which gives 

Y„{x)-lim + 

_ (_)» {e* ( - « - < + i) IT. (2i^) + e - K - « - * + i) «• r,. (- 2«)) j , 

remembering that 

Hence, since f lim TTo.n+u (2i^) =■ we have 

Y„(x)- (£)* {«(*»+*)'< W..„(2ix) + e-(*»+t>'‘r..„(-2«)}. 

This function (n being an integer) is obviously a solution of Bessel’s 
equation ; it is called a Beuel function of the second kind. 

Another function (also called a function of the second kind) was first used 
by Weber, JfatA. Ann. vi. (1873), p. 14p8 and by SchlMfli, Ann. di Mat. (2), VI. 
(1875), p. 17 ; it is defined by the equation 

y , ^ Jn {z) cos n w — J-» jz) Y„(x)cosw»r 

sinnw we’*'* ’ 


• UetK Ann. x. (IM9), p. 473. 

f This is most easily seen Itom the onifonniiy of the eonvergenoe with regaid to « of 
Barnes’ oontpnr integral (f 16*4) for 
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or by the limits of these expressions when n is an integer. This function 
which exists for oil values of n is taken as the canonical function of the 
second kind by Nielsen, Handbuoh der Cylinderfu^nktimen (Leipzig, 1904), 
and formulae involving it are generally (but nofc always) simpler than the 
corresponding formulae involving HankeFs function. 

The asymptotic expansion for Yn(z), corresponding to that of § 17*5 for 
Jn {z), is that, when | argx | < tt and n is an integer, 

j^sin ^ wj . I7„(z) + C08 - 5 ?wr - J wj . (^) j , 

where Un{s^) and Fn(z) are the asymptotic expansions defined in § 17*5, their 
leading terms being 1 and (4n* — l)/8<r respectively. 

Examfile 1. Prove that 

where n is made an integer after difierentiation. (Hankel.) 

EjcampU 2. Shew that if Yn(r) be defined by the equation of example 1, it is a 
solution of BesaePs equation when is an integer. 


17*61. The ascending series for Y„ (z). 

The series of § 17*6 is convenient for calculating Y«(a) when |xj is large. 
To obtain a convenient series for small values of |x|, we observe t^t, since 
the ascending series for J±{n^) (z) are uniformly convergent series of analytic 
functions* of €, each term may be expanded in powers of e and this double 
series may then be arranged in powers of e (§§ 5*3, 5*4). 

Accordingly, to obtain Yn(x), we have to sum the coefficients of the first 
power of € in the terms of the series 

r^or! r(n-h€ + r-l-l) ^ r-o ^ I T n- € + r-f 1 ) ’ 

Now, if s be a positive integer or zero and f a negative integer, the 
following expansions in powers of « are valid ; 


r(«+«+i)“r^TT){^~* r(*+i> 

* rcF+T) A ’ 

where y is Euler's constant (§ 12*1). 




The proof of this is left to the reader. 
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Accordingly, picking out the coefficient of e, we see that 

Y.W-logfh) r 2 + i (-y(i*)-^ 1 

*\» / Lr-^»HT(n+T+I)^' ^ ,.f;r!r(-n + r + l)J 


and 80 


+ (_)* r („ _ r), 

f*0 f I 

J. 7^^ |21og(!,) + i>,-Tm-. - S »-} 

Gz)-^(w-r-l)! 
r-O r I 


When n is an integer, fundamental aolutiona* of Bessel's equations, regular 
near ^ - 0, are Jn (e) and F, (z) or Y„ (z). 

Karl Neumannf took as the second solution the function F'”* (z) defined 
by the equation 

(*) = I Y„ (z) + Jn (Z) . (log 2 - 7 ) ; 
but Fn(jc) and Yn(ie) are more useful for physical applications* 

Example 1. Shew that the function {z) satisfies the recurrence formulae 

Shew also that Hankers function (^) and Neumann’s function (r) satisfy the 
same recurrence formulae. 

[These are the same as the recurrence formulae satisfied by (r).] 

Example 2. Shew that, when | arg z | < 

(Sohl&fli, Math, Ann, in.) 

Example 3. Shew that 

Yio) {z)^Jo(z) log 2 + 2 {J, W- Ki « + Wi W- 


17*7. Bessel functions with •purely imaginary argument 


The function! 




r-o r l(n + r)I 


* Euler gave a second solution (involving a logarithm) of the equation in the special oases 
nsO, nssl, InzU Cole, Int n. (Petersburg, X769), pp. 187, 2S8. 
t Theerie der SezeeVtchen Fanktienen (Leipsig, 1867), p. 41. 

t This notation was introduced by Basset, Sydrodynamiez n* (1888), p. 17 ; in 1886 he had 
defined l^[z) as (iz) ; see Proe. Camb, Phil Soe. vx. (1880), p. 11. 
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is of frequent oecorrenoe in various branches of applied mathematics; in 
these applications z is usually positive. 

The reader should have no difficulty in obtaining the following fwinulae : 

(i) 

z 

(ii) 

(iii) 

(iv) ^ + 

(v) When iJ > 0, 

(' t r r (n + i) J 0 

• 8 1 

(vi) When — ^ ^ 8 < ^ the asymptotic expansion of /„ (z) is 




■ 3>}...{4«»-(2r -!)•}■ 
r!2*'s’' 


_ «-(»+!)'<#-* |-^ - {4«*-l‘} {4n*-3*l ... {4n*-(2r-l)*i 

(2ws)t L r-i 


the second aeries being negligible when |argz|< 



The result is easily 


8 8 

seen to be valid over the extended range — g tt < arg z < ^ir if we write 

+ for + |.}j^ upper or lower sign being taken according as 

arg z is positive or negative. 

17*71. Modijisd Bessel f unctimis of the second kind. 

When n is a positive integer or zero, /.,i (z) (z) ; to obtain a second 

solution of the modified Bessel equation (iv) of § 17*7, we define* the function 
ITn (z) for all values of n by the equation 



so that Kn {/-n {z) — In ( z)] COt WTT. 

* The notation (z) was used by Basset in 1886, Proa* Cttmh, Phil, Soc. vi. (1880). p. 11, to 
denote a function which differed from the function now defined by the omission of the factor 
oosnir, and Basset’s notation has since been used by various writers, notably Macdonald. The 
object of the insertion of the factor is to make I^(z) and K^^{z) satisfy the same recurrence 
formulae. Subsequently Basset, Hydradynamie$ xi. (1888), p. 10, used the notation to 

denote a slightly different fnnotion, bat the latter usage has not been followed by other writers. 
The definition of (i) for integral values of n which is given here is due to Gray and Mathews. 
Beeeel Functioned p. 68, and is now common (see example 40, p. 884), but the corresponding defi- 
nition for non-integral values has the serious dissdvantage that the Sanction vanishes identically 
when 2fi is an odd integer. The ftinotion was considered by Biemann, Ann, der Phy$» xcv. (1885), 
pp. 180-189 and Hankel, Math. Ann, x. (1869), p. 498. 
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Whether nhean integer or not, this fanction is a solution of the modified 
Bessel equation^ and when | arg 2 ; [ < ^ w it possesses the asymptotic expansion 

for iai^e values of | 2 1. 

When n is an integer, {z) is defined by the equation 
Kn (z) » litn g IT - /n+. («)} COt V€, 

which gives (of. § 17‘61) 

■ - ,5. {l»g 1 » + T - r? - i 

as an ascending series. 


r I 


Example. Shew that (z) satisfies the same recurrence formulae as (z). 


17*8. Neumann' 8 expansion^ of an analytic function in a series of Bessel 
coejficients. 

We shall now consider the expansion of an arbitrary function f{z), 
analytic in a domain including the origin, in a series of Bessel coefficients, in 
the form 

y (x) » cin%f j (z) 4- «it/i (z) -f ei^J I (z) + . . . , 
where ttoi «ii ofii are independent of z. 

Assuming the [lossibility of expansions of this type, let us first consider the expansion 
of ll{t-z ) ; let it be 

Oq (0 Jo (z) + 20i (t) Ji {z) 4 2 f ?2 (0 •^2 W + • • • > 


where the functions 0^ (^) are independent of z. 


We shall now determine conditions which On (0 must satisfy if the series on the right 
is to be a uniformly convergent series of analytic fimctions ; by these conditions On (0 
will be determined, and it will then be shewn that, if On (0 is so determined, then the 
series on the right actually converges to the sum !/(<-«) when | x | < | < |. 


Since 
we have 




0,'(<)*^o(*)+2 2 (<)•'«(*)+ 2 2 

ntnl Haul 


80 that, on replacing 2JJ{z) \>y (x)- (z), we find 


W(0 + 0,(f)}/oW+2 

n»l 




* K. Neumann, Journal f Ur Math, lxvii. (1367), p. 810; see also Kapteyn, Ann. de vAcoU 
norm, zup, (3), x, (189$), p. 106. 
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According^ tAe nmeuive funetion$ Ox {t)^ Oj (t), O9 (t), are determined fy the recarrenee 

farmuUu 

Oi{t)^ -Oo'W, (0. 

and, putting ^=0 in the original expansion^ we eee that Oo{t) ie to he defined by the 
equation 

Theee formulae shew without difficulty that 0% (0 is a polynomial of degree n in l/t 
We shall next prove by induction that Ou(t\ so defined, is equal to 

when (0 >0. For the expression is obviously equal to Oo (0 or 0| (t) when n is equal to 
0 or 1 respectively ; and 

e*“*“ {tt ±V(tt* +!)}"♦» dtt, 

whence the induction is obvious. 

Writing i^wsinh d, we see that, according as n is even or odd*, 

and hence, when If (0 > 0, we have on integration, 


^ . 2~“* n \ ( ^ 

O"(0“ ^+, y'*‘2(2»-2)'*'27: 


f+i I ’ 2(2»i-2)^2.4(2»-2)(2n-4)^"/ ’ 
the series terminating with the term in <•* or r**"* ; now’, whether R(t) be positive or not, 
Onifi) is defined as a polynomial in 1/^ ; and so the expansion obtained for On(t) is the 
value of On (t) for all values of t 

Example, Shew that, for all values of f, 

0, «-* [{*+v^(^+ <*)}"+ {4:- + 

and verify that the expression on the right satisfies the recurrence formulae for On (0* 

17*81. Proof of Neumanns expansion. 

The method of § 17 8 merely determined the coefficients in Neumann’s 
expansion of l/(f — on the hypothesis that the expansion existed and that 
the rearrangements were legitimate. 

To obtain a proof of the validity of the expansion, we observe that 


Of. Hobson, Plane Trigonometry (1918), §§ 79, 8^4. 
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where ^ 0 as ri oo , when z and t are fixed. Hence the series 

Oo(0^o(^)+2 2 Oii(t) (i^) s jP(x, 

is comparable with the geometrical progression whose general term is 
and this progression is absolutely convergent when \z\<\t\, and so the 
expansion for P{z, 0 absolutely convergent (§ 2*34) in the same circum- 
stances. 

Again if | ^ | < r, | | ^ ii, where r< R, the series is comparable with the 
geometrical progression whose geneml term is and so the expansion 

for F{Zt t) converges uniformly throughout the domains | ^ | ^ r and | ^ | > JS 
by § 3*34. Hence, by § 5*3, term-by-term differentiations are permissible, 
and so 


{It + 1) ^ 

+ 0. it) J: (i) + 2 i On it) Jn ii) 

-{0.'(«) + 0»(<)K.W+ 2 {2O„'(0 + O„+.(#)-O„_. (<))./„(«) 

}|sl 

»0, 


by the recurrence formulae. 


it follows that F{Zf t) is expressible as a function of ^ ^ ; and since 

it is clear that F (z, t) *» l/(t — z). 

It is therefore proved that 

_L = 0, it) J, (^>+2 2 On it) Jn iz). 
t — Z n»l 

provided that | ^ | < | ^ |. 

Hence, if / (z) be analytic when | j ^r, we have, when | r | < r, 



- f/it) |o, (0 Jo iz) + 2 Onit) Jn (i)| dt 

^Joiz)fiO)+ 2 i^[Onit)/it)dt, 
nsl ^ J 

by § 4*7, the {mths of integration being the circle | < | = ?’ ; and this establishes 
the validity of Neumann's expansion when \z\<r and/(^) is analytic when 
li|<r. ■ 
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BmumpU 1. Show that 

000 *- y, (*)- 2/, (*)+ 8Ji , 

sin *-8/| (o)-a/,(»)+3/, (K. Neumann.) 

EecmpU 2. Shew that 

i .{n^r - 1) 1 Neumann.) 

r«o “ » 

Example 3. Shew that, when | < | < | ( | , 

Oo(<)«^)(*)+2 5 0»(t)*^.(*)- * /•(*) f r»-‘«-*{*+V(**+<*)}*«tp 

Howl J 0 

- fs^i » •/.(*) k+s/(**+‘*)}*<i* 

y 0 ft" 

.-1- (Kapteyn.) 


17*82. SchlUmilch'i expanaion of an arhitraty function in a aonei of Baml eocfidmU 
of order zero. 

Schlomilch* has given an expansion of quite a different character from that of 
Neumann. His result may be stated thus : 

Any function, f(x\ which ha$ a continuom differential coefficient with limited total 
fluctuation for all values of x in the closed range (0, ir), may be expanded in the eerie* 

/(4?)-ao+«i«^o («) +02.^0 (2«:)-fa8«^ (aLr) + ...» 
valid in this range ; where 

+ - f^u f ^^f' (u Bin $)d$du, 
n J 0 Jo 

an«B- / ucoenu f' (u sin 0) d$du (w>0). 

try 0 Jo 

SchlOmilch's proof is substantially as follows : 

Lot F(x) be the continuous solution of the integral equation 


Then (§ 11*81) 


/( 4 ?)-i - F{xmn<l>)dil>, 
n J 0 

F{x)^/(0)+x 


In order to obtain Sohldmilch's expansion, it is merely necessazy to apply Fourier’s 
theorem to the function F(xBin ^). We thus have • 

“ » /T {w Jo ^ nil /o cos nu cos (nx sin <p) F(u) 

*,1 f''F(u)du + - 2 ooBnuF(u)J^(nx)du^ 
n Jo w N-i ; 0 

the interchange of summation and integration being permissible by §§ 4*7 and 9*44. 


♦ ZeiUchrift fUr Math, und Phyt. n, (1857), pp. 187-165. See Chapman, Quarterly Journal, 
zun. (1912), pp. 84-87. 
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In this eqiiaticm, replace F(u) by its value in terms of / (u). Thus we have 
fo Jo f'(umx\B)d^dit 

Z Jq (no?) COB n V I /(O) + w (« *iD 

which gives Schlbmilch’s expansion. 

Example. Shew that, if 0 < 47 ^ ir, the expression 

is equal to x ; but that, if 9r ^ 47 ^ 2ir, its value is 

47 4- 2ir arc cos (ir47“ *) - 2 ^{ 4 ?® - tr®), 

where arc cos (tr.r“*) is taken between 0 and ~ . 

Find the value of the expression when 47 lies between 2ir and dir. 

(Math. Trip. 1895.) 

17 'S. Tabulation of Beesd functionM. 

Hansen used the asymptotic expansion (§ 17*5) to calculate tables of {x) which are 
given in Lommel’s Stvdien ilber die BeueVechen Funktionen. 

Meissel tabulated Jo(x) and Ji (x) to 12 places of decimals from 4ra»0 to 47 * 15*6 {Abh. 
det* Akad. zu Berlin^ 1888), while the British Assoc. Report (1909), p. 33 gives tables by 
which (.r) and Fn (x) may be calculated when x > 10. 

Tables of •f^(4?), J^{x\ •/_|(4?), J^^(x) are given by Dinnik, Archiv der Math, und 
Phys. xvin. (1911), p. 337. 

Tables of the second solution of Bessers equation have been given by the following 
writers: B. A. Smith, Messenger^ xxvi. (1897), p. 98; Phil. Mag. (6), xlv. (1898), p. 106; 
Aldis, Proc. Royal Soc. lxvi. (1900), p. 32; Airey, Phil. Mag. (6), xxii. (1911), p. 658. 

The functions /„ (47) have been tabulated in the BHtish Assoc. Reports^ (1889) p. 28, 
(1893) p. 223, (1896) p. 98, (1907) p. 94 ; also by Aldis, Proc. Royal Soc. Lxiv. (1899); by 
Isherwood, Proc. Manchester Lit. and Phil. Soc. ZLViii. (1904) ; and by E. Andiug, Sechs^ 
stellige Tafsln der BesseVschen Funktionen i^nagindren Argumentes (Leipzig, 1911;. 

Tables of J^(x\/i), a function employed in the theory of alternating currents in wires, 
have been given in the British Assoc. Reports^ 1889, 1893, 1896 and 1912 ; by Kelvin, Maih. 
and Phys. Papers^ III. p. 493; by Aldis, Proc. Royal Soc. hzvi. (1900), p, 32; and by 
Savidge, Phil. Mag. (6), xix. (1910), p. 49. 

Formulae for computing the zeros of Jo (z) were given by Stokes, Camb. Phil. Trans, ix. 
and the 40 smallest zeros were tabulated by Willson and Peirce, Bull. Amerioan Math. 
Soc. III. (1897), p. 153. The roots of an equation involving Bessel functions were computed 
*by Kalahne, ZHtschrift fWr Math, und Phys. liv. (1907), p. 55. 

A number of tables connected with Bessel functions are given in British Assoc. Reports^ 
1910>1914, and also by Jahnke und Emde, Funktionentafeln (Leipzig, 1909). 
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Miscellaneous Examples. 

I. Shew that 

cos {z sin d)- Jo («)+2Ji (t) cos 2 ^+ 2/4 {z) cos 4^-f ... , 

sin (zsin (z) 8ind-i-2/s(z)8in3^+SJ'4(3)Bin 5^«f .... 

(K. Neumann.) 

2. By expanding each side of the equations of example 1 in powers of sin express 2 * 
as a series of Bessel coefficients. 

3. By multiplying the expansions for exp||3^/ — and exp 

considering the terms independent of t, shew that 

{Ji(x)}*+2 {J, (x)}*+2 {Ji(x)}»+2 {Jj (.)}* + ...-!. 

Deduce that, for the Bessel coefficients, 

(»>1> 

when z is real. 

4. If J^* («)■=! I 2* cos* u cos {mu - z sin u) du 

j 0 

(this function reduces to a Bessel coefficient when k is zero and m an int^r), shew that 

{e ) " ^ w, *, p » 

pmO P 1 

where the ‘ Cauchy ^s number’ defined by the equation 

Shew further that 

and W-8(i+ 1) {y*_, (.) - (*)}. 

(Bourget, Journal de Math, (2), vi.) 

5. If V and M are connected by the equations 

cos F ^ e 

MmtB-^edxiE^ oosv«-= where |ej<l, 

X cos C$ 

shew that v««>if+2(l -s*)J E E (i«)* {me) - sin mM^ 

s«o 

where J^{z) is defined as in example 4. 


(Bourget) 
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6. Prove thet, if m and n are miegers, 

where ««*roosd^ and <?,**• ie independent off. 

(Math. Trip. 189a ) 

7. Shew that the eolution of the differential equation 

(I) (!)■}'-»■ 

where and ^ are arbitrary functions of f, is 


8. Shew that 




(Trinity, 1908.) 


9. Shew that 


- s. "T n 7.. li, 1 M. 1 \ j! /■■ 


^ ^ nao w ! r (/i+a-H 1) r (v + n-t*i) r 

for all values of and v. 

(Schliifii, ^«n. iiL (1871), p. 142; and SchOnholzer, Bern dissertation, 1877.) 
10. Shew that, if n is a positive integer and m 4- 2n 4* 1 is positive, 

(«i - 1 ) {x) {Jn^i (x) (x) - •/„» (a?)} + (w + 1 ) (x) dx, 

(Math. Trip. 1899.) 


11. Shew that 


12. Shew that 


13* Shew that 




.^+iW Jl (±)* (i«)» 




I sm fin 


(Lommel.) 


14. If be denoted by (f ), shew that 


flggnW 1 2(^^ + l) 




Cff f 

15. Shew that, if /Z**® r* + ri* - 2 /Ti cos d and rj > r > 0, 

W*^o(^i) + 2 2 j;.(r),/»(r,)cosad, 

ro(A)»Ji(r) Fo(r,)+2 S /»(r) ri.(r,)ooitnA 

1I«1 

18. Shevr that, if JH («+})> 0, 

J^n (2f COS d) flW «• |w {•/»(*)}*. 


(K. Neumann.) 


(K. Neumauu.) 
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18. 


Shaw how to expraaa in the form wherp J, F are poly- 

in t ; and prove that 


•^4 

Shew that, if a ^ S end n > - 1, 


aJi(3oi)+M,(ao*)-o. 

(Math. Trip. 1886.) 


(«* 


S*) (ax) Jn (^)€b)~x jj; (ax) ^ J, (/Sr) - .f, (fix) ^ (oa:)| , 

So* *{*l»(a*)}*<i*— (o***— »*){i/',(aJr)}*+|* • 


19. Prove that, if »> - 1, and J, (a)~Jn (S)«0 while a%/3, 

j^xJ,(ax)J,(fix)dx~0, and J** {/.(oar)}*^*-}^*, (a)}«. 

Hence prove that, when »> - 1, the roots of y,(ar)-0, other than aero, are all real and 
unequal. 

[If a could be complex, take ^ to be the conjugate complex.] 

(Lommel, Studien iiber die BeseeVecken Funktionen^ p. 69.) 

20. Let x^f{x) have an absolutely convergent integral in the range ; let H 

be a real constant and let n > 0. Then, if l^i , .. . denote the positive roots of the equation 

shew that, at any point x for which 0 < a? < 1 and / {x) satisfies one of the conditions of 
§ 9*43, / (jt) can be expanded in the form 


/(X)- ^ ArJn(krX), 


where 


4? {Jn (M)}* dx^ a^ix) Jn (kfX) dx. 


In the special case when -n, is to be taken to be zero, the equation deter- 
mining kiy k^j ... being (it)>B0,and the first term of the expansion is where 

jQ*(2n + 2) clr. 

Discuss, in particular, the case when // is infinite, so that Jn shewing that 

d, =2 , (Ir)}"* »^(X) (trX) dx. 


[This result is due to Hobson, Proc, London Math. Soc, (2), vii. (1909), p. 349 ; see 
also W. H. Young, Proc, London Math, Soc, (2), xviii. (1920), pp. 163-200. The formal 
expansion was given with If infinite (when n»0) by Fourier and (for general values of n) 
by Lommel ; proofs were given by Hankel and Schlafli. The formula when i5r» - n was 
given incorrectly by Dini, Serie di Powrier (Pisa, 1880), the term being printed as A^, 
and this error was not corrected by Nielsen. See Bridgeman, PhiL Ma^, (6), xvi. (1908), 
p. 947 and Chree, Phil, Mag, (6), xvii. (1909), p. 330. The expansion is usually called the 
Founer^Beseel expaneion,] 


21. Prove that, if the expansion 

AiJq (Xj4r)+... 

exists as a uniformly convergent series when — a ^o, where Xi, Xf, ... ai'e the positive 
roots of «/^(Xa)-B0, then 


^„-8{aX.V,(X,a)}-». 


(Dlare, 1900.) ^ 
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SS. If A], ... are the positive roots of {ka)mO, and if 

*• + »- 5 ArJ^{t^), 

rml 

this series oonr^rging uniformly when 0 then 

(Math. Trip. 1906.) 

2S. Show tibat 

/o** ooa*»-«»-» d8in«+« fiM 

when n> m > - 1, (Sonine, JfatA. Ann, xvi.) 

24. Shew that, if <r > 0, 

(Nicholson, Phil Mag. (6), xvm. (1909), p. tt.) 

25. If m be a positive integer and > 0, deduce from Bessel’s integral formula that 

^ g**»jnh sech u, 

(Math. Trip. 1904.) 

26. Prove that, when ^ > 0, 


2 /"* 2 /** 

•/o(jr?)*- I sin (a- cosh t) rfi, Fo(^)a= I cos (j? cosh 0 

wy 0 ir J 0 

[Take the contour of § 17*1 to be the imaginary axis indented at the origin and a 
semicircle on the left of this line.] 

(Sonine, Math. Ann. XYl.) 

27. Shew that 


and that 


j {xt) sin xdx^e^n 

■■arc cosec r 

x^ 1 Ji {xt) sin xdx^t^^ {1 - (1 - j 0<t< 


0<t<l 

t>l 




t> 


r) 


28. Shew that 
is the solution of 


(Weber, Journal fUr Math. Lxxv.) 
w* «**■"»• •{J +5 log (r sin* ^)}iftf 


<f*tt I du • 

355 


(Poisson, Journal de ViicoU Polgtechnique, xiu (1823), p. 476 ; see also Stokes, 
Oamb. Phil. Trans, ix. (1856), p. [38].) 


29. Prove that no relation of the form 

tmQ 

oan exist for rational vsloea of N,, n and x except relations which are satisfied when the 
Bessel fiinotions are replaoed by arbitrary solutions of the recurrence formula of g n^Sl (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of /.(«) and (x), and shew by example 12 
that /a. 1 («)/./.(«) is irrational when n and x are rationaL] 
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SO. Prove that, when X(n)> — 

W-2«-ir{« + j)r(|) 0 (~ ) ’ 

(Hai‘greave, PAiZ Trans. 184ft ; Maodouald, Proc. London MiUh. Soc. xxix.) 

31. Shew that, when R (m 4-^) > 0, 

{z sin B) 810*“+* B dB^z-h i/’m+j («). (Hobeon.) 

32. Shew that, if 2a+ 1 > fw > - 1, 

( (ax) . 

;o 

(Weber, Journal fiir Math. lxix. ; Math. Trip. 1898.) 


33. Shew that 

34. In the equation 


2p + l 


pmfi as 


W}*- 


(Lommel.) 


n is real ; shew that a solution is given by 


CO8(«l0g«)- £ 


(.,)»> ^8m Qoa {u^ ~ re log 3) 


where tCm denotes 2 arc tan (7i/r). 

r«l 


I 2»“ m ! (1 +w*)* (4+»*)* (m>+n>)i ’ 

(Math. Trip. 1894.) 

35. Shew that, when n is large and positive, 

•^n (^) *® 2 ^ 3 " i IT"* r (^) n “ i +0 (w”*). 

(Cauchy, Comptes Rendus, xxxvin. (1854), p. 993 ; Nicholson, Phil. Mag. 
(6), XVI. (1908), p. 276.) 

36. Shew that 

(Mehler, Journal fUr Math. Lxvni.) 


37. Shew that 


s^coi#«2"-'*r(w) 2 (n+^)(7a(0O8^)X-“A*»(X), 

(Math. Trip. 1900.) 

38. Shew that, if 

IT — Jn {ax) {hx)J^ (car) »'-* dx, 

Oyb^e being positive, and m is a positive integer or zero, then 
WwmO (a-5)*>c*, 

>r«0 (a+6)*><?*. (Sonilie, Math. Ann. xvi.) 
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3d. Sb«w th»t, ifn>-l, and 

J^(fui)J,(bx)J„(ex)ii^'”dx, 

a, b,e being poaftive, then 
ir-0 (a-6)*>o», 

Tr-(8irr*««-»4*-‘c-“(l-,»*)*<*"-»>i>*3.7 W (a+6)»>c«>(a-6)«, 

a«-» i"-> e-w ”)* 1)1 (*«-») 

c*>(«+t)*, 

where fi«(a*+6*-c®)/2a6, 

(Macdonald, iVoc. London Math. Soe. (2), vii.) 

40. Shew that, if i? (m -f J) > 0, 


and, if |arg«|<iw, 


g.w- 7:g;”j7 


Prove also that 

2®**^ r(m + ^) cos mir J cos t 4 cfu. 

(Math. Trip. 1898. Cf. Basset, /^roc. Camb» PhU. Soc. vi.) 
[The first integral may be obtained by expanding in powers of z and integrating term- 
by-term. To obtain the seoond, consider 

/ (!+, -l-h) . 

where initially aig (t - 1) *aig 1)«0. Take | ^ | > 1 on the contour, expand (r* - 1)"^*“* in 
descending powers of t, and integrate term-by-term. The result is 
2w*^'* sin (2mir) T (2m) 2 T (1 - m) (z). 

Also, deforming the contour by flattening it, the integral beoomes 

2t^’”a®»8in 2mtr J e“''‘(<*-l)*"'"^d^-»-2w^”*’^r®»oo8mtr J e“*^(l ; 
and consequently 

r /X 1 / X 2^”**‘8in (mfr)r"* f® , 

41. Shew that On (z) satisfies the differential equation 


d»0n(z) . S dOn(z) 
3? *’ z dz 




whei'e (« even), p„«»«ar“* {n odd). (K. Neumann.) 

42. If f(z) be analytic throughout the ring-shaped region bounded by the circles c, C 
whose centres are at the origin, establish the expansion 

+ 01*^1 (^) + at «^8 (*)+••• 

+ i^o W + A ^1 W ^8 W + ■ • • » 


where 


(K-Neumana) 


43. Shew that, if x and y are positive, 


«-<r 


where r-« -l-v^(Jt*+y*) and +-i/(ifc*-l) or tV(l-^) according as it > 1 or it <1. 

(Math. Trip. 190fi«) 
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44. Shew that, with suitable restriotions on n and on the form of the function f(x)^ 

[A proof with an historical account of this imi>ortant theorem ih given by Nielsen, 
C^tTuierfunJkiioTien, pp. 300-n363. It is due to Hankel, but (in view of the result of S 9'7) 
it is often called the Four£er-Bes§el intsgreU,] 

46. If U be any closed contour, and m and n are integers, shew that 

W (*) j ^ ^ "*fc ^ ** 

unless C contains the origin and mmtn\ in which case the first two integrals are still sero, 
but the third is equal to wi (or 2irt if tn»0) if C encircles the origin once counter- 
clockwise. (K. Neumann.) 


46. Shew that, if 


and if n be a positive integer, then 


p\q\ 

ft 

^ **« — m, n + w-l ^8m-l (*)j 
si 


while 

47. If 
shew that 




(K. Neumann.) 


o, (y) , 


(y*-»*)'*-Oo(y){j;, (»)}*+ 2 S O, (y) {y, (*)}* 

Htsl 

when the series on the right converges. (K. Neumann, Matk, Ann. ill.) 

48. Shew that, if c> 0, E (n) > - 1 and fit (a± 6)* > 0, then 

y. (a) y, **p ■ ®*~ ^)/(*<)} • («*/o 

(Macdonald, Proc. London Math, Soc. xxxu.) 

49. Deduce from example 48, or otherwise prove, that 
(a*-p6* - 2a6 cos d)"**^ •/«, {(a*+6*— 2a6 cos ^)*} 

-8’*r(n) i (m+n)a-’*6"»./,„+«(a).A,„+„(6)C',„*(ooed). 

iumO 

(Oegenbauer, Wiener Sitzungeberichtet Lxiz. LZZiv.) 


60. Shew that 


y y„ (0 y, («»i) 


satisfies the equation 

if y* (0 y» (<**)-«»+ 1 y*' ( t ) y, (<**)+ * 4 1» + > y« (o y,' (t* 4 ) 

resumes its initial value after describing the contour. 

Deduce that, when 0<r<l, 

/o (1 _ jj) r (y) •^5“’ ^ 


W. M. A. 


(Sohafkiritlin, JfotA. .Aim. zzx. ; Math. Trip. 1908.) 
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CHAPTER XVIII 

THE EQUATIONS OF MATHEMATICAL PHYSICS 


181. The differential equations of mathematical physios. 

The functions which have been introduced in the preceding chapters are 
of importance in the applications of mathematics to physical investigations. 
Such applications are outside the province of this book ; but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certain partial differential equations, of which the 
following are among the most important : 

(I) Laplace's equation 

which was originally introduced in a memoir • on Saturn's rings. 

If {Xy y, z) be the rectangular coordinates of any point in space, this equation is 
satisfied by the following functions which occur in various branches of mathematical 
physios : 

(i) The gravitational potential in regions not occupied by attracting matter. 

(ii) The electrostatic potential in a uniform dielectric, in the theory of electro- 
statics. 

(iii) The magnetic potential in free aether, in the theory of magnetostatics. 

(iv) The electric potential, in the theory of the steady flow of electric currents in 
solid conductors. 

(v) The temperatui'e, in the theory of thermal equilibrium in solids. 

(vi) The velocity potential at points of a homogeneous liquid moving irrotationally, 
in hydrodynamical problems. 

Notwithstanding the physical differences of these theories, the mathematical investi- 
gations are much the same for all of them : thus, the problem of thermal equilibrium in a 
solid when the (x>ints of its surface are maintained at given temperatures is mathe- 
matically identical with the problem of determining the electric intensity in a region 
when the i^oints of its boundary are maintained at given potentials. 

(II) The equation of wave motions 

da/‘ dy* dz* “ c’ 8«* ' 

This equation is of general occurrence in investigations of undulatory disturbances 
propagated with velocity c indei)endent of the wave length ; for example, in the theory of 
electric waves and the electro-magnetic theory of light, it is the equation satisfied by each 
component of the electric or magnetic vector; in the theory of elastic vibrations, it 
is the equation satisfied by each component of the displacement ; and in the theoiy 
of sound, it is the equation satisfied by the velocity potential in a perfect gas. 

« Mini, de lUead. de$ SeUncu, 1787 (pnbUihed 1789), p. 859. 
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(III) The equoHon of oonduction of heat 

dr* 9.y» k dt ' 

This is the equation satisfied by the temperature at a point of a homogeneous isotropic 
body ; the constant k is proportional to the heat conductivity of the body and inversely 
proportional to its specific heat and density. 

(IV) A particular case of the preceding equation (II), when the variable 
z is absent, is 

“ c* ‘ 

This is the equation satisfied by the displacement in the theory of transverse vibrations 
of a membrane ; the equation also occurs in the theory of wave motion in two dimensions. 

(V) The equation of telegraphy 


dt* dt da‘' 


This is the equation satisfied by the potential in a telegraph cable when the inductance 
X, the capacity iT, and the resistance Jt per unit length are taken into account. 

It would not be possible, within the limits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics; but, by considering selected typical 
cases, we shall expound some of the principal methods employed, with 
.special reference to the uses of the transcendental functions. 


18 * 2 . Boundary c(mditi<ms, 

A problem which arises very frequently is the determination, for one of the 
equations of § 18*1, of a solution which is subject to certain boundary con- 
ditions ; thus we may desire to find the temperature at any point inside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of its outer surface are maintained at given temperatures. This 
amounts to finding a solution of Laplace's equation at points inside a given 
surface, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs in discussing 
•small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere ; in this problem we are given, effectively, the velocity potential 
at points of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact with the basin. 

The nature of the boundary conditions, necessary to determine a solution 
uniquely, varies very much with the form of diiferential equation considei*ed, 
even in' the case of equations which, at first sight, seem very much alike. 
'Thus a solution of the equation 

dfV 
da^ djf 


0 
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(which occurs in the problem of thermal equilibrium in a conducting 
cylinder) is uniquely determined at points inside a closed curve in the 
o^-plane by a knowledge of the value of V at points on the curve; but 
in the case of the equation 

da^ c® " 


(which effectively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance x from the end of the 
string, it is physically evident that a solution is determined uniquely only if 
dV 

both V and are given for all values of x such that 0 < ^ when < » 0 
(where I denotes the length of the string). 


Physical intuitions will usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary from 
the point of view of the pure mathematician are usually very tedious and 
difficult*. 


18’8. A general solution of Laplace* s equation^. 

It is possible to construct a general solution of Laplace’s equation in the 
form of a definite integral. This solution can be employed to solve various 
problems involving boundary conditions. 

Let V (x, y, z) be a solution of Laplace’s equation which can be expanded 
into a power series in three variables valid for points of (x, y, z) sufficiently 
near a given point (Xq, yo, Zo). Accordingly we write 

x = Xo^X, y*=yo-l-F, z^Zo-^Z; 
and we assume the expansion 

V = + 4*01^ + 4- + c^Z^ 

4- 2d8rz + + 2/.ZF 4- . . . , 

it being supposed that this series is absolutely convergent whenever 

where a is some positive constant^. If this expansion exists, V is said to 
be analytic at {xq, yo, Zq). It can be proved by the methods of §§ 3*7, 47 

* See e.g. Forsyth, Theory of Funeiiom (1918), 9§ 216-S80, where an apparently aimplo 
problem is disooaaed. 

t Whittaker, Math. Ann, lvji. (1902), p. 888. 

; The functions of applied mathematics satisfy this condition. 
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that the aeries coavergea uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, Y or Z any number of 
times at points inside the domain. 


If we substitute the expansion in Laplace’s equation, which may be 
written 


0T 3*7 


and equate to zero (§ 3’78) the coefficients of the various powers of X, T 
and Z, we get an infinite set of linear relations between the coeflScients, 
of which 

-f- ^2 -h Cj * 0 

may be taken as typical. 

There are |n(n — 1) of these relations* between the i(n-|-2)(n4- 1) 
coefficients of the terms of degree n in the expansion of F, so that there 
are only ^ (n + 2) (n 4* 1) - (n - 1) = 2n -f 1 independent coefficients in 

the terms of degree n in F. Hence the terms of degree n in F must be 
a linear combination of 2n + 1 linearly independent particular solutions of 
Laplace's equation, these solutions being each of degree n in X, F and Z, 

To find a set of such solutions, consider (Z + iX cos w 4- iF sin uY ; it is 
a solution of Laplace's equation which may be expanded in a series of sines 
and cosines of multiples of t/, thus : 

2 fl^m(X, F, Z)co8 mu4' 2 Am(X F, Z)8inmw, 

maO m»l 

the functions gm(X, F, Z) and h^{X, F, Z) being independent of u. The 
highest power of Z in (X, F, Z) and (X, F, Z) is and the former 
function is an even function of F, the latter an odd function; hence 
the functions are linearly independent. They therefore form a set of 
2n 4- 1 functions of the type sought. 

Now by Fourier's rulef (§ 9*12) 

(X, F, Z) « J (Z + iX cos u + i F sin uY cos mud% 

whfn (X, V, Z)^ f (Z + iX cos u + i F sin sin mudu, 


* If (where r + i + taen) be the ooeffioient of X^Y*Z^ in V, and if the terms of degree 
B^V d*F d^V 

n - 2 in h- be arranged primarily in powers of X and secondarily in powers of y, 

the ooeflloient does not ooenr in any term after X^V^Z^ (or if r=0 or 1), and 

hence the relations are all linearly independent. 

t Sr most be written for r in the coefficient of (X, y, Z). 
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and so any linear combination of the 2n + 1 eolations can be written ih the 
form 


r. 


(Z + iX cos « + 1 F sin «)"/» (u) du, 

r 

where /n(tt) is a rational function of 

Now it is readily verified that, if the terms of degree n in the expression 
assumed for V be written in this form, the series of terms under the integral 
sign converges uniformly if l-X" p + |F|*+lZ|* be sufficiently small, and so 
(§ 4*7) we may write 

F « I 2 (Z -h iX cos w + 1 F sin u)“/» (u) du. 

J -ir n=0 

But any expression of this form may be written 

F ** J F{Z-^iX cos u + iF sin u, u) du, 

where ^ is a function such that differentiations with regard to X,Y or Z 
under the sign of integration are permissible. And, conversely, if F be any 
function of this F is a solution of Laplace’s equation. 

This result may be written 

F = J /(z + ix cos u 4- iy sin u, u) du, 

on absorbing the terms — Xo — tiCo cos u — lyo sin u into the second variable ; 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace s equation ; that is to say, every solution 
of Laplace’s equation which is analytic throughout the interior of some 
sphere is expressible by an integral of the form given. 

This result is the three-dimensional analogue of the theorem that 

IS the general solution of 

02r c^V ^ 

[Note. A distinction has to be drawn between the primitive of an ordinary differential 
equation and general integrals of a partial differential equation of order higher than the 
first*. 

Two apparently distinct primitives are always directly transformable into one another 

d*v 

by means of suitable relations between the constants ; thus in the case of we 

can obtain the primitive C'sin (or+O fi'om A oosx-^BBmx by defining C and t by the 
equations C sin r C cos «>■ A On the other hand, every solution of Laplaoe’s eqiiation 
is expressible in each of the forms 

j f {x COB Bint ^iz,t)dt, j y (y cosu+^sin u+ix, v) cfti ; 

* For a discussion of general integrals of such equations, see Forsyth, Theory of Differential 
JSquationB, vi. (1906), Oh. zti. 
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but if tboBe are known to be the same solution^ there appears to be no general analytioal 
relation, connecting the fbnctions f and p, which will directly transform one form of 
the solution into the other,] 

Example 1. Shew that the potential of a particle of unit mass at (a, c) is 

J- du 

2ir J -9 (-? - c) + i {x - a) cos a + 1 (y - 6) sin w 

at all points for which z>c. 

Example Shew that a general solution of Laplace's equation of zero degree in 
JF, y, » is 

j log(^co8t+y8in<+w)p(0«J?<» j* g{t)dt*^0. 

Express the solutions and log in this form, where 
Example 3. Shew that, in the case of the equation 

^where integrals of Charpit’s subsidiary equations (see Forsyth, Differential 

Equationz^ Ohap. ix.) are 

(i) 

(ii) />=j+a*. 

Deduce that the corresponding general integrals are derived from 

(i) J 

0«=(a?+a)*-(y-a)*+F’'(a) )* 

(ii) 48-1 (j? +y)* + 2a* ( J? - y) - a* (x +y) “ ' + (o)l 

0— 4a(ar-y) — 4a*(z?+y)“^ + G'' (a) J’ 

and thence obtain a differential equation determining the function G (a) in terms of the 
function E(a) when the two general integrals are the same. 


18*31. Solutiom of Laplace' e equation involving Legendre functions. 

If on expansion for F, of the form assumed in § 18*3, exists when 

a?o-yo“«o»0, 

we have seen that we can express F as a series of expressions of the type 

J (x + ia? cos u + ty sin «)" cos wadu, j (z-^ia: cos u 4- iy sin ?*)" sin mudu, 

where n and m are integers such that O^m^n, 

We shall now examine these expressions more closely. 

If we take polar coordinates, defined by the equations 

jrarsin^cos^, y^rsin^sin^, z^rcosO, 
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we have 



4* ifl? cos u 4 ly sin m)” cos mudu 



{cos ^ + i sin 6 cos (m— cos mudu 


= I (cos B^i sin B cos cos m d-^ 
J -ir-^ 

sas r" J jcos d 4- i sin B cos j" cos m (0 + d^jr 


= cos 



{cos 4 i sin (9 cos yff]”' cos myjrdy^, 


since, the integrand is a periodic function of ^ and 
(cos B -hi sin B cos sin 


is an odd function of Therefore (§ 15*61), with Ferrers' definition of the 
associated Legendre function, 


/: 


ir 


4 wp cos u 4 ly sin cos mudu 


Similarly 


(n + m) ! 


r^Pn^ (cos B) cos m<f>. 



4 io! cos u 4 iy sin w)*‘ sin mudu 


27ri^ . n 1 
(n 4 m ) ! 


(cos ^ ) sin w<^. 


Thet'efore (cos cos and r^*Pn^ (cos B) sin 7n4> are polynomials 

in X, y, z and are particular solutions of Laplace*s equation. Further, by 
§18*3, every solution of Laplace* s equation, which is analytic near the origin, 
can be expressed in the form 

F = 2 r" [AnPn (cos 4 2 COS sin m(f>) P^ (cos B) * . 

»«o ( , 

Any expression of the form 


AnPn (cos 4 2 (-dn^”^’ COS ni^ 4 Bin Wl^) Pn”^ (COS 0), 

m = l 

where n is a positive integer, is called a surface harmonic of degree n ; 
a surface harmonic of degi-ee n multiplied by r” is called a solid harmonic 
(or a spherical harmonic) of degree n. 

The curves on a unit sphere (with centre at the origin) on which Prices 6) vanishes 
are n parallels of latitude which divide the surface of the sphere into zones, and so (cos B) 

is called (see § 16*1) a to^ial fiartnonic ; and the curves on which (cos B) vanishes 

are n-m parallels of latitude and 2m meridians, which divide the surface of the sphere 
into quadrangles whose angles arc right angles, and so these functions are called teaseral 
hannmicM, 
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A aolid harmonic of degree n is evidently a homogeneous polynomial of degree n in 
Xy y, z and it satisfies Laplace’s equation. 

It is evident that, if a change of rectangular coordinates^ is made by rotating the axes 
about the origin, a solid harmonic (or a surface harmonic) of degree n transforms into 
a solid harmonic (or a surface harmonic) of degree n in the new coordinates. 

Spherical harmonics were investigated with the aid of Cartesian coordinates by 
W. Thomson in 1862, see Phil, Tram, (1863), pp. 573-582, and Thomson and Tait, 
Treatiae on NaJhzral PhUoaophy I. (1879), pp. 171-218; they were also investigated 
independently in the same manner at about the same time by Clebsch, Journal fUr Math, 
LXI. (1863), pp. 195-262. 

Example. If coordinates r, d, ^ are defined by the equations 

a’^roosd, y=(r*-l)^8indoo3^, l)^8in dsin^, 

shew that (r) Pj^ (cos d) cos satisfies Laplace’s equation. 


18'4. Ths soliUion of Laplaces equation which scUisfiea assigned boundary 
conditions at the surface of a sphere. 

We have seen (§ 18*31) that any solution of Laplace's equation which 
is analytic near the origin can be expanded in the form 

V (r, 2 r“ [A^Pn (cos 0) 

l »«0 ( 

+ 2 cos m<f> + sin m^) Pn”* (cos ^)l ; 

w-l / 


and, from § 3*7, it is evident that if it converges for a given value of r, 
say a, for all values of 0 and ^ such that it converges 

absolutely and uniformly when r < a. 

To determine the constants, we must know the boundary conditions 
which V must satisfy. A boundary condition of frequent occurrence is 
that F is a given bounded integrable function of 0 and 0, say /(^, ^), on 
the surface of a given sphere, which we take to have radius a, and V is 
analytic at points inside this sphere. 

We then have to determine the coeflBcients An, An^^, from the 

equation 

qO ^ H 1 

2 o"]a„P„(cos^)4- 2 . 

n.Q I m-1 ) 

Assuming that this series converges uniformly f throughout the domain 


multiplying by 


P„'"(C 08 ^)®°*TO^, 


3^ 3^ '3^ 

* Lsplsos's operator i® invariant for changes of rectangnlar axes, 

t This 18 usually the oase in physical problems. 
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integrating term-by-term (§ 4*7) and using the results of ^ 15‘14, 15 51 on 
the integral properties of Legendre functions, we find that 

^') Pn"* (cos ^ sin m<f>' sin 0'd0'dif>' - wo" 

r I’ A^> <t>') (cos sin ff'de'dA' - 27ra» An. 

J -nJ 0 JW + 1 

Therefore, when r < a, 

+ 22 — j Pn’^ (cos 0) Pn’*^ (cos 0^) COS m (^ — ^') • sin ffd0'd<f>\ 

The series which is here integrated term-by-term converges uniformly 
when f'<a, since the expression under the integral sign is a bounded 
function of 0, 0\ <f>, if>\ and so (§ 47) 

4wr(r, e. <f>) - ^') J^(2« + 1) Q” {P«(cos 0) P„ (cos O') 

+ 22 Pn"* (cos 6) Pn” (cos O') COS m (^ — <^')| sin 0'dd'd^'. 

Now suppose that we take the line {0, <^) as a new polar axis and let 
(^/. ^lO ^ the new coordinates of the line whose old coordinates were {0', 
we consequently have to replace Pn (cos 0) by 1 and P»”* (cos 0) by zero ; and 
so we get 

4wF(r, 0, 4>)^ r [’/(O'. <l>’) i (2n + l)(-Y Pn(cm0,')am0:d0,'dif>,' 

“ r f"/(^. </>') 2 (2n+ 1) (-Y P„ (cos 0/) sin 0'd0'dif>'. 

J-wJo n-0 


If, in this formula, we make use of the result of example 23 of Chapter xv 
(p. 332), we get 

t.r(r, ft ♦) ./' / /(ft, *■) 

J -wJn (r® — 2ar cos 0i + a*)» 


and so 


47rF(r, 0 , 4 >) 

.a(a.-H)r r ^ 

J Jo [r® — 2ar {cos 0 cos ^ + sin ^ sin cos (^ — + a*]* 

In this compact formula the Legendre functions have ceased to appear 
explicitly. 
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The lust formula can be obtained by the theory of Oreen^s fwiietiom. For properties 
of such functions the reader is refened to Thomson and Tait, Natural Philowphy^ 
§§ 499-519. 

[Note. From the integrals for V {r, d, <^) involving Legendre funotions of oos^i' and 
of cos d, cos &' respectively, we can obtain a new pi^f of the addition theorem for the 
Legendre polynomial. 

For let 

X» (^'> 0') (008 6i) - j/** (cos S) P, (cos ff) 

*m-t (wTw )'! ^') 008 m (^ - 

and we get, on comparing the two formulae for V (r, d, 

If we take/(d', to be a surface harmonic of degree n, the term involving is the only 
one which occurs in the integrated series ; and in particular, if we take /(d', 0') ■■ 
we get 

j’ ^ j' {x« (^t ♦')}* sin 

Since the integrand is continuous and is not negative it .must be zero; and so 
Xn(^\ that is to say wo have proved the formula 

Ph (cos diO « P» (cos d) Pn (cos d') + 2 Z (COS d) Pn"* (COS d') COB m 

wherein it is obvious that 


cos dj' = cos d COS d' +8in d sin d' cos (^ - tp'), 
from geometrical considerations. 

We have thus obtained a physical proof of a theorem proved elsewhere* (§ 15*7) by 
purely analytical reasoning.] 


Example 1. Find the solution of Laplace’s equation analytic inside the sphere rwl 
which has the value sin 3d cos tp at the surface of the sphere. 

[^r®Psi (cos d) cos ^ - ^rPi* (cos d) cos <f).] 

Example 2. Let /^(r, d, be equal to a homogeneous polynomial of degree n 
in 47, z. Shew that 

j /„ (a, d, <p) Pn {cos d cos d' +sin d sin d' cos (0 — <[>)} a* sin Bd6d<p 


4tra* 

2n^i 


r/.i(«, </>')• 


[Take the direction (d', as a new polar axia] 


18 ' 6 . Solutions of Laplace's equation which involve Bessel coefficients. 

A particular case of the result of § 18*3 is that 

j’ etW+too-M-KlflnMl C08 mwrfu 

is a solution of Laplace's equation, k being any constant and m being any 
integer. 

* The absence of the factor ( - )*" which occurs in g 16*7 is due to the tact that the functions 
now employed are Ferrers’ associated functiona 
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Taking oylindrioal-polar coordinates (p, z) defined by the equations 

COB (ft, y p sin 

the above solution becomes 


J — « 


gikpoo% mudu * J 0 ikpcMv QQQ m(v + if>).dv 

*« 2 e^ f cos mv cos m<f>dv 

Jo 

« 2 e^ cos (m0) J cos mvdv, 

and so, using § 17*1 example 3, we see that e^ cos (mt^) , Jnikp) is a 
solution of Lof^lace * 8 equation analytic near the origin^ 

Similarly, from the expression 

J* sin mudw, 

where m is an integer, we deduce that 2 Tri^ sin . Jm (Ap) w a solution 
of Laplace * 8 eqwitUm. 


18*61, The periode of vibration of a uniform membrane*. 

The equation satisfied by the displacement V at time f of a point (:r, y) of a uniform 
plane membrane vibrating harmonically is 

a«r ^ id^v 

where o is a constant depending on the tension and density of the membrane. The 
equation can be reduced to Laplace’s equation by the change of variable given by z^cti. 
It follows, from § 18*5, that expressions of the form 


Jm (hp) m^t clct 
^ ^ sin ^ sin 


satisfy the equation of motion of the membrane. 

Take ae a particular case a drumy that is to say a membrane with a fixed circular 
boundary of radius R. 

Then one possible type of vibration is given by the equation 

™Jm (hp) cos m^ cos ckty 

provided that FmO when p = R; so that we have to choose k to satisfy the equation 

Jyn{kR)^0., 

This equation to determine k has an infinite number of real roots (§ 17*3 example 3), 
ki, kg y k^y ... say. A possible type of vibration is then given by 

^^Jm (hrp) co» nup 008 ckrt (fa= 1, 2, 3, . . .). 

This is a periodic motion with period 2frl{ckr); and so the calculation of the periods 
depends essentially on calculating the zeros of Bessel coefficients (see § 17*9). 


* Euler, Novi Comm, Acad, Petrop, x. (1764) [published 1766], pp. 248-260 ; Poisson, Mim, 
de VAcadimiSy viu. (1829), pp. 857-570; Bourget, Ann, de Vfleole norm, sup, in. (1866), pp. 65-96. 
For a detailed diseussion of vibrations of membranes, see also Bayleigh, Theory of Sound, 
Chapter ix. 
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Example, The equation of motion of air in a circular cylinder vibrating per- 
pendicularly to the axis OZ of the cylinder is 


1 


V denoting the velocity potential. If the cylinder have radius the boundary condition 

0r 

is that when pmt/t. Shew that the determination of the free periods depends on 

finding the zeros of (C) 0. 


18*6. A general solution of the equation of wave motiwis. 

It may be shewn* by the methods of § 18*8 that a general solution of 
the equation of wave motions 

^ dfV 

da^ ^ ds* c® dt* 

is f(w sin u cos t; + y sin n sin t; + oos u + ct, u, v) dudv, 

where / is a function (of three variables) of the type considered in § 18 * 3 . 

Regarding an integral as a limit of a 8um» we see that a physical 
interpretation of this equation is that the velocity potential V is produced 
by a number of plane waves, the disturbance represented by the element 
f(x sin u cos t; + y sin M sin v + z cos u ct, u, v) SuSv 
being propagated in the direction (sin u cos v, sin u sin v, cos u) with velocity c. 
The solution therefore represents an aggregate of plane waves travelling in 
all directiwis with velocity c. 


18*61. Solutions of the equation of wave motions which involve Bessel 
functions. 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems. 

In physical investigations, it is desirable to have the time occurring by 
means of a factor sin ckt or cos ckt, where k is constant. This suggests that 
we should consider solutions of the type 


V 


I j ^(JtUcidnucMv+ifnaufiav-t-zcoBu+ct) 

J -wJo 


v) dudv. 


Physically this means that we consider motions in which all the elementary waves 
have the same period. 

Now let the polar coordinates of (x, y, z) be (r, d, and let (q>, be the 
polar coordinates of the direction (u, v) referred to new axes such that 
the polar axis is the direction {6, 0), and the plane ^ » 0 passes through 
OZ ; so that 

cos *» cos 6 cos u + sin ^ sin u cos (^ — v), 
sin u sin (0 — v) « sin sin 


* See the paper previously cited, Math, Ann. Lvn. (1902), pp. 342-845, or Mttzengtr of Maiht- 
matics, xxxvi. (1907), pp. 96-106. 
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Also, take the arbitrary function /( u, v) to be Sn (u, v) sin u, where Sn 
denotes a surface harmonic in u, v of degree n ; so that we may write 

S„(u, v) = 8n(6, «, ^), 

where (§ 18*31) is a surface harmonic in w, ^ of degree n. 

We thus get 

j ^ ; w, y/r) Bin adetd-^. 

Now we may write (§ 18*31) 

Sn (^1 ^ ; <», ■= A„ (d, 4>) ■ Ph (cos ®) 

+ S {An'™* {d, cos + jBb'"** {d, <f>) sin w^j P„*" (cos ®), 

m«l 

where An(^, 4^\ and (^, <^) are independent of yjr and a. 

Performing the integration with respect to ^fr, we get 

V «= 27re^^^ An 4>) f (cos a>) sin o>da) 

Jo 

= An(^, <P)J ^ Pn (m) 

- 27rc^‘ An (d, 4>) ^ l)»d^, 

by Rodrigues’ formula (§ 1511); on integrating by parts n times and using 
Hankel’s integpral (§17*3 corollary), we obtain the equation 

n ! (^^)" j ^ *“*** (1 ~ /*’)" 

« (2w)* »“«•■*" (l;r) ■ i + j (kr) A„ (^, 0), 

and so V is a constant multiple of «“**r”^.7’„^j(^)An(^, ^). 

Now the equation of wave motions is unaffected if we multiply a?, y, z 
and i by the same constant factor, i.e. if we multiply r and i by the same 
constant factor leaving Q and ^ unaltered ; so that An(B, if>) may be taken 
to be independent of the arbitrary constant k which multiplies r and t. 

Hence lim ^ ~ ^ + i (^) (^» is a solution of the equation 

of wave motions; and therefore An{0, is a solution (independent of t) 
of the equation of wave motions, and is consequently a solution of Laplace s 
equation ; it is, accordingly, permissible to take An (^> to be any sur&ce 
harmonic of degiee n ; and so we obtain the result that 

r - 4 + 4 (A*r ) Pn* (cos T c*< 

is a particular solution of the equoMon of wave motions. 
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18*611. Application of § 18*61 to a physical problem. 

The solution just obtained for the equation of wave motions maj be used in the 
following manner to determine the periods of free vibration of air contained in a rigid 
sphere. 

The velocity potential V satisfies the equation of wave motions and the boundai^ 
dV 

condition is that >«0 when where a is the radius of the sphere. Hence 

V=.r-^J„^ {kr) P» (cos tf) ^ ^ ckt 

gives a possible motion if h is so chosen that 

This equation determines k\ on using g 17*24, we see that it may be written in 
the form 

tan ka ~ /„ (Jta\ 

where /„ {Jca) is a rational function of ka. 

In particular the radial vibrations, in which V is independent of 6 and 0, are given by 
taking mmO ; then the equation to determine h becomes simply 

tSAika^ka ; 

and the pitches of the fundamental radial vibrations correspond to the roots of this 
equation. 
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Miscellaneous Examples. 

I. If r be a solution of Laplace’s equation which is symmetrical with respect to OZ^ 
and if V^f{z] on OZ^ shew that if f{(} be a function which is analytic in a domain, of 
values (which contains the origin) of the complex variable f, then 

r-*- f ^{z+t(^+y*)ioos^}flr^ 

r J o" 

at any point of a certain three-dimensional region. 

Deduce that the potential of a uniform circular ring of radius c and of mass M lying in 
the plane EOT with its centre at the origin is 

— [c*-f (a?* +y*)* cos 

IF J 0 
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2. If 7 be a solution of Laplace’s equation, which is of the form F{py where 
(/>, z) are cylindrical coordinates, and if this solution is approximately equal to 

near the axis of *, where /(f) is of the character described in example 1, 

shew that 

(DougaU.) 

3. If a be determined as a function of or, y and z by means of the equation 
where i?, (7 are functions of u such that 

shew that (subject to certain general conditions) any function of is a solution of 
Laplace’s equation. 

(Forsyth, Messenger^ xxvii. (1898), pp. 99-118.) 

4. Aj B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the sphere is such that its surface density (rp at P is given by 
the formula 

<rp<^{AP,BP)-'K 

Shew that the total quantity of matter is unaffected by varying A and B so long as 
CA . CB and A^^B are unaltered ; and prove that this result is equivalent to the theorem 
that the surface integral of two harmonics of different degrees taken over the sphere 
is xero. 

(Sylvester, Phil» Mag, (6), n. (1876), pp. 291-307.) 

6. Let V (x, y, z) be the potential function defined analytically as due to particles 
of masses X-tp at the points c-^ic') and (o — ia', b-ib\ c^ic') 

respectively. Shew that V (x, y, z) is infinite at all points of a certain real circle, and 
if the point (x, y, z) describes a circuit intertwined once with this circle the initial 
and final values of 7(j;, y, z) are numerically equal, but opposite in sign. 

(Appell, Math. Ann, xxx. (1887), pp. 165-156.) 

6. Find the solution of Laplace’s equation analytic in the region for which a<r<Af 
it being given that on the spheres rva and r=A the solution reduces to 

2 (cos d), 2 C7„ P K (cos d), 

n«0 RsO 

respectively. 

7, Let O' have coordinates (0, 0, c), and let 

Pdz^S, Pd’Zm&, PO~r, pa~r'. 

Shew that 


P„(C08d') 

+ l * 


P^ (cos d) 


+ (h+1) 


cPp^coB $) An + 1)(»4>2) c«Pn^.a(coBd) 


21 




+ ..., 


or 


'(“)* 1^1 +("+*)■ 


(n+l)(n'4-8)r*ft(oostf) 




rPt {coa«) 

c"** 2! 

according as r>c or r<c. 

Obtain a similar expansion for r'**P„'(cosd). (Trinity, 1893.) 

8. At a point (r, d, ^) outside a uniform oblate spheroid whose semi^axes are a, 6 and 
whose density is p, shew that the potential is 

m* Pi (cos d) 






where and r>m. 


Obtain the potential at points for which r<m. 

(St John’s, 1899.) 
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9. Shew that 

I t»(8»+l)r“iP,(coe»).r^j(r). 

(Bauer, Journal fur Math, lvi.) 

10*. Shew that it x±iy^h cosh (f ± 17), the equation of two-dimensional wave motions 

in the coordinates f and 7 is 

027 aap ^2 . /T 

^ ^ (cosh*f - 00s* 7) . (Lam6.) 

11. Let a7=:(c-i-7'cos^) cos^, ^■s(c+r cos^) sin 0, 

shew that the surfaces for which r, d, respectively are constant form an orthogonal 
system; and shew that Laplace’s equation in the coordinates r, ^ is 

^ |r (c+r ooe 9) -g^j + - gg ((c+r 008 (9) ^ -0. 

(W. D. Niven, Mtuenger^ x.) 

12. Let jP have Cartesian coordinates (or, y, z) and polar coordinates (r, d, </»). Let 

the plane POZ meet the circle z^O in the points a, y ; and let 

a/^y « », log (Pfl/Py) <r. 

Shew that Laplace’s equation in the coordinates o-, «>, is 


0 J* sinhff 


ari a | sinho- d v] 

i d<r ) 0« [cosh (T — cos m S« / 


\cosh <r — cos a> 
and shew that absolution is 

r*= (cosh a - cos «)^cos na» oonnupP^ 


1 

sinh cr (cosh <r — cos w) 


'0; 


(cosh cr). 


13. Shew that 

(f2* 4* p* — 2ffp cos 0 -f- c*)*"! : 


(Hicks, PkiL Trans. CLZXii. pp. 617 et «eq.) 


) ^ Jo 


dk 




, {kp) ^ " cos mu dv^ 


and deduce an expression for the potential of a particle in terms of Bessel functions. 

14. Shew that if a, c are constants and fi, v are confocal coordinates, defined as 
the roots of the equation in t 


J:La.-2La.^ 

aa-he 




then Laplace’s equation may be written 


'I 


1 ^} 1 ^} ^ It } 


where 


A,*V{(a2+X)(6»+X)(c* + X)K 


(Lam^.) 


* Examples 10, 11, 12 and 14 are most easily proved by using Lamp’s result {Journal de 
VAcole Polyt. xiv. oahier 28 (1884), pp. 191-288) that if (X, p, r) be orthogonal ecordinates for 
which the line-element is given by the formula (8j;)'^ + (8y)^ + (8r)^s(ff,8\)3+(ffj5p)^-t-(if,dF)‘, 
Laplace’s equation in these coordinates is 


0 

0X 


\ s, 


t) 5i> \ N, 17/ 


= 0 . 


A simple method (due to W. Thomson, Camb, Math. Journal, xv. (1845), jq). 38-42) of proving 
this result, by means of arguments of a physical obaracter, is reproduced by Lamb, Hydro- 
dynamics (1916), § 111. Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
Train do CaktU DiffrentUlle (1864), pp. 181-187, and Qoursat, Cours (^Analyse, x. (1910), 
pp. 165-159; and a most compact proof is due to Neville, Quarterly Journal, xlix. (1923), pp. 888- 
362. Another proof is given by Heme, Theorie dtr Kugelfunctioncn, i. (1878>, pp. 803-806. 

W, M. A. 26 
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15. Shew tluit a general solution of the equation of wave motions is 

J /'(^oos^+j^sin^-h^ y+usiii^+crooB^, 6)d$. 

(Bateman, Proo. London IfatL Soc. (2) i. (1904), p. 457.) 

16. If r<B/(ir, y, 2 , t) be a solution of 

a* dt 

prove that another solution of the equation is 

17. Shew that a general solution of the equation of wave motions, when the motion is 
indei)endent of is 


r. 


/(r + tpcos^, c^+p8in^)cW 


/! 1’.,^ (— 


where p, t are cjltndrioal coordinates and a, b are arbitrary constants. 

(Bateman, Proc. London Math, Soc. (2) i. (1904), p. 458.) 

18. If r «>/(x, y, z) is a solution of Laplace’s equation, shew that 

V 1 az \ 

2 »(a:- 50 ’ x-^) 

is another solution. 

(Bateman, Proc, L<mdon Math. Soc, (2) vil. (1909), p. 77.) 

19. If U^f{xy y, «, t) is a solution of the equation of wave motions, shew that 
another solution is 

JL. ^-fi \ 

V* «-Cf’ 2(2 — cO’ 2 c(2-c0/ 

(Bateman, Proc, London Math, Soc, (2) vii. (1909), p. 77.) 

20. If la^x-tyj mmrnz^iWf n=a?*+y*+2* + ?r*, 

X = ;F + ty, fAmmZ^iWf 

so that ZX + m^-f-ni^-iO, 

shew that any homogeneous solution, of degree zero, of 


satisfies 

and obtain a solution of this equation in the form 


. a*f7 . ^ 


i-'x- 


' m ^ 


( a, b, c ^ 

a, A y. fk 

a', /S', y j 


(Bateman, /Voc. London Math. Soc. (S) vii. (1909), pik 76-8S.) 


where 
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21*. If (r, fP) are spheroidal coordinates, defined by the equations 

c (r*+ 1)^ ein d cos y *-0 (r*+ 1)^ sin d sin s«>or cos d, 


where a:, y, t are rectangular coordinates and cihb. constant, shew that, when n and m are 
integers, 




cos^+ysinf oos 
c / sin 


(Blades, Proc, Edinburgh Math, Soc, xxxni.) 


22. With the notation of example 21, shew that, if x 41 0, 


^ /a7 0 os<+ysin^+ta\ OOS _ (w-m)! - ^ , ^nCOs , 

^ ( c ) sin sin 


(Jeffery, Proo. Edinburgh Math, Soc, xxxiiL) 


23. Prove that the most general solution of Laplace’s equation which is of degree zero 
in .r, y, z is expressible in the form 

where / and F are arbitrary functions. 

(Donkin, Phil, Trans, 1857 ; Hobson, Proc, London Math, Soc. (1) xxii. p. 422.) 

* The functions introduced in examples 21 and 22 are known as internal and external 
spheroidal harmonies respectively. 


26—2 



CHAPTER XIX 


MATHIEU FUNCTIONS 

19'1. The differential equation of Mathieu, 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper- 
geometric type, and many simple properties of these functions are now well 
known. 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, only very imperfectly explored. 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometric type are 
called Mathieu functions] these functions are also known as the functions 
associated with the elliptic cylinder. They arise from the equation of two- 
dimensional wave motion, namely 

dac^ ^ “ c* dt^ ' 

This partial differential equation occurs in the theory of the propagation of electro- 
magnetic waves ; if the electric vector in the wave-front is parallel to OZ and if E denotes 
the electric force, while {Hx, 0) are the components of magnetic force, Maxwell’s 
fundamental equations are 

dt ^ dx dy dt "" dy * dt Sr ’ 
c denoting the velocity of light ; and these equations give at once 

1 d^E d^E 

c* 0Lr* ^ c)y^ ’ 

In the case of the scattering of waves, propagated parallel to OX, incident on an 
ellii)tic cylinder for which OX and OF are axes of a principal section, the boundary 
condition is that E should vanish at the surface of the cylinder. 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the dependent variable being the displacement perpendicular 
to the membrane ; if the membrane be in the shape of an ellipse with a rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just discussed. 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
manner : 

* Journal de Math, (2), xui. (1868), p. 187. 
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Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p. Then, if we write 

F = u {cc, y) cos {pt + €), 

the equation becomes 


d'^u d^ii n- 


= 0 . 


Let the foci of the elliptic membrane be (± A, 0, 0), and introduce new 
real variables* f, ri defined by the complex equation 

x+iy^h cosh (f + ii;), 

so* that CD^h cosh f cos 77, y ®» A sinh f sin 17. 


The curves, on which f or 77 is constant, are evidently ellipses or hyper- 
bolas confocal with the boundary ; if we take f ^ 0 and — tt < 77 ^ tt, to each 
point (x, y, 0 ) of the plane coiTesponds one and only onef value of (f, 77). 

The differential equation for u transforms intoj 


af . + + -^ (cosh* f- cos* 17) M - 0. 

If we assume a solution of this equation of the form 

where the factors are functions of f only and of ri only respectively, we ‘^ee 
that 


f 1 

t^(t) dp 



d'‘Q (n) 

drf^ 



V 


}■ 


Since the left-hand side contains f but not 77, while the right-hand side 
contains 77 but not f, -F(f) and G (77) must be such that each side is a constant, 
A , say, since f and 77 are independent variables. 


We thus arrive at the equations 

cos' , - j) GW - 0. 

By a slight change of independent variable in the former equation, we see 
that both of these equations are linear differential equations, of the second 
order, of the form 

^ -f (a + 163 cos 2^) w « 0, 


* The iutroduotioo of these variables is due to Lame, who oaUed ( the thermometric parameter. 
They are more usually known as confocal coordinatee^ See Lamd, Sur lee fonetione invereee dee 
tranecendantee, Lepon. 

t This may be seen most easily by oonsidering the ellipses obtained by giving ( various 
positive values. If the ellipse be drawn through a definite point (f, if) of the plane, if is the 
eccentric angle of that point on the ellipse. 

$ A proof of this result, due to Lam^, is given in numerous text-books ; see p. 401 , footnote. 
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where a and q are constants* * * § . It is obvious that every point (infinity ex- 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieu*s equation and, in certain 
circumstances (§ 19*2), particular solutions of it are called Maihi^u functions. 

19*11. The form of the solution of MatKieu's equation. 

In the physical problems which suggested Mathieu's equation, the constant 
a is not given a priori^ and we have to consider how it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that ti (tt, y) is a one-vcduod function of position, and is consequently unaltered 
by increasing 17 by 29r ; and the conditionf G ( 1 ; + Stt) = 0 ( 17 ) is sufficient to 
determine a set of values of a in terms of q. And it will appear later (§§ 19*4, 
19*41) that, when a has not one of these values, the equation 

G (17 + 2 w) * G ( 17 ) 

is no longer true. 

When a is thus determined, q (and thence p) is determined by the fact 
that J’(f) « 0 on the boundary ; and so the periods of the free vibrations of 
the membrane are obtained. 

Other problems of Mathematical Physics which involve Mathieu functions in their 
solution are (i) Tidal waves in a cylindrical vessel with an elliptic boundary, (ii) Certain 
forms of steady vortex motion in an elliptic cylinder, (iii) The decay of magnetic force 
in a metal cylinder X. The equation also occurs in a problem of Rigid Dynamics which 
is of general interest^. 

19*12.. HilVs equation. 

A differential equation, similar to Mathieu’s but of a more general nature, 
arises in G. W. HiH’sll method of determining the motion of the Lunar 
Perigee, and in Adams'H determination of the motion of the Lunar Node. 
Hiirs equation is 

^ + 2 S COB 2w 2; j tt * 0. 

The theory of Hill’s equation is very similar to that of Mathieu’s (in spite 
of the increase in generality due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together. 

* Their actual values are q^h^p^l{S2c^); the factor 16 is inserted to avoid 

powers of 2 in the solution. 

t An elementary analogue of this result is that a solution of ^ +atis0 has period 2ir if, 

and only if, a is the square of an integer. 

X R. C. Maclaurin, Tram, Camb. Phil, Stte, xvn. p. 41. 

§ A. W. Young, Proc. EdifUturgh Math. Soe. xxxix. p. 81. 

ii Acta Math, viii, (1886). Hiirs memoir was originally published in 1877 at Cambridge, 
U.8.A. 

H Monthly Notice$ R.A.8. xxxviii. p. 48. 
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1911-19-21] 

la the astronomical applications *•* known constants, so the 

problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill’s equation in the Lunar Theory is, in 
fact, not periodic. 

10 '2. Periodic eolations of Mathieu*e equation. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution. 

Let this solution be 0 (z) ; then G (z\ in addition to being periodic, is an 
integral function of z. Three possibilities arise as to the nature of 0 (z ) : 
(i) 0(z) may be an even function of (ii) G (z) may be an odd function of z, 
(iii) G (z) may be neither even nor odd. 

In case (iii), ^ {G (z) + (- z)] 

is an even periodic solution and 

ilG(^)-G(-^)) 

is an odd periodic solution of Mathieu’s equation, these two solutions forming 
a fundamental system. It is therefore sufficient to confine our attention to 
periodic solutions of Mathieu’s equation which are either even or odd. These 
solutions, and these only, will be called Mathieu functions. 

It will be observed that, siiioe the roots of the iudicial equation at 2«0 are 0 and 1, 
two even (or two odd) periodic solutions of Mathieu’s equation cannot fonn a fundamental 
system. But, so far, there seems to be no reason why Mathieu’s equation, for special 
values of a and q, should not have one even and one odd periodic solution; for com- 
paratively small values of | | it can be seen [§ 19*3 example 2, (ii) and (iii)] that Mathieu’s 
equation has two periodic solutions only in the trivial case in which q^O; the result that 
there aie never i)airs of periodic solutions for larger values of |^| is a siHscial case of a 
theoi'em due to Hille, Froc. London Math. Soc. (2) xxiii. (1924), p. 224. See also Incc, Froc. 
Camb. Phil. Soc. xxi. (1922), p. 1 17. 

19*21. An integral equation satisfied by et^en Mathieu functions*. 

It will now be shewn that, if G ( 17 ) is any even Mathieu function, then 
G ( 17 ) satisfies the homogeneous integral equation 

G(i 7 )«x[' ^^^^•G{e)de, 

j — » 

where k^»J{Z^q). This result is suggested by the solution of Laplace’s 
equation given in § 18*3. 

* This integral equation and the expansions of § 19*3 were published by Whittaker, Proc. 
Int. Congest of Math. 1912. The integral equation was known to him as early as 1904; see 
Tram. Camb. Phil. Soc. xxi. (1912), p. 193. 
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For, if a!+<y««^co8h(f + ii;) and if F(f) and &(*}) are solutions of the 
differential equations 




'-(A+ m*h* cosh* f) F(f) - 0, 


^ + (^ + m*A* cos* i;) G (i/) * 0, 

then, by § 19‘1, F(f) is a particular solution of Laplace’s equation. 

If this solution is a special case of the general solution 

j fill cosh f COS 7) cos + A sinh f sin sin ^ + iz, 0) d0y 

given in § 18'3, it is natural to expect that* 

/(t;, 0)^F{O)e^^ff>{e\ 

where ^(5) is a function of ^ to be determined. Thus 

^(f) ^ (^) * J (^) Gxp {mh cosh f cos t) cos 0 

H- mh sinh f sin rj sin 0-\- miz] d0. 

Since f and rf are independent, we may put f = 0; and we are thus led to 
consider the possibility of Mathieu’s equation possessing a solution of the 
form 

G {t}) = j’' </» (ff) de. 

19 * 22 . Proof that the even Mathieu functions satisfy the integral equation. 

It is readily verified (§ 5*.31) that, if be analytic in the range (— tt, tt) 
and if 0{r)) be defined by the equation 

then 0(7f) is an even periodic integral function of rj and 
d^O(v) 


drf 


-f- {A + cos" 7)) 0 {•¥}) 


= J (sin* 7] cos* 0 + cos* tf) — mh cos tj cos ^ -f -4 } ^ 

=* — ^{7nh sin ^ cost; <A(^) + ^'(^)} 

4- r {<!>" (0) + {A m*^h^ cos* 0) 4> (^)} e~^oo«iico.tf fi0, 

J —IT 


on integrating by parts. 


The constant F(0) ie ineeried to simplify the algebra. 
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But if 4^ {0) be a periodic function {with period 27r) such that 
4/' {0) + (A+ cos* 0) 4> (0) = 0, 

both the integral and the integrated part vanish ; that is to say, 0 (17), defined 
by the integral, is a periodic solution of Mathieu's equation. 

Consequently (t(^) is an even periodic solution of Mathieu’s equation if 
<1^ (^) is a periodic solution of Mathieu's equation formed with the same con- 
stants; and therefore 4^i0) is a constant multiple of G{0)\ let it be \Q{0). 

[Ill the case when the Mathieu equation has two peiiodic solutions, if this case exist, 
we have <f> {6) =\0 Ox {6) where Gi {0) is an odd periodic function ; but 

J’ e”‘kco»n<m» 

vanishes, so the subsequent work is unaffected.] 

If we take a and q as the parameters of the Mathieu equation instead of 
A and mh, it is obvious that mh « ^/(B2q) » k. 

We have thus proved that, if 0(rj) be an even periodic solution of 
Mathieu’s equation, then 

which is the result stated in § 19*21, 

From § 11*23, it is known that this integral equation has a solution only 
when X, has one of the ‘ characteristic values/ It will be shewn in § 19*3 that 
for such values of the integral equation affords a simple means of con- 
structing the even Mathieu functions. 


Example 1. Shew that the odd Mathieu functions satisfy the integral equation 

/:. sin (/• sin ly sin 0) O {$) d0. 

Example 2. Shew that both the even and the odd Mathieu functions satisfy the 
integral equation 

Example 3. Shew that when the eccentricity of the fundamental ellii>se tends to zero, 
the confluent form of the integral equation for the even Mathieu functions is 

Jn (^) “ T““- f ^ cos n0 d0. 

19 * 3 . The construction of Mathieu functions. 

We shall now make use of the integral equation of § 19*21 to construct 
Mathieu functions ; the canonical form of Mathieu's equation will be taken as 

d*u 
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In the special case when q is zero, the periodic solutions are obtained by 
taking where n is any integer; the solutions are then 

1, cosz, cos 2^, 
sin^r, sin 2^, .... 

The Mathieu functions, which reduce to these when j-^O, will be called 
ceo qX ce, {z, q\ cs, {z, g), . . . , 
se^{z, qX 8e^(z, g). .... 

To make the functions precise, we take the coefficients of cos nz and sin nz 
in the respective Fourier series for cZn {z, g) and azn (z, q) to be unity. The 
functions ce^iz, g), sen (z, g) will be called Mathieu functions of order n. 

Let us now construct c6o {Zy g). 

Since ctfo(«»0)a«l, we see that X.-*-(2w)~' as g--^0. Accordingly we 
suppose that, for general values of g, the characteristic value of \ which gives 
rise to ce^ {z, q) can be expanded in the form 

(2TrX)"“^ * 1 + a,g 4- ofgg* + . . . , 
and that ce^ (z, g) « 1 4- gA (z) + g*/8s (^) 4- . .. , 

where Oj, otg, ... are numerical constants and /8i(zX A(^)» ••• ^-re periodic 
functions of z which are independent of g and which contain no constant 
term. 

On substituting in the integral equation, we find that 

(1 +a,g+a,9*+ ...){l + gA(2) + 9’^8(«)+ •••) 

^ j (1 4- V(32g) . cos -e cos ^ + 16g cos® z cos® ^ 4- . . .} 

X jl 4- g/8i (0) 4" g^/Sa (0) 4- . . .] d0. 

Equating coefficients of successive powers of g in this result and making 
use of the fact that 0i(zX ••• contain no constant term, we find in 

succession 

Oj ** 4, {z) = 4 cos 2z, 

tta * 14, ^2 (^) =* 2 cos 4-r, 

and we thus obtain the following expansion : 

C€o(Zy g) « 1 + ^4g - 28g» 4- g® — ...j cos 2^: + ^2g®— ^ g^+ ...^eos4-? 

the terms not written down being 0 (g®) as g 0. 

2^® 29 

The value of a is — 32g®4"224g^ ^ — g*+0(g*); it will be observed 

that the coeflScient of cos 2z in the series for ce^i^z, g) is — a/(8g). 
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(ii) c«i («, jr) « coe * + 2 


The Mathieu functions of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19'22 example 1. The consideration of the convergence of the series thus 
obtained is postponed to § 19*61. 

Example 1. Obtain the following ezpansioDS* : 

(i) y)-l+ co82«, 

\Zi l(r+l)!r!“(r+l)!(r+l): 

( 2V- 2»*+iro»'+* 

(T+fe+FTiyrJw! 

+ + 8in(2r+l) *, 

(iv) cej(i, })- |- 2 j'+^ 5 »+ 0 (}*)|+cos 2 * 

where, in each case, the constant implied in the symbol 0 depends on r but not on z. 

(Whittaker.) 

Example 2. Shew that the values of a associated with (i) q)i (ii) cei(Zf 

(iii) <«, («, q)y (iv) c «2 («i g) are respectively : 

(i) -32^»+22V 

(ii) l-6j-V+Bs»-|9*+0(g»), 

(iii) 1+82-89*-89»-|9*+0(9*), 


/•V ^ . 80 - 6104 - . 

(»▼) ‘*+y9* — 2^?* + 0(9*). 


(Mathieu.) 


ExamfUe 3. Shew that, if n be an integer, 

19*31. The integral formulae for the Mathieu functions. 

Since all the Mathieu functions satisfy a homogeneous integral equation 
with a S3nnmetrical nucleus (§ 19*22 example 3), it follows (§ 11*61) that 

f’ ce„t{z,q)cen(t,q)dz^O (n«^n), 

-W 

J- se^(z,q)aen(z,q)dz.^O (ni^n\ 

j 0 €m{i!,q)S«n(‘,q)dz^O, 

* The leading terms of these series, as given in example 4 at the end of the chapter (p. 427), 
were obtained by Mathieu, 
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Example 1. Obtain expansions of the form : 

^*coii*co»s^ J u4*ce,(«,9)ce„(^, 31), 

nmO 

flD 

(ii) cos (!' sin z sin $)=» z (^t 9 ) ce^ {$y 9 ), 

M«0 

00 

(iii) sin (X* sin z sin 6)^ Z («, j) w„ (^, j), 

n*sO 

where /fc*^(323), 

Examplt 2. Obtain the expansion 

nw-op 

as a confluent form of exiunsions (ii) and (iii) of example 1. 

19 * 4 . The nature of the solution of Mathieus general equation; Floquet's 
theory. 

We shall now discuss the nature of the solution of Mathieu's equation 
when the parameter a is no longer restricted so as to give rise to periodic 
solutions; this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory. 

The method is applicable to any linear equation with periodic coefficients 
which are one-valued functions of the independent variable; the nature of 
the general solution of particular equations of this type has long been per- 
ceived by astronomers, by inference from the circumstances in which the 
equations arise. These infei*ences have been confirmed by the following 
analytical investigation w’hich was published in 1883 by Floquet*. 

Let g h (z) be a fundamental system of solutions of Mathieu^s equation 
(or, indeed, of any linear equation in which the coeflScients have period 2ir ) ; 
then, if F{z) be any other integral of such an equation, we must have 
F{z)^Ag {z)^Bh{z\ 
where A and B are definite constants. 

Since (r + 27r), h (z -I- 27 r) are obviously solutions of the equation f, they 
can be expressed in terms of the continuations of g (z) and h (z) by equations 
of the type 

g(z-h 27r) = Uig (z) + agh (z), h(z + 27r) * J3ig (z) -H (z), 
where fli, cr*, yS,, ySg are definite constants; and then 

F(z + 2rr) * (^a, Bj3i) g {z) -f- (ilof, + Bfi^ h (z). 

* Ann. de vAcoU norm. tup. (2), xn. (1888), p. 47. Floquet’s analysis is a natural sequel 
to Picard’s tbeoty of differential equations with doubly-periodio coefficients (§ 20*1), and to the 
theory of the fundamental equation doe to Fuchs and Hamburger. 

t These solutions may not be identical with p(z), h{z) respectively, as the solution of an 
equation with periodic coefficients is not necessarily periodic. To take a simple case, use* sin s 

is a solution of ^ - (1 + cot e) « sO. 
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Consequently F(z 4- 27r)*» kF(z), where k is a constwnt^, if A and B are 
chosen so that 

-4®! H- Bfi-^ ■« kAf Aol^ + Bfi^ kB* 

These equations will have a solution, other than « J9 « 0, if, and 
only if, 

A «0; 

j A k 

and if k be taken to be either root of this equation, the function F(z) can be 
constructed so as to be a solution of the differential equation such that 

2ir)^kF{z), 

Defining fi by the equation and writing <l>(z) for e'^^F{z\ we see 

that 

^ (ir + 27r) = F(z +2w)^<l> (z). 

Hence the differential equation has a particular solution of the form 
e^ <f> (z), where if) (z) is a periodic function with period 27r. 

We have seen that in physical problems, the parameters involved in the 
differential equation have to be so chosen that A: l is a root of the quadratic, 
and a solution is periodic. In general, however, in astronomical problems, in 
which the parameters are given, A? ^ 1 and there is no periodic solution. 

In the particular case of Mathieu’s general equation or Hill’s equation, a 
fundamental system of solutionsf is then e’^(f)(z), e~'^ if> z), since the 
equation is unaltered by writing — z for ^ ; so that the complete solution of 
Mathieu’s general equation is then 

U =» {Z) + C 2 ^''*^(f> (— z), 

where Cj, C 2 are arbitrary constants, and ft is a definite function of a and q* 

Example. Shew that the roots of the equation 

Ol *" ft 
<*2 j ft ~ A: 

are independent of the particular pair of solutions, g (z) and A (2), chosen. 

19*41. Hill's method of solution. 

Now that the general functional character of the solution of equations 
with periodic coefficients has been found by Floquet's theory, it might be 
expected that the determination of an explicit expression for the solutions of 
Mathieu’s and Hill’s equations would be a comparatively easy matter ; this 
however is not the case. For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained in the form 

* The symbol k is used in this pariioular sense only in this section. It must not be confused 
with the constant A of 1 19*21, which was associated with the parameter q of Mathien’s equation. 

t The ratio of these solutions is not eren periodic ; still less is it a constant. 
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where ^ (r) is periodic and is a function of the parameters a and q. The 
crux of the problem is to determine ; when tais is done, the determination 
of (z) presents comparatively little difficulty. 

The first successful method of attacking the problem was published by 
Hill in the memoir cited in § 19*12; since the method for Hill’s equation is 
no more difficult than for the special case of Mathieu’s general equation, we 
shall discuss the case of Hill’s equation, viz. 


d}u 


0 , 


where t/ (x) is an even function of z with period tt. Two cases are of interest, 
the analysis being the same in each : 

(I) The astronomical case when z is real and, for real values of z, J (z) 
can be expanded in the form 

J (z) = do + 2^1 cos 2z 4* 2^8 cos + 2dsC08 6^ + ; 

oo 

the coefficients 6n known constants and !S dn converges absolutely. 

(II) The case when r is a complex variable and J (z) is analytic in a 

strip of the plane (containing the real axis), whose sides are parallel to the 

00 

real axis. The expansion of J (z) in the Fourier series do + 2 % 0^ cos 2nz 

is then valid (§ 9*11) throughout the interior of the strip, and, as before, 
00 

2 dn converges absolutely. 

Ma:0 

Defining d.n to be equal to d^, we assume 

M « i 

as a solution of Hill’s equation. 

[In case (II) this is the solution analytic in the strip (§§ 10-2, 19‘4) ; in case (I) it will 
have to be shewn ultimately (see the note at the end of § 19*42) that the values of 6^ 

go 

which will be determined are such as to make 2 absolutely convergent, in order to 
justify the processes which we shall now carry out.] 

On substitution in the equation, we find 

i {fjL + ^ ( X dn^"^) ( 2 

QO \f|a.-ao / XSgB— OD / 

Multiplying out the absolutely convergent series and equating coefficients 
of powers of to zero (§§ 9*6-9*632), we obtain the system of equations 

(jt + 2niy bn+ 2 0mbn-m - 


0 2, — 1, 0, 1, 2, ...). 
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If we eliminate the coefficients bn determinantally (after dividing the 
typical equation by — to secure convergence) we obtain* Hill’s deter- 
minantal equation : 

« 0 . 


(*/*+4)*--do 

-e. 


“^8 




4*-tf* 

4*-«, 

4*-tf, " 




— dj 



2»-«o 



2*-tf* •• 


-Sx 


1 — tfi 







— ds 

— d| 

—61 

(V-2)‘- 

^0 ~ 0 \ 


2*-«o 

2*-fl« 

2»-tfo 

2*-tf, 



- 0 i 


(t>.-4)*-(». 



4.^ -00 

4*-tfo 

4*-tf, 


We write A (t/i) for the determinant, so the equation determining fi is 

A {ifi) » 0. 

19'^. The evaluation of HilVe determinant 

We shall now obtain an extremely simple expression for Hill’s deter 
minant, namely 

A (i^) s A (0) - sin® cosec* (^tt v^^o)- 

Adopting the notation of § 2*8, we write 

A(iM)s[4^n], 

where A^,„. . ^m.n (wi^n). 

The determinant [A «»,«»] is only conditionally convergent, since the product 
of the principal diagonal elements does not converge absolutely (§§ 2*81, 27). 
We can, however, obtain an absolutely convergent determinant, Ai(«V)« by 
dividing the linear equations of § 19’41 by — (i/a — 2»)* instead of dividing 
by Bq — 4»*. We write this determinant Ai {ifi) in the form [-8^,11] > where 

00 

The absolute convergence of S Bn secui*es the convergence of the deter- 

n«0 

minant [8m,ti]» except when /x has such a value that the denominator of one 
of the expressions Bm,n vanishes. 

* SisQ« the ooeffloienU are not all aero, we maj obtain the infinite determinant as tlie 
eliminant of the system of linear equations bj multiifiyi^ tboso equations by snitably ohosen 
oofaotors and adding up. 
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From the definitic^n of an infinite determinant (§ 2*8) it follows that 


A (»>)■■ (i/x) lim 


^o-4n* I' 


and so 


A (t» = - Ai (i» 


sin ^TT (t/x — ydo) sin (t/x + \/6^ 

sin‘-*(i7r V^o) 


Now, if the determinant Ai(i^) be written out in full, it is easy to see 
(i) that Ai (i/x) is an even periodic function of /x with period 2i, (ii) that Aj (t/x) 
is an analytic function (cf. §§ 2*81, 8*34, 5*3) of /x (except at its obvious simple 
poles), which tends to unity as the real part of fi tends to ± oo . 

If now we choose the constant K so that the function D {fi), defined by 
the equation 

D (m) S Aj (t» — K [cot ^TT (t/X + ^J0Q) - cot i TT (t/X - \/^o)}» 

has no pole at the point /x = iV^o> then, since D(/x) is an even periodic 
function of /x, it follows that D (/x) has no pole at any of the points 

2m ± xV^o* 

where n is any integer. 

The function D (/x) is therefore a periodic function of /x (with period 2i) 
which has no poles, and which is obviously bounded as R (/tx) ± oo . The 

conditions postulated in Liouville's theorem (§ 5*63) are satisfied, and so D{^) 
is a constant ; making /x-*» + oo , we see that this constant is unity. 

Therefore 


and so 


Ai (i/x) = 1 + [cot ^TT (l/tx + V^o) - cot i TT {Xfl — V^o)}, 
Ai^^) ■ + 2A:cot(i,rV0,). 


To determine if, put /x = 0 ; then 

A (0) - l-f 2ir cot (i w v^o). 
Hence, on subtraction, 


A (i/x) » A (0) - 


which is the result stated. 


8in*(i7rV^o) ' 


The roots of HilVs determinantal equation are therefore the roots of the 
equation 

sin* (i Trifi) = A (0) . sin* (^tt V^o)- 

When fi has thus been determined, the coefficients bn can be determined 
in terms of bf, and cofactors of A (x/x) ; and the solution of HiU’s differential 
equation is complete. 
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[In oaM (I) of § 19'41, the oonveigenoe of Z | &• | follows from the rearrangement theorem 

of §Z'8S; for2n*|6,| isequal to|hg| 2 |CM,«|-$-|C(itoli *lwief^am>>*thecofoctorof N«,ii 

in A} (ift) ; and Z | Cl*,® | is the determinant obtained by replacing the elements of the row 
through the origin by numbers whose moduli are bounded.] 

It was shewn by Hill that, for the purposes of his astronomical problem, a remarkably 
good approximation to the value of fi could be obtained by considering only the three 
central rows and columns of his determinant. 

IM. The lAruiemanTinStieUjes* theory of Mathieu*8 gemral equation. 

Up to the present, Mathieu's equation has been treated as a linear 
differential equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub- 
stitution f ■■ cos* z, which transforms the equation into an equation with 
rational coefficients, namely 

4f(l-n0 + 2(l-2f)^ + (a-16g + 329f)«-O. 

This equation, though it somewhat resembles the hypergoometric equation, is of higher 
type than the equations dealt with in Chapters xiv and xvi, inasmuch as it has two 
regular singularities at 0 and 1 and an irregular singularity at qd ; whereas the three 
singularities of the hypeigeometric equation are all regular, while the equation for (^) 
has one irregular singularity and only one r^ular singularity. 

We shall now give a short account of Lindemann’s analysis, with some 
modifications due to Stieltjesf. 

19'61. Lindemann's form of Floquefe theorem. 

Since Mathieu’s equation (in Lindemann s form) has singularities at 0 
and fan 1, the exponents at each being 0, there exist solutions of the form 

2 a»f», = 2 

19«0 ll»0 

2 an'(l - 0". (1 - ?)* 2 6„' (1 - 0’*; 

14*0 n«5-0 

the first two series converge when 1 ?| < 1, the last two when 1 1 — f j < 1. 

When the ^-plane is cut along the real axis from 1 to d* x and from 
0 to — 00 , the four functions defined by these series are one- valued in the 
cut plane ; and so relations of the form 

yio * ayoo + ^yoi . Vn » 7^00 + Syoi 
will exist throughout the cut plane. 

Now suppose that Z describes a closed circuit round the origin, so that the 
circuit crosses the cut from — oo to 0 ; the analytic continuation of yi® is 

* Math, Ann. xxii. (1S8S), p. 117. 

t Attr. Naeh. oix. (1884), ools. 14S-162, S61-'866. The analysis is very similar to that 
employed by Hermite in bis leotares at the Boole Polyteohniqne in 1878-1873 [Oeuvres , ui, 
(Paris, 1912), pp. 118-122] in connexion with Land's equation. Bee g 28*7. 


W. M. A. 


27 
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ayoo — fiyvi (since yoo is unaffected by the description of the circuit, but 
changes sign) and the continuation of is yy^ - Syoi ; and so Ayxf + Byx^ will 
be unaffected by the description of the circuit if 

A (ayoo ^ fiyoiY + B {yy^ -h By^f = A (ay^ - + B {yy^ - Syo,)*, 

i.e, if Aol^ -¥ ByS » 0. 

Also Ayio* 4- -Byji* obviously has not a branch-point at f«l, and so, if 
Aa/3 4- ByS = 0, this function has no branch-points at 0 or 1, and, as it has no 
other possible singularities in the finite part of the plane, it must be an 
integral function of f. 

The two expressions 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of 

[This amounts to the fact (§ 19’4) that the product of ^ (^) and 
(— z) is a periodic integral function of j.] 


19*62. The determination of the integral function associated with Mathieu^s 
general equation. 

The integral function ^(y)s Ayio* 4 i?y„*, just introduced, can be deter- 
mined without difficulty ; for, if yjg and yu are any solutions of 

|.i + -P({r)^+ <2 (?)«=«, 

their squares (and consequently any linear combination of their squares) 
satisfy the equation^ 

(?) $ + c ^' (?) + ^<2 (?) + 2 {p { m % 

+ 2[Q'(r) + 2P(r)Q(r)Jy = 0; 

in the case under consideration, this result reduces to 


r(i - ?)^P + Ml - 2?) 


+ (0-1-16^^ + 329?) 


f^(?) 


+ 169^’(?)-0. 


00 


Let the Maclaurin series for F{t^) be 2 on substitution, we easily 

n »0 

obtain the recurrence formula for the coefficients Cn, namely 


where 


Un 


^n+iCf^f2 4" Cnt 

(^i 4]){(w + l)*~a4-169} ^ _ 7/(H-f l)(2w + l) 

1'69 (2/1 + 1) ’ 329(2n -l) '* 


* Appell, Comptes Kendiu, xct. ( 18 S 0 ), pp. 211-214 ; cf. example 10 , p. 29 S $upra. 
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At first sights it appears from the recurrence formula that Oo and (h can 
be chosen arbitrarily, and the remaining coefficients C|, Os, ... calculated in 
terms of them; but the third order equation has a singularity at and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio Ci/c® so that the series may con- 
verge for all values of f. 

The recurrence formula, when written in the form 


(Cn/Cfi+i) ^ I f 


suggests the consideration of the infinite continued fraction 

vn+i __ .. I .. , vn+i Vn+m 


+ - lim 

^n+i + ^n+a ■+■••• m a 




+ • . • + ^n+m, 

The continued fraction on the right can be written* 
v^K (n, n -I- m)/K (w + 1, w + m). 

where K{n,n + m)* 1 , v»+i/t^n> 0 , 

“* I 1 > '*^n+a/Wn+i> 

0 . - w; 1 


The limit of this, as wi oo , is a convergent determinant of von Koch’s 
type (by the example of § 2*82); and since 


«Q 

2 

r=aft 




— "0 as n 


00 , 


it is easily seen that A" (w, oo ) -*- 1 as n oo . 


Therefore, if 


Cn ^ UnI C(n, o o) 
A(n + 1, oo) ' 


then Cn satisfies the recuiTence formula and, since Cn^ijCn 0 as n oo , the 
resulting series for F (5’) is an integral function. From the recurrence formula 
it is obvious that all the coefficients c„ are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F(X) has 
therefore been effected. 


19*53. The solution of Mathieus equation in terms of FiX). 
If Wi and be two particular solutions of 

thenf WjWi' — WiW,' = C exp | P (f ) rffj- , 


* Bylveater, PhiL Mag, (4), v. (1853), p. 446 {Math. Papers, i. p. 609]. 
t Abel, Journal fUr Math. ii. (1897), p. 29. Primes denote differentiations with regard to 

27—2 
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where C is a definite constant Taking Wt and Wi to be those two eolations of 
Mathieu’s general equation whose product is FiX), we have 

Wi ~ w. “ fi (1 - f)4 F(0 ' F{^) ’ 

the latter following at once from the equation WiWt^FH). 

Solving these equations for Wj'/w, and Wi'/Wgi end then integrating, we at 
once get 

- V. 1^- (f))*«5' (jo /; • 

where 7], 7, are constants of integration; obviously no real generality is lost 
by taking Co=7i-7i*l. 

From the former result we have, for small values of | f |, 

w, = 1 + + i (c, + c») r + 0 (r»), 

while, in the notation of § 19 ‘ 61 , we have a,/ao“ — Sq, 

Hence ( 7 ® « I6g — a — Ci, 

This equation determines C in terms of a, q and Ci, the value of Ci being 
ir(l, oo)-{woir(0, 00 )}. 

Example If the solutions of Mathieu’s equation be where <fi{z) is 

periodic, shew that 

Example 2. Shew that the zeros of E({) are all simple, unless C»^0. 

(Stieltjes.) 

[If F{{) could have a repeated zero, fr^ and wg would then have an essential singularity.] 

19‘6. A second method of constructing the Mathieu function. 

So far, it has been assumed that all the various series of § 19*3 involved 
in the expressions for ce^(z, q) and sej^(z, q) are convergent. It will now be 
shewn that csy (z, q) and scy {z, q) are integral f unctions of z and that the 
coefficients in their expansions as Fourier series are power series in q which 
converge absolutely when \ q\is sufficiently small*. 

To obtain this result for the functions cey{z^ j), we shall shew how to 
determine a particular integral of the equation 
d^u 

+ (a + I65 cos 2 z) usmyjt(a, q) cos Nz 

* The essential part of this theorem is the proof of the convergence of the eeries which occur 
in the coeffidente ; it is already known (§§ 10*2, 10*21) that solutions of Mathieu’s equation are 
integral functions of z, and (io the case of periodic solutions) the existence of the Fourier 
expansion follows from § 9*11. 
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in the form of a Fourier series converging over the whole 2 r-plane, where 
yfr (a, q) is a function of the parameters a and q. The equation ^ (a, g) « 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power series will 
recognise the resemblance of the following analysis to his work. 

Write a « JT* + Sp, where N is sero or a positive or negative integer. 

Mathieu’s equation becomes 

^ + N^u ■* — 8 (p + 2g cos 2z) u. 

If p and q are neglected, a solution of this equation is m = cos JV-e * Uq (z\ 


To obtain a closer approximation, write — 8 (p -f 2g cos 2z) (z) as a sum 

of cosines, i.e. in the form 

— 8 {g cos (J\r — 2) ^ +p cos Nz-^-q cos (N 2) z} * ( 2 ), say. 

Then, instead of solving ^ + N^u = Vi (z), suppress the termsf in Vi (z) 

which involve cos Nz ; i.e. consider the function IT, {z) where J 

Wi (z) ■■ F, (z) -h 8p cos Nz. 

A particular integral of 

^ + N-u-WM 

is • 

«-2{ ^ ^l-^ - ^) COfl(JV-2)z-f i jy) Cos(.y +2)ir| =cr,(«r),8ay. 

Now express — 8 (p 4* 2g cos 2z) CT, (z) as a sum of cosines ; calling this 
sum Fs (z), choose a, to be such a function of p and g that F, (z) + cos Nz 
contains no term in cos Nz ; and let F, (z) + Og cos Nz = IF* (z). 

Solve the equaticm + N*u^W, (z), 

and continue the process. Three sets of functions 

are thus obtained, such that Um (z) and W„ (z) contain no term in cos ^z 
when m ^ 0, and 

(*) =■ (r) + a» cos Ifz, V„ (s) » - 8 (p + 2} cos 2z) Cr„_, (z), 

^^^ + JV*[r^(z)~W„,(z), 

where Om » & function of p and g but not of z. 

* Journal fU/r Math. Lxxvi. ( 1878 ), pp. 814 - 824 . 

t The reason for this inppresiioD is that the particular integral of 4'N‘tts=ooaNx 
oontains non-periodic terms. 

X Unless N=rl, in which case iri(«) =5^1(2:) + 8 (p+j) 008 r. 
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It follows that 


- i r„(z)+( i a„)co8iVi 

m»l / 

= — 8 (p -f 2g COS 2-?) 2 Uf^-i (■^) + f 2 ccm) cos Nz. 

iubO Vm^l / 

oe 

Therefore, if U(z)=^ 2 17^ (^) be a uniformly convergent series of analytic 


m-O 


functions throughout a two-dimensional region in the ^-plane, we have 

(§ 5 - 3 ) 

— 4- (^i 4- 16j cos 2z) U (z)^yfr (a, q) cos Nz, 


where 


yfr (a, ? ) = 2 a«. 


It is obvious that, if a be so chosen that ^ (a, q) « 0, then U {z) reduces 
to cey(z). 

A similar process can obviously be carried out for the functions (z, q) 
by making use of sines of multiples of z. 

19 * 61 . The convergence of the eeriee defining Mathieu fu, notions. 

We shall now examine the expansion of § 19*6 more closely, with a view to investigating 
the oonvorgence of the series involved. ^ 

When w ^ 1, we may obviously write 

C\{z)= 1 ♦j3».rCOs(W-2r)«-f 2 a*, r cos (^^4- 2r) x, 

rd r«l 

the asterisk denoting that the first summation ceases at the greatest value of r for which 
r^iJV, 

Since {«)«an., i cos Wx- 8 (^+ 25^008 2x) 

it follows on equating coefficients of cos (W ± 2r) z on each side of the equation t that 

r(r+W)ii„^,,,.«2 {il?aH,r+^f(«n.^-l4•a,^r + l)} (r*l, 2, ...), 

r(r-W)/8n^,,,. = 2 {p^H,r+y (/3,sr-i+^n,r+i)} (r^iW). 

These formulae hold universally with the following conventions I : 

(n-*l, 2, ...); (^>n)» 

(ii) ^n, jjv-i ^hen W is even and r«JjV, 

<*“) ie odd and 

i When >r=s0 or 1 these equations must be modified by the suppression of all the ooeiBcienis 

fin, T* 

X The conventions (ii) and (iii) are due to the fact that oosmeos (-s), oosfisnioos (- 8r). 
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The reader will easily obtMn the following special formulae : 

(I) a,-.8p, «,-8(/.+y), (JV-l), 

(III) a*, r awd As r «•« homogeneous polynomials of degree n in p and q. 


II s 5 Asr^^n 

»«r »BBr 

we have V'(“. ?)-8i>+8y (J,+5,) (A"?*!), 


r(r+i\r) 2 ,« 2 (p^,+y(j,_,+^,^,)} (X), 

r(r- jif) 2J,-2{/)B,+y + «„,)} (B), 


where and B, is subject to conventions due to (ii) and (iii) above. 

Nowwrite -g {r{r+y)-ip}-\ w/- -J {»*(*•- -%>}"’• 

The result of eliminating Ai, At, ... Af^j, Ar^i , ... from the set of equations (A) is 

A>- ( - )’■ »r| W* • Wr 


where A- b> ^be infinite determinant of von Koch’s type (§ 2'82) 
A- 1 , A+i, 0 , 0 , ... 

A+»t 1 > *<’r+t> 0 , ... 


0 , w,+|, 1 , Wr+s. ••• 


The determinant converges absolutely (§ 2‘82 example) if no denominator vanishes ; 
and A***! ^ r-«-<c (of. § 19'62). If p and q be given such values that A^O, 
2p^r(r^^■y), where r=l, 2, 3, ..., the aeries 

an 

Z {-Y WiW2.,.WrAr^'^^ (m{N^2r) z 
r*l 

represents an integral function of z. 

In like manner BrDQ^(- y Wi „»Wr Dry where Dp is the finite determinant 

1 , ilfr^i, 0 , .. 

+ I f ^r + 2> •< 


the last royr being 0, 0, ... 0, iu/^yy 1 or 0, 0, ... 0, ^ + according as 

y is even or odd. 

op 

The series Z Uy^ (z) is therefore 

noeO 

06 

oosiVs+Ao"^ S {-)’'triira...w,.A,.co8(JV'+2r)2 
r«l 

Z ( — )»• ufj' Wp Dp cos (if - 2r) r, 

r*l 

these series oonverging uniformly in any bounded domain of values of Zy so that term-by- 
term diiTerentiations are permissible. 

Further, the condition ^ (a, g)«*0 is equivalent to 

^“n-Ar+-7rj’ 

i.e. /)Ao A)-g (WiAii)o+w,'/)| Ao)-0. 

r<ky[ 




If we multiply by 
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the expreonon on the left beoDmes an integral function of both p and 7, ^ (a, q), say ; the 
tenna of ^ (a, q\ which are of lowest degrees in p and g, are respectively p and 

Now«pM.d 

in ascending powers of q (cf. § 7*31), the contour being a small circle in the p-plAne, with 
centre at the origin, and | q | being so small that ^ q) has only one sero inside the 

contour. Then it follows, just as in § 7*31, that, for sufficiently small values of |^|, 
we may expand as a power aeries in q oommenoing* with a term in and if | g | 
be sufficiently small Dq and Aq will not vanish, since both are equal to I when g«0. 

On substituting for p in terms of q throughout the series for U (z), we see that the 
series involved in oey (^, q) are absolutely convergent when | g | is sufficiently small. 

The series involved in se^ (z, q) may obviously be investigated in a similar manner. 

19*7. The method of ehauffe of paratn^erf. 

The methods of Hill and of Lindemann-Stieltjes are effective in determining /a, but 
only after elaborate analysis. Such analysis is inevitable, as /a is by no means a simple 
fimotion of q ; this may be seen by giving q an assigned real value and making a vary 
from — 00 to + 00 i then fi alternates between real and complex values, the changes taking 
place when, with the Hill-Mathieu notation, A (0) sin* (^«r passes through the values 
0 and 1 ; the complicated nature of this condition is due to the fact that A (0) is an 
elaborate expression involving both a and q. 

It is, however, possible to express /a and a in terms of q and of a new parameter c, and 
the results are very well adapted for purposes of niuneiical computation when | | is small 

The introduction of the parameter <r is suggested by the series for csi (s, q) and (z, q) 
given in § 19*3 example 1 ; a consideration of these series leads \js to investigate the 
potentialities of a solution of Mathieu's general equation in the form where 

^(z)a>sin (z-a-)+a3 00s(3z-cr)+6isin (3z-<r)-fa6Cos (Sz-o-) 4- 65 * 1*1 (6z-o-) + ..., 
the parameter cr being rendered definite by the fact that no term in coS (z - ir) is to appear 
in ^ (z) ; the special functions $ei (z, q\ cei (z, q) are the cases of this solution in which 
<r is 0 or 

On substituting this expression in Mathieu’s equation, the reader will have no difficulty 
in obtaining the following approximations, valid for § small values of q and real values 
of tr : 

fii =^4q sin 2®- - 12^® sin 2<r - 12j* sin 4<r-l- 0 (g®), 

a ■■l + 8^oo8 2<r + (- 16+8co8 4<r)g*-8g»co8 2<r + (iHP-88cos4<r)5^+0(g®), 
ag = Sy* sill 2<r + 39 ® sin 4 <t +( — sin 2<r+9 sin 6 <r) q* + 0 (g®), 

6g + cos 2<r4-( C08 4<r) g®+(— 2cr + 7cos6ir) ^*+0 (q^), 

«5 sin 4<r + 0(^®), 

65 -•i^*+Jy®cos2<r+(-Jjji|f+ff C08 4<r)^®4'(?(5^), 

«T - 1^97^ *7 “ 2<r+0 (g®), 

a5«0(5®), 65*'i;J?f^®+0(g®), 

the constants involved in the various functions 0 (9®) depending on cr. 

* If Nasi this result has to be modified, sinoe there is an additional term q on the right and 
the term 9®/(N - 1) does not appear. 

t Whittaker, Proc. Edinburgh Math, Soe, xxxii. (1914), pp. 7fi-80. 

X They have been applied to Hill's problem by Inee, Monthly Notien of the R, A. 8» lxzv. 
(1916), pp. 486-448. 

I The parameters q and <r are to be regarded as fundamental in this analysis, instead of 
a and q as hitherto. 
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The domaiDB of yaluee of q and <r for which theee series converge have not yet been 
determined*. 

If the solution thus obtained be called A ( 2 , <r, y), then A («, o*, and A («, — <r, y) form 
a fundamental system of solutions of Mathieu’s general equation if fi#0. 

Example 1. Shew that, if crai x 0*6 and gsOOl, then 

a- 1*124,841,4 xO'046,993,5 ... ; 

shew also that, if and g«0‘01, then 

a- 1*821,169,3 4x0*146, 027, 6 .... 

Example 2. Obtain the equations 

/i « 4 ^ sin 2{r «- 4qa^^ 

as*. 1 +8^oos 2(r— — 8^63, 

expressing p and a in finite terms as functions of <r, as and bg. 

Example 3. Obtain the recurrence formulae 

{-4n(n + l) + 8^oo8 2 a- 8968 ± 8 fl't( 2 » + l)(a8-8in 2<r)} *s»+i+8j(«8„»,+r£„+8)«0, 

where Zg^+i denotes or according as the up{)er or lower sign is 

taken. 

19*8. The cupmptotic solution of Mathieu's equation. 

If in Mathieu’s equation 

g + (a+^i>co8 2»)«-0 

we write k sin we get 
where i/^sa+JK 

This equation has an irregular singularity at infinity. From its resemblance to Bessel’s 
equation, we are led to write u^e*^ substitute 

«?■*! +(ai/f)+(a8/f*) + ... 

in the resulting equation for v ; we then find that 

the general coefficient being given by the recurrence formula 

24(r+l)«,.^i-{J-if»^it»4'r(r+l)} + (2r-l)i^^.i-(t*^2r+j)it»a,.s. 

The two series 

are formal solutions of Mathieu’s equation, reducing to the well-known asymptotic 
solutions of Bessel’s equation (§ 17*5) when iEr-*-0. The complete formulae which connect 
them with the solutions have not yet been published, though some stej^s 

towards obtaining them have been made by Dougall, Vroe, Edinburgh Math* Soc* xxxiv. 
(1916), pp. 176-196. 

* It seems highly probable that, if | g | is eoffioiently small, the series oonverge for all real 
values of e, and also for complex values of e for which | J (e*) | is sufficiently small. It may be 
noticed that, when q is real, real and purely imaginary values of v oomspond respectively 
to real and purely imaginaiy values of 
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Miscellaneous Examples. 


1. Shew that, if <fc»s^(32^), 

2iroeo («, (<>* 9 ) 


cos (A sin z sin B) ccq (fi, g) dB. 


2. Shew that the even Mathieu functions satisfy the integral equation 
(? (e)-X y' {ti (cos « + COB tf)} O (tf) d6. 


3. Shew that the equation 

(a«®-»- c) + 2a« (X*«*-|-m) w ■» 0 

(where a, c, X, m are constants) is satisfied by 

V (e) de 

taken round an appropriate contour, provided that v («) satisfies 

(as*+c)^J^ + 2aa^~ + (X*{»*-f ot)i/ («)—0, 
which is the same as the equation for u. 

Derive the integral equations satisfied by the Mathieu functions as particular cases of 
this result. 

* A complete bibliography is given by Humbert, Fonctione de Mathieu et fonctione de Land 
(Paris, 1926 ). 
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4. Shew that, if powers of q above the fourth are neglected, then 
cei («, $^)««coes+gcos3^+gr*(Jcos6«-cosa8) 

(A cos 7«- 1 cos + J cos Zz) 

+?* (rio A J V ^)» 

Ml (;r, g) «> sin s 4 * ^ sin 3 « + (\ sin Zz + sin Zz) 

+ fl^ (iV«i“ 7« + f sin 5«+4 sin Zz) 

(liir + A + J sin 5f - y sin 3*), 

y) = 008 2* 4* S' (5 cos 4«- 2) 4- Jg® cos 62 


(Mathieu.) 


+ ( A cos 8z 4- J 9 cos 4z + 

+ drn CCS \0z + if 8 coH 62 ). 

5. Shew that 
c^s(*'> y)«cos324-j(-oo8s4'ioo86«) 

4- 9 * (cos «4- A CCS 7a!)4-g* ( - i cos 2 + A cos 6«4- A ccs 9z) + 0 (s*), 
and that, in the case of this function 

a«94-49«-8s^+6(g<). 

(Mathieu.) 


6 . Shew that, if ^ ( 2 ) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

y(*)J {y{0}‘**- 

Shew that a second solution * of the equation for ce^ ( 2 , q) is 
2080 ( 2 , ^)~498in 22- 3g^Bin42~ .... 


7. If y ( 2 ) be a solution of Mathieu’s general equation, shew that 

{y (2 4- 2ir) 4-y (Z - 2ir)} /y ( 2 ) 

is constant, 

8. Express the Mathieu functions as series of Bessel functions in which the coefficients 
are multiples of the coefficients in the Fourier series for the Mathieu functions. 

[Substitute the Fourier series under the integral sign in the integral equations of 
§ 19-22.] 

9. Shew that the confluent form of the equations for ce„ ( 2 , q) and ze^ ( 2 , q), when the 
eccentricity of the fundamental ellipse tends to zero, is, in each case, the equation satisfied 
by Jn(^co8z). 

10. Obtain the parabolic cylinder functions of Chapter xvi as confluent forms of the 
Mathieu functions, by making the eccentricity of the fundamental ellipse tend to unity. 

11. Shew that ( 2 , q) can be expanded in series of the form 

2 il,^co 8**"2 or 2 Bmcoa^^^z, 

maaO W*© 

according as n is even or odd; and that these series converge when | cos 2 1 < 1. 


* This solution is called 1 * 10 ( 2 , q) ; the second solutions of the equations satisfied by Mathieu 
functions have been investigated by Inoe, Prac. Edinburgh Math, Soc, zxxni. (1915), pp. 2->15. 

See also § 19*2. 
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IX With the notetion of ezAmple 11, ebew that, if 

«» (*, ?) -X, y) 

then X« ie given by one or other of the series 


X 




ly 

provided that these series converge. 


1 50«*2n'X^ 2 


(2m-f 1) ! 


1 (m + l)l 


i?in, 


13. Shew that the differential equation satisfied by the product of any two solutions 
of Bessel’s equation for functions of order n is 

3(3-2«) (3+2«)ii+4«* (3-f l)«—0, 

where S denotes s ^ . 

Shew that one solution of this equation is an integral function of z; and thenoe, by the 
methods of 19*5-19-53, obtain the Bessel functions, discussing particularly the case in 
which a is an integer. 


14. Shew that an approximate solution of the equation 

-fir* sinh* z) u —O 

is umtC (cosech z)^ sin (k cosh z -f f ), 

where C and § are constants of integration ; it is to be assumed that k is large, A is not 
very large and z is not small. 



CHAPTER XX 


ELLIPTIC FUNCTIONS. GENERAL THEOREMS AND THE 
WEIER8TRASSIAN FUNCTIONS 

2H)*1. Dovbly-periodic functiotu. 

A most important property of the circular functions sin«, ooe^, tan;t,... 
is that, if f{z) denote any one of them, 

/(^ + 2,r) «/(*), 

and hence f(z+2nir)=tf(z), for all integer values of n. It is on account 
of this property that the circular functions are frequently described as 
periodic functions with period 2ir. To distinguish them from the functions 
which will be discussed in this and the two following chapters, they are 
called singly-periodic functions. 

Let (Oj, to, be any two numbers (real or complex) whose ratio* is not purely 
real. A function which satisfies the equations 

/(« + 2®,) =/(x), /(x + 2®*) -/(x), 

for all values of z for which f{z) exists, is called a douhly-periodic function 
of z, with periods 2®,, 2a>|. A doubly-periodic function which is analytic 
(except at poles), and which has no singularities other than poles in the 
finite part of the plane, is called an elliptic function, 

[Note. What is now known as an dliptie integral i occurs in the researches of Jakob 
Bernoulli on the Elastica. Maclaurin, Fagnauo, Legendre, and others considered such 
integrals in connexion with the problem of rectifying an arc of an ellipse ; the idea of 
‘inverting’ an elliptic integral (§ 21 *7) to obtain an elliptic function is due to Abel, 
Jacobi and Ganss.] 

The periods 2®i, 2®,, play much the same part in the theory of elliptic 
functions as is played by the single period in the case of the circular 
functions. 

Before actually constructing any elliptic functions, and, indeed, before 
establishing the existence of such functions, it is convenient to prove some 
general theorems (§§ 20'1 1-20*14) concerning properties common to all 
elliptic functions; this procedure, though not strictly logical, is convenient 

* If w,/wj is real, the parallelograms defined in | S0*11 eollapM, and the foaotion rednces to 
a singfy-periodio fnnotion when is rational ; and when w^ui is inational, it has been shewn 

by Jaeobi, Journal fllr Math. xni. (1886), pp. 56-66 [(let. Wtrke, ii, (1688), pp. 26-86] that the 
fnnotion rednoes to a constant. 

t A brief disonssion of elliptio integrals will be found in §g 22*7-82*741. 
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because a large number of the properties of particular elliptic functions can 
be obtained at once by an appeal to these theorems. 

Example. The differential coefficient of an elliptic fiinction is itself an elliptic 
function. 

20*1 1. Period-paraUelogywns. 

The study of elliptic functions is much facilitated by the geometrical 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable z we mark the points 0, 2a»i, 
2 g>8, 2a>i + and, generally, all the points whose complex coordinates are 
of the form 2nmi + 2 rt€C 2 , where m and n are integers. 

Join in succession consecutive points of the set 0, 2a>i + 2 o^ 3 , 26)a, 0, 
and we obtain a parallelogram. If there is no point m inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

/(« + 6>)=/(z) 

for all values of x, this parallelogram is called a fundamental period-parallelo- 
gram for an dliptic function with periods 2oh, 2ed^. 

It is clear that the ^-plane may be covered with a network of parallelo- 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points 2mmi 4- being a vertex of four parallelograms. 

These parallelograms are called period-parallelograms, or meshes ; for all 
values of z, the points z, z + 2(Wi, ... x 4- 2mcoi +2naiQ , ... manifestly occupy 
corresponding positions in the meshes ; any pair of such points are said to 
be congruent to one another. The congruence of two points z, z' is expressed 
by the notation z ^z (mod. 2(w,, 2a)a>. 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
points ; and so its values in any mesh are a mere repetition of its values in 
any other mesh. 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries; on 
account of the periodic properties of elliptic functions nothing is lost by 
taking as a contour, not an actual mesh, but a parallelogram obtained 
by translating a mesh (without rotation) in such a way that none of the poles 
of the integrands considered are on the sides of the parallelogram. Such a 
parallelogram is called a cell. Obviously the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any mesh. 

A set of poles (or zeros) of an elliptic function in any given cell is called 
an irreducible set ; all other poles (or zeros) of the function are congruent to 
one or other of them. 
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20-11, 20-12] 

20 - 12 . Simple propertiea of elliptic fwnctiom. 

(I) The number of poles of an elliptic function in any cell is finite. 

For, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2'21. This point is (§ 5*61) an essential singularity of the 
function ; and so, by definition, the function is not an elliptic function. 

(II) The number of zeros of an elliptic function in any ceU is finite. 

For, if not, the reciprocal of the fiinction would have an infinite number 
of poles in the cell, and would therefore have an essential singularity ; and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function. [This argument presupposes 
that the function is not identically zero.] 

(III) The sum of ike residues of an elliptic function, f{z), at its poles in 
any cell is zero. 

Let C be the contour formed by the edges of the cell, and let the comers 
of the cell be t + 2«i, t + + 2a)8, t + 

[Note. In future, the periods of an elliptic fimctiou will not be called 2o»2 
indifferently ; but that one will be called 2a>i which makes the ratio have a positive 
iToaginary part ; and then, if € be described in the sense indicated by the order of the 
comers given above, the description of C is counter-clockwise. 

Throughout the chapter, we shall denote by the B 3 riiibol C the contour formed by 
the edges of a cell.] 

The sum of the residues of f{z) at its poles inside C is 
f\z)dz^^A\ + + 4- 

In the second and third integrals w'rite z + 2a»i, z + 2at respectively for 
z, and the right-hand side becomes 

1 ri+2*a, 1 r/+a»a 

l/(^) -/(^ + 2®.)} dz - J ^ {/(z) -/(z 2«,)1 dz, 

and each of these integrals vanishes in virtue of the periodic propertie.s of 
f(z); and so j f(z)dz^0, and the theorem is established. 

(IV) Liouville's theorem'*. An elliptic function, f{z), with no poles in a 
cell is merely a constant. 

For if f(z) has no poles inside the cell, it is analytic (and consequently 
bounded) inside and on the boundary of the cell (§3*61 corollary ii); that is 
to say, there is a number K such that \f{z) j < K when z is inside or on the 
boundary of the cell. From the periodic properties oi f{z) it follows that 

* This modifioAtion of the theorem of § 5*63 is the result on which Liouville based his 
lectures on elliptic functions. 
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f{z) is analyse and \f{z) | < for all values of z ; and so, by 1 5*68, f{z) is 
a constant. 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of this result. 

20 * 18 . The order of an elliptic function. 

It will now be shewn that, if f{z) be an elliptic function and c be any 
constant, the number of roote of the equation 

which lie in any cell depends only on f(z), and not on o; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of f{z) in the cell. 

By § 6*31, the difference between the number of zeros and the number 
of poles of f{z) — c which lie in the cell C is 

±f XS^dz 

2iriJc/(z)-c 

Since f' (z + 2wi) + 2«j) * /' (z), by dividing the contour into four 

parts, precisely, as in § 20*12(111), we find that this integral is zero. 

Therefore the number of zeros of f{z)^c is equal to the number of 
poles of f(z) - c ; but any pole of f{z)^c is obviously a pole of f{z) and 
conversely ; hence the number of zeros of f{z)—c is equal to the number 
of poles of f(z), which is independent of c ; the required result is therefore 
established. 

[Note. In determining the order of an elliptic function by counting the number of 
its irreducible poles, it is obvious, from § 6*31, that each pole has to be reckoned according 
to its multiplicity.] 

The order of an elliptic function is never less than 2; for an elliptic 
function of order 1 would have a single irreducible pole; and if this point 
actually were a pole (and not an ordinary point) the residue there woyld 
not be zero, which is contrary to the result of § 201 2 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Such functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 20*12 (III); (ii) those which have two simple poles at which, 
by § 20*12 (III), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective classes will be discussed in this 
chapter and in Chapter xxii under the names of Weierstrassian and 
Jacobian elliptic functions respectively; and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 
types. 
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20 - 18 -- 20 - 2 ] 

20 * 14 . BttatUm behoe&n the eerce and poles of an elliptic fanctim. 

We shall now shew that the sum of the affiaes of a set of irreducible 
zeros of an elliptic fuaiction is congruent to the sum of the affixes of a set of 
irreducible poles. 


For, with the notation previously employed, it follows, from § 6*3, that 
the difference between the sums in question is 


j_r 

27riJc/(e) 


ft+u, 



+ 

+ 

+ / 

f t 


/ t+ao,+io*, J t 


J /(«) 


l_ f _ (^ + 2w,)/'(g + 2a>,) | , 

2wtJ< 1/W /(« + 2o»*) I 

2iriJ( { /(*) /(«+2»,) J 


on making use of the substitutions used in § 20*12 (III) and of the periodic 
properties of f(z) and /' (r). 


Now f(z) has the same values at the points t-f 2ci>i» ^ + 2cvs as at t, so 
the values of log/(^) at these points can only differ from the value of log/(x!) 
at t by integer multiples of 27ri, say — 2n7ri, 2m7n ; then we have 

and so the sum of the affixes of the zeros minus the sura of the affixes of 
the poles is a period ; and this is the result which bad to be established. 


20*2. The construction of an elliptic function. Definition of p (x). 

It was seen in § 20*1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions. It is therefore 
natural to introduce elliptic functions into analysis by some definition 
analogous to one of the definitions which may be made the foundation 
of the theory of circular functions. 

One mode of developing the theory of the circular functions is to start 
00 

from the series S {z-mirY^^ culling this series (sinJ^r)~^ it is possible 

mm » 00 

to deduce all the known properties of sin z ; the method of doing so is briefly 
indicated in § 20*222, 
w. M. ▲. 


26 
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The analogous method of founding the theory of elliptic fWnctions' is to 
define the function ^{z) by the equation* 


f^{^) ^ ft, |(<gr — 2mct)i — 2na>t)* (27nQ>i 4- 2na),)“j * 

where o,, a>8 satisfy the conditions laid down in §§ 20’1, 20*12 (III); the 
summation extends over all integer values (positive, negative and zero) of 
m and n, simultaneous zero values of m and n excepted. 

For brevity, we write 12^,^ in place of 2wa)i 2nft>a, so that 

= 2 ' -«»?»}• 
m, n 

When m and n are such that |n^,nt w lai'ge> the general term of the 
series defining jp(z) is 0 (| !“"•), and so (§3*4) the series converges 

absolutely and uniformly (with regard to z) except near its poles, namely 
the points 11,^, n- 

Therefore (§ 5*3), (z) is analytic throughout the whole z-plane except 

at the points n, where it has double poles. 

The introduction of this function ff>(z) is due to Weierstrassf ; we now 
proceed to discuss properties of ^ (z), and in the course of the investigation 
it will appear that p(z) is an elliptic function with periods 2(»,, 2®,. 

For purposes of niunerioal computation the series for p (g) is useless on account of the 
slowness of its convergence. Elliptic functions free from this defect will be obtained in 
Chapter xxL 


Example, Prove that 


20*21. Periodicity and other properties of p{z). 

Since the series for p(z) is a uniformly convergent series of analytic 
functions, term-by-term differentiation is legitimate (§ 5-3), and so 


The function p\z) is an odd function of z\ for, from the definition of 
pf (z), we at once get 

p ('^ z) = 2 2 (-2^ 4* n) *• 
m,n 


* Throughout the chapter Z will be written to denote a summation over all integer values 

m, n 

of m and n, a prime being inserted {T) when the term for which m=n«s0 has to be omitted 

m, » 

from the summation. It is also cnetomary to write P' {z) tor the derivate of p (z). The use of 
the prime in two senses will not cause confusion. 

t Wtrhe^ II. (1896), pp. 246-256. The subjeot-matter of the greater part of this chapter Is 
due to Weierstrass, and is contained in his lectures, of which an account has been published bj 
Schwarz, Fmzeln und Lehrzatze lum Ozbrauehe der elliptizefien Funktionen^ Nock Vorlezungen 
und Aufzeiehnungen dez Btrm Prpf, K, WtUTztroM (Berlin, 1898). See also Cayley, Journal de 
Math. z. (1845), pp. 865-420 [Math. Papers, i. pp. 166-182], and Eisenstein, Journal /Ur Math. 
X1X7. (1847), pp. 187-184, 186-274. 
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20 - 21 ] 

Bat the sdt of points — is the same as the set and so the 
terms of p' (— «) are just the same as those of — p' (^r), but in a different 
order. But, the series for p' (z) being absolutely convergent (§ 3*4), the 
derangement of the terms does not affect its sum, and therefore 

p'{- z)^-p'{z). 

In like manner, the terms of the absolutely convergent series 

m, n 

are the terms of the series 

m, n 

in a different order, and hence 

pi-z)’^p (z ) ; 

that is to say, p (z) is an even function of z. 

Further, p' {z + 2«»i) = — 2 1 {z — + 2®,)-* ; 

but the set of points — 2<5 d, is the same as the set n, so the series 
for i/ (z + 2cd,) is a derangement of the series for jp' (z). The series being 
absolutely convergent, we have 

that is to say, fp' (z) has the period ; in like manner it has the period 2G)a- 

Since (p'(«) is analytic except* at its poles, it follows from this result that 
p\z) is an elliptic function. 

If now we integrate the equation f' (z + 2gji) » ji' (z), we get 

p(z + 2a>,) = p («) + A, 

where A is constant. Putting ^ == — and using the fact that p (z) is an 
even function, we get .4 » 0, so that 

p(z^ 2<k)j) ^p{z) ; 
in like manner p{z + 2 g> 2 ) * (^)- 

Since p(z) has no singularities but poles, it follows from these two results 
that p (z) is an elliptic function. 

There are other methods of introducing both the circular and elliptic functions into 
analysis ; for the circular functions the following may be noticed : 

(1) The geometrical definition in which sin t is the ratio of the side opposite the angle 
z to the hypotenuse in a right-angled triangle of which one angle is z. This is the definition 
given in elementary text-books on Trigonometry ; from our }>oitit of view it has various 
disadvantages, some of which are stated in the Ap^iendix. 

(2) The definition by the power series 
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(3) The defimtion by the product ^ 

(4) The definition by inversion’ of an integral 

/■to# , 

#-/ (!-<*)-**. 

J 0 

The periodicity properties may be obtained easily from (4) by taking suitable paths of 
integration (of, Forsyth, Theory of Functioned (1916), § 104), but it is extremely difficult to 
prove that sinr defined in this way is an analytic function. 

The reader will see later (§§ 29*82, 22*1, 20*42, 20*22 and § 20*53 example 4} that 
elliptic functions may be defined by definitions analogous to each of these, with corre* 
spending disadvantages in the oases of the first and fourth. 

Example. Deduce the periodicity of (e) directly its definition as a double aeries. 
[It is not difficult to justify the necessary derangement.] 

20*22, The differential equation satisfied by ^ (xr). 

We shall now obtain an equation satisfied by fp(z), which will prove to 
be of great importance in the theory of the function. 

The function p (s) - r-*, which is equal to S' {{z - is 

m, » ' 

analytic in a region of which the origin is an internal point, and it is an 
even function of z. Consequently, by Taylor's theorem, we have an expansion 
of the form 

*>(«)- ^ = + lg,z*+0 («•) 

valid for sufficiently small values of |x|. It is easy to see that 

J,' 5r. = 140 S' 

m, » m, » 

Thus = + + + 

differentiating this result, we have 

jf>' (s) » - 2*-* + i + 0 («*). 

Cubing and squaring these respectively, we get 

f»* (*)■=•«“* + 4 ^ 

*>'• (z) = _ I £r.«- - J <7. + 0 (^>). 

Hence p'\(z) - 4jp* (z) = - g^z-'* - + 0 (^), 

and so p'* (z) — 4pp* (z) + g^fg (z) •^g^st 0 {z% 

That is to say, the function p'*(^^) — 4»p*(x^)4*<7aP(if) + 5rg, which is 
obviously an elliptic function, is analytic at the origin, and consequently 
it is also analytic at all congruent points. But such points are the only 
possible singularities of the fiinction, and so it is an elliptic fanjctim with 
no singularities ; it is therefore a constant (§ 20*12, IV). 

Oil making ^ 0, we see that this constant is zero. 
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Thus, fiaalljf, ^fumcHon satisfies tits differencial equation 

f/* (z) - 4,f/^ (z) -g,p (z) - fft, 

where and g^ (called the invariants) are given by the equations 
flr, =. 60 2' n-\. g, = 140 2' O"*,. 

M. n M, » 

Conversely, given the equation 

if numbers can be determined* such that 

g,^m %' a-%. <7,-140 2' 

n,n fn,n 

then the general solution of the differential equation is 

y^ip(±z + a\ 

where a is the constant of integration. This may be seen by taking a new 
dependent variable u defined by the equationf y = (p (w), when the differential 

equation reduces to = 1. 

Since jp (z) is an even function of z, we have y^fp{z±a\ and so the 
solution of the equation can be written in the form 

y^fp(z^a) 

without loss of generality. 

Example. Deduce from the differential equation that, if 

then . 5, . 7, Ce=yaV2*. 3 . 5®, 

^ ^ 9%^ . ^ 3 * ^ gf99 

^ 2^5.7. ir 2*,3. 7®. 13’ 26.3.6*.7.ir 

20*221. The integral formula for f{z). 

Consider the equation 

^ =1^ (4f» - g^t - g^y^dt, 

determining z in terms of f ; the path of integration may be any curve which 
does not pass through a zero of - g^t - y,. 

On differentiation, we get 

(§) S'*- 

and so (;’» p (z + a), 

where a is a constant 

* The diflSoalt problem of eatabliBhing the existeDoe of each nambers and when and 
Pf are given Is solved in 8 21*78. 

t This equation in u alvajs has solations, by 8 80*18. 
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Make f — ♦ 00 ; then — ► 0 » since the integral converges^ and so a is a pole 
of the functi<Hi fp; i.e., a is of the form ilm.n, and so 

The resiilt that the equation is equivalent to 

the equation f « jp («) is sometimes written in the form 

Jfpi*) 


20*222. A n xUuttration from the theory of the circular functione. 

The theorems obtained in §§ 20*2-20*221 may be illustrated by the oorresponding 
results in the theory of the circular functions. Thus we may deduce the properties 

of the function conec^z from the series 2 («- wiw)"* in the following manner : 

m** — oo 

Denote the series by f{z) ; the series converges absolutely and uniformly* (with regard 
to z) except near the points mar at which it obviously has double poles. Except at these 
ix>ints, / {z) is analytic. The effect of adding any multiple of vr to « is to give a series 
whose terms are the same os those occurring in the original series; since the series 
converges absolutely, the sum of the series is unaffected, and so /(j) it a periodic function 
of z with period tr. 

Now consider the behaviour of f{z) in the strip for which ^ R{z)^^ir. From 
the j»criodicity of / («), the value of f{z) at any point in the plane is equal to its value at 
the corresponding point of the strip. In the strip f{z) has one singularity, namely z^O ; 
and f{z) is bounded as z^cc in the strip, because the terms of the series for f(z) are 

00 

small compared with the corresiwnding terms of the comparison series 2' 

mm - ae 

In a domain including the point «*»0, /(r) -«"* is analytic, and is an even function; 
and consequently there is a Maclaurin expansion 

n »»0 

valid when j « I < tt. It is easily seen that 


ajh, = 2»r (2»+l) 2 

OC 

and so ao***]^^ 0 ^= 6 ^^* 2 = 

Hence, for small values of | z j. 

Differentiating this result twice, and also squaring it, we have 

It follows that (z) — 6/* (z) + 4f(z) « O (z**). 

That is to say, the function f" (z) — 6/^ (z) + Af {z) is analytic at the origin and it is 
obviously periodic. Since its only possible singularities are at the points mir, it follows 
from the periodic property of the function that it is an integral function. 


By comparison with the series 2' m~*. 
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Further, it is bounded as 2-^00 in the strip ~ ^ir ^ H (z) ^ jir, since / (2) is bounded 
and BO ie* /" («). Hence /" {z) - 6/* (2) +4/(2) is bounded in the strip, and therefore from 
its periodicity it is bounded everywhere. By Liouville’s theorem (§ 5*63) it is therefore 
a constant. By making we see that the constant is zero. Hence the function 

cosec^ z satisfies the equation 

rW-6/*W-4/(2). 

Multiplying by 2/' (2) and integrating, we get 

where 0 is a constant, which is easily seen to be zero on making use of the power series 
for f* (z) fvnd f{z). 

We thence deduce that 22— f 

J /(•) 

when an appropriate path of integration is chosen. 

ExwtwpU 1. If y— p (z) and primes denote differentiations with regard to 2, shew that 

^ A {(y-«i)~*+(y-«j)~*+(y- (y- ''i)"* (y - «i)"* (y- 
where «i, £3 are the roots of the equation 42 *— ^3»0. 

[We have y^=4y*-flfsy-y8 

= 4 (y - «,) (y - «») (y - es). 

Diiferentiating logarithmically and dividing by y', we have 


Wy*” S (y-«r)"*' 

r*al 

Differentiating again, we have 


y* ~ y‘ 


- I (y-e,)-*. 

r«l 


Adding this equation multiplied by ^ to the square of the preceding equation, 
multiplied by wo readily obtain the desired result. 


It should be noted that the left<hand side of the equation is half the Schwarzian 
derivative t of 2 with respect to y\ and so z is the quotient of two solutions of the 
equation 

. f3 » , , , 3 


. f3 


I (y-«r)“*-ty n (y-e,r‘ 

r»l O r«l 




Example 2. Obtain the * properties of homogeneity’ of the function fp (2) ; namely that 

p 1 3 ‘ p (* I 

where denotes the function formed with periods 2«j, 2«i and ^(t; yj, ys) 

denotes the function formed with invariants g^ • 

[The former is a direct consequence of the definition of p (2) by a double series ; the 
latter may then be derived from the double series defining the g invariants.] 


* The series for /" ( 2 ) may be compared with 2' m“’*. 
t Oayley, Camb. Phil. Trant, xm. (1888), p. 5 [McUh. Papen, xi. p. 148]. 
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20*3. The addition-theorem for the function ^ (jb). 

The function jp (^) possesses what ia known as an addition-theorem ; that 
is to say, there exists a formula expressing |p (x + y) as an algebraic function 
of jp(x) and ip(jy) for general values* of e and y. 

Consider the equations 

fp' (z) = Ap (z) + B, p' (y) « Ap (y) + B, 
which determine A and B in terms of z and y unless ^(^)»|p(y), i.e. unlessf 
z = ±y (mod. 2wj, 2<»a). 

Now consider ( ?) ~ (O ~~ 

qua function of It has a triple pole at 0 and consequently it has 
three, and only three, irreducible zeros, by § 20*13 ; the sum of these is a 
period, by § 20*14, and as ? * z, f y s^re two zeros, the third irreducible zero 
must be congruent to — ^ — y. Hence — — y is a zero of p* (f) — Ap (JT) — B, 

and so 

!>' (- ■» - y) - -Ajp (- * - y) + B. 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 

p{z) p'iz) 1 1 = 0 . 

iP (y) ip' (y) 1 

iP(^ + y) -p'i^-^y) 1 

Since the derived functions occurring in this result can be expressed 
algebraically in terms of p (z\ p (y), piz y) respectively (§ 20*22), this 
result really expresses jp 4* y) algebraically in terms of p {z) and p (y). 
It is therefore an addition-theorem. 

Other methods of obtaining the addition-theorem are indicated in § 20*31 1 
examples 1 and 2, and § 20*312. 

A symmetrical form of the addition-theorem may be noticed, namely 
that, if ti + V + tc/ = 0, then 

«»(w) !>'(«) 

p(v) (p'(v) 
f(w) f'(w) 

aO-31. A notfier form of the addition-theoi'em. 

Retaining the notation of § 20*3, we see that the values of which make 
|/(f) ^ Ap (X) — B vanish, are congruent to one of the points z, y, — z -~y. 

* It is, of course, uimeoeBssry to consider the speoial oases when p, or s, or p + s is a period, 
t The fnnction |p U) ~ |p (p)* tfua function of r, has doable poles at points congruent to ssbO, 
and no other singularities ; it therefore (§ 90*18) has oulj two irreduoible seros ; and the points 
congruent to r s db p therefore give all the aeros of p{B}-p (p). 
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Hence f^(^) — {Af (£[’) + B]* vanishes when ^ is congruent to say of the. 
points e,y,—e — y. And so 

4jp* (f ) - A V (5) - {2AB + sr.) |> (» - (£» + g,) 

vanishes when ^ (H) is equal to any one of fp (z), f (y), |f> (s' -!■ y). 

For general values of z and y, (z), f (y) and ff> (s + y) are unequal and 
so they are all the roots of the equation 

42* - A»2* - (2AB + y.) 2 - (J5* +y,) = 0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 

j? (s) + (y) + (s + y) - j A* 
and so g>(z + y) = J 

on solving the equations by which A and B were defined. 

This result expresses + y) explicitly in terms of functions of z and 
of y. 


20*311. TAe duplication formula for p {si). 

The forms of the addition-theorem which have been obtained are both 
nugatory when z. But the result of § 20*81 is true, in the case of any 
given value of z, for general values of y. Taking the limiting form of the 
result when y approaches we have 

liM 5 Ita - y (.)- to 

From this equation, we see that, if 2z is not a period, we have 



on applying Taylor's theorem to f{z-^ h), pi {z -h h ) ; and so 



unless 2z is a period. This result is called the duplication formula, 
ExampU 1. Prove that 


4 ljf>(e)-|?(y)J 




qua function of e, has no singulaantiea at points congruent with ±y ; and, by making 

use of Liouville’a theorem, deduce the addition-theorem* 
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ExamfU 2. Apply the prooen indicated in example 1 to the Ainoticm 

•>(») P'W 1 
P(y) 1 

P(*+y) -P'(*+y) 1 

and deduce the addition-theorem. 

Example A Shew that 

9 (*+F)+P (*-y)- {p W - P (y)}-’ [{sp (*) P (y)-4yi} {P (*)+P (y)} -y.]- 

[By the addition-theorem we have 

Replacing and jp'*(y) by 4p® and 4P (y)-^iP (y)-p 3 respec- 

tively, and reducing, we obtain the required result.] 

Example 4. Shew, by Liouville’s theorem, that 

J {P (* - a) P (* - ft)} - P (a - 1) {P' (* - o) + P' (* - ft)} - P' (« - ft) {P (* - a) - P (* - ft)}- 

(Trinity, 1906.) 

20*312. AheVe^ method of proving the addition-theorem for p (a). 

The following outline of a method of establishing the addition-theorem for jp{z) is 
instructive, though a completely rigorous proof would be long and tedious. 

Let the invariants of p{z) be gi^ gz\ take rectangular axes OX^ OF in a plane, and 
consider the intersections of the cubic curve 

with a variable line ytmmx^n. 

If any point {x^ , yx) be taken on the cubic, the equation in z 

P(z)-xx^0 

has two solutions -|- 2 |, —Zi (§ 20*13) and all other solutions are congruent to these two. 

Since («)*=4p® («)-^ 2 P we have P'^(«)*=yi* ; choose ifi to be the solution for 

which p' (z,)= -f yi, not -y,. 

A number Zi thus chosen will be called the parameter of (j^i, y^) on the cubic. 

Now the abscissae jtj, x^ of the intersections of the cubic with the variable line 
are the roots of 

^ («) 3 4^ - g^x -yg - (ma? -I- n)* =« 0, 
and so ^ (a?) a 4 (^ - Xi) (x - .r^) (x - x^). 

The variation hx^ in one of these abscissae dne to the variation in position of the line 
consequent on small changes dir*, dn in the coefficients m, n is given by the equation 


and so 
whence 


(^r) ft*r+^ 8»=0, 

0' (Xr) 2 (mXf. -h n) {Xyj^m -H dn), 

rZimXr+n"^ rti (^r) ’ 


provided that Xi, x^t Xs ai*e unequal, so that (xr)4^0, 

* Journal fUr Math, ii. (1827), pp. 101-181; m. (1828), pp. 160-190 [Oeuvres, i. (Christiania, 
1889), pp. 141-252]. 
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Now, if w© put a(xhm’\rhn)l^ (j?), qua funotion of into partial firactions, the result is 

B 

2 Arl{iC~Xr\ 
r»l 

where lim x 

»-^arr 9 W 

^XriXrhm-^-bn) lim {x-^Xy)j^{x) 

Xr (Xr^m + bn)l(h' (Xr), 

by Taylor’s theorem. 

^ 3 3 

Putting ^—0, we get 2 Hxrlyr^O^ i.e. 2 d3,.«0. 

r*l r*si 

That is to say, the sum of the parametere of the pointe of inUereection is a constant 
independent of the position of the line. 

Vary the line so that all the points of intersection move off to infinity (no two points 
coinciding during this process), and it is evident that <81 + 32+33 is equal to the sum of the 
parameters when the line is the line at infinity; but when the line is at infinity, each 
parameter is a period of jp{z) and therefore 81+32+^8 a period of j?(3). 

Hence the sum of the parameters of three colli near points on the cubic is congruent to 
zero. This result having been obtained, the determinantal form of the addition>theorem 
follows as in § 20 3 . 

20 * 32 . The constants e^. 

It will now be shewn that ^ (cci), f (oig), jp (o>s), (where og == — ^>2), are 

all unequal ; and, if their values be ©i, e,, then e#, are the roots of the 

equation W — g^t — 5^3 =» 0. 

First consider jf/ (oij). Since (z) is an odd periodic function, we have 
if>' (®i) w,) = - !>' (2m, - m,) « - f>' (m,), 

and BO jp'(m,) = 0. 

Similarly f' ( 0 ) 3 ) = jp' (m,) = 0. 

Since fp'(z) is an elliptic function whose only singularities are triple poles 
at points congruent to the origin, jp' (z) has three, and only three (§ 20*13), 
irreducible zeros. Therefore the only zeros of jp' (z) are points congruent to 

«8, »S- 

Next consider fjt(z)^ej. This vanishes at m, and, since jp'(m,)=s:0, it has 
a double zero at m,. Since fp(z) has only two irreducible poles, it follows 
from §20*13 that the only zeros of |p(^) — s, are congruent to o>,. In like 
manner, the only zeros of jp(^) - Ca, jp(-^) — e, are double zeros at points con- 
gruent to ws, o)s respectively. 

Hence ^ ©3. For if ©, = ©3, then f? (s) — e, has a zero at Og, which is 

a point not congruent to m,. 

Also, since (z) ^ 4fp* (z) - ggp (z) g^ and since g/ (z) vanishes at m,, ms, 
mg, it follows that 4jp* (z) - g^fp (z) — gs vanishes when jp (©) *= ©i, ©s or ©,. 

That is to say, ©,, ©a, ©3 are the roots of the equation 
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From the well-known formulae connecting roots of equations with their 
ooefiScients, it follows that 

«i + ^ + e» * 0, 

e,et 4- tf,«i + e,e. - - \gt, 

Example 1 . When g% and are real and the discriminant g^ - 27^5* is positive, shew 
that S|, 02 ) Are all real ; choosing them so that 0 | > 0 s> sg) shew that 

SO that is real and a >5 a pure imaginary. 

Example 2 . Shew that, in the circumstances of example 1 , p{») is real on the peri- 
meter of the rectangle whose comers are 0 , 0 ) 9 , «»ji+c» 8 ) 

20*33. The addition of a half -period to the argument of ^ (z). 

From the form of the addition-theorem given in § 20*31, we have 


and 80 , since 
we have 


fp(z)^4 n 

rsal 


i.e. 


#>(*+wi)=«i + 


on using the result 


( 81 -^ 3 ) 

if> (*)“«! ’ 


S e,=0; 

ra»l 


this formula expresses fp (a+«]) in terms of fp(z). 

Example 1 . Shew that 

fP ( J«,) ± {(«, -«*){»!- «8)}* . 

Example 2 . From the formula for combined with the result of example 1 , 

shew that 

P(i«l+W2)«0iT{(0l-e2)(01 — 03 )}^. w * « . 

(Math. Trip. 1913.) 

Example 3. Shew that the value of (r + a> 2 )|f^ ( 0 + 09 ) is equal to 

the discriminant of the equation g^ - g^=^0, 

[Differentiating the result of § 20*33, we have 

jpr (0 -sj) (01 -ss) r W [fP W - ; 

from this and analogous results, we have 

r«i 

• 16 (0i — 02 )* (0f — Ss)* (H “ ^i)* 
which is the discriminant ^ 1 *— 27^8* in question.] 



ELLIPTIC PUNOnONB 


445 


20 * 88 , 20 * 4 ] 

Example 4. Shew that, with appropriate interptetations of the radicals, 

9' (4»l) - - * {(«j - •») («1 “«»)}* {(«! - ««)* + («!-«»)*) . 

(Math. Trip. 1913.) 

ExawpU 5. Shew that, with appropriate interpretations of the radicals, 

(F (**) - •.}* (F (2*) -««)*+ {F (2») - {F (2*) - ea* 

+ (F (2») - e,}* (F (2*) - <ir}*-F (*) - F (2»). 


20 * 4 . Qudsi-periodic functions. The Junciti(m* ^{z). 

We shall next introduce the function ^(z) defined by the equation 


dz 

coupled with the condition litn {^{z)^z'"^} =0. 

Since the series for fp (z) — z’^ converges uniformly throughout any 
domain from which the neighbourhoods of the pointsf n'm.n are excluded, we 
may integrate term-by-term (§ 4*7) and get 



f (a) {fp(z)-z^]ds 

J 0 

— 2 f {(z — — Atnfw) d>Zt 

n»,n J 0 

and 80 + 

^ m,n i^m,n 

The reader will easily see that the general term of this series is 


0(|f^m.f*i~*) as 

and hence (cf. § 20*2), ^ {z) is an analytic function of z over the whole ^-plane 
except at simple poles (the residue at each pole being + 1) at all the points 
of the set 


It is evident that 


-f<— )-j+ 



_ 

* + ^i»,n 


1 z ) 


and, since this series consists of the terms of the series for {['(x), deranged in 
the same way as in the corresponding series of § 20*21, we have, by § 2*62, 

that is to say, f^(z) is an odd function of z. 


* This fanotion (dionld not, of course, be confused with the ZetSrftinotion of Riemnun, 
discussed in Chapter xin. 

t The symbol ased to denote all the points with the exception of the origin 

(ef. % 20 2). 
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Following up the analogy of § 80 ' 222 , we may compare ({t) with the Amotion oot( 
defined by the Mriee *“*+ S' the equation ^oot*» -ooeeo** 

mae-oo 

corresponding to ^ f («)« — p (z). 


20*41. The quasi-periodicity of the function 

The heading of § 20*4 was an anticipation of the result, which will now be 
proved, that ^(z) is not a doubly-periodic function of z] and the effect on 
^{z) of increasing z by 2ft)i or by 2a)a will be considered. It is evident from 
§20*12 (III) that ^{z) cannot be an elliptic function, in view of the fact that 
the residue of f (z) at every pole is -f 1. 

If now we integrate the equation 

p{z^2(o,)^p(z), 

we get f (a: + 2o)i) ?(^) + 2i?i, 

where 2 i 7 , is the constant introduced by integration ; putting — ci)i, and 
taking account of the fact that f (z) is an odd function, we have 

In like manner, + 2a>«) =» f + ^V 2 > 

where 179 =* f 

Example 1. Prove by Liouville’s theorem that, if then 

{fW+f(y)+fWl»+f'(^*)+c'(y)+f'W=o. 

(Frobeniiis u. Stickelberger, Journal f&r Math, lixxxvni.) 

[This result is a pseudo^addition theorem. It is not a true addition-theorem since 
C Wt C' (y)i C M *^®t algebraic functions of ( (x), C (y), C 

Example 2. Prove by Liouville’s theorem that 

2 1 P(x) pw 1 P(x) rw 

1 Pfy) p*(y) 1 P(y) F(y) 

1 PW 1 PW PW 

Obtain a generalisation of this theorem involving n variables. 

(Math. Trip. 1894.) 

20*411. The relation between 17 , and f) 2 * 

We shall now shew that 

77iaia-i7aa>i* ^Tri. 

To obtain this result consider | ^(z)dz taken round the boundary of a 

J c 

cell. There is one pole of ((z) inside the cell, the residue there being -f 1. 

Hence [ f {z) dz « 27ri. 

J c 
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Modifying the contour integral in the manner of § 20*12, we get 
27ri « j {fW - ?(*« + {f W - f + 2aii)} dz 

s® — 2*^2 J dt 4* ^ViJ dtf 


and so 2‘7n == — ^Vt^i 4* 4171 a>s, 

which is the required result. 


20*42. The function a{z). 

We shall next introduce the function c (z), defined by the equation 

^logo-(r)-f(^) 

coupled with the condition lim [a (z)lz] « 1. 

*-*•0 

On account of the uniformity of convergence of the series for ^(z), except 
near the poles of f (z\ we may integrate the series term-by-term. Duing so, 
and taking the exponential of each side of the resulting equation, we get 





the constant of integration has been adjusted in accordance with the condition 
stated. 


By the methods employed in §§20*2, 20*21, 20*4, the reader will easily 
obtain the following results : 

(I) The* product for a (z) converges absolutely and uniformly in any 
bounded domain of values of z. 

(II) The function <r(z) is an odd integral function of z with simple zeros 
at all the points 

The function <r (z) may be compared with the function sin z defined by 
the product 

the relation ^ log sin x = cot ^ corresponding to ^ log a (z) =» ^(z). 


20'421. The quaei-periodidty of the function fr{z). 

If we integrate the equation 

f(x-h2G),) = {:(^') + 2i7,, 

we get (7 4- 2a>i) « (^), 

where c is the constant of integration; to determine c, we put — cOj, and 
then 

or (o)i) =» — cs*®^**» or 
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Confiequently c » - , 

and <r + 2tOi) ■■ — a 

In like manner <r -h 2 ca 9 ) * - e*^t(*+*»*) a (z). 

These results exhibit the behaviour of o'(s) when z is increased by a 
period of f (x). 

If, as in §20*32, we write a>s ^ a>i -* q^b, then three other Sigma- functions 
are defined by the equations 

o-r (z) « (z 4- a>r)/«r (a^r) 0* * 1 , 2, 3). 

The four Sigma-functions are analogous to the four Theta-functions dis- 
cussed in Chapter xxi (see § 21*9). 

Example 1. Shew that, if m and n are any integers, 

or (* +2m»i + 2»a>a)a» ( — )"*■*■ * 0 * (*) exp {(2mi7i4'2ni;B) x42m*i7ia»i-f 4mni;]a*s + 2 n^i 7 BO»)}, 
and deduce that i7i«s ~ Vs^i is su integer multiple of ^irt. 

Example 2. Shew that, if ^^exp (irittf/wi), so that | ^ | < 1, and if 

^’W-e.p (g) ein (g) 5^ jl - co. , 

then F(z) is an integral function with the same zeros as (r(x) and also F{z)la‘{z) is a 
doubly-periodio function of z with periods 2«ti, 2 «>b. 

Example 3. Deduce from example 2, by using Liouville’s theorem, that 

Example 4. Obtain the result of example 3 by expressing each factor on the right as 
a singly infinite product. 

20*6. Formulae expressing any elliptic function in terms of Weierstrassian 
functions with the same periods. 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear factors, (TI) a sum 
of partial fractions ; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively; of the second 
type there is a formula involving derivates of Zeta- functions. These formulae 
will now be obtained. 

80 * 61 . The expression of any elliptic function in terms of p(z) and f' if). 

Let f{z) be any elliptic function, and let p(z) be the Weierstrassian 
elliptic function formed with the same periods 2a»i, 2a>8. 

We first write 

f{z) - 1 [/(*) +/(- ,)] + 1 [{/{z) -fi- z)} [f'iz)]-^] fi^iz). 
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20-5--20'52] 

The functions 

/(«) +/(“ «). {/(«) -/(- «)} Ip' (*))■' 

are both even functions, and they are obviously elliptic functions when /(z) is 
an elliptic function. 

The solution of the problem before us is therefore effected if we can 
eapreee any even elliptic function ^ (z% say, in terms of p (z). 

Let a be a zero of <f> (z) in any cell ; then the point in the cell congruent 
to — a will also be a zero. The irreducible zeros of (f> (z) may therefore be 
arranged in two sets, say Uj, ... and certain points congruent to — ai> 

-Oa, 

In like manner, the irreducible poles may be arranged in two sets, say 
6 j, bi, . . . 6 n» and certain points congruent to — 6 i, — 62 , ... - ft,** 

Consider now the function* 

JL n 

It is an elliptic function of z, and clearly it has no poles ; for the zeros of 
4> (z) are zeros f of the numerator of the product, and the zeros of the 
denominator of the product are poles f of Consequently by Liouville’s 

theorem it is a constant, Au say. 

that is to say, ^ (z) has been expressed as a rational function of p (z). 

Carrying out this process with each of the functions 

/ w +/(- {/W -/(- ^)1 {»' W)-S 

we obtain the theorem that any elliptic function f(z) can be expressed in terms 
of the Weierstrassian elliptic functions p (z) and pf (z) with the same periods, 
the expression being rational in p (z) asid linear in ff (z). 

20*52. The expression of any elliptic function as a linear combination of 
Zefa functions and their deHvates. 

Let f{z) be any elliptic function with periods 2a>,, 2 g),. Let a set of 
irreducible poles of f{z) be a^ ... an, and let the principal part (§5l3l) 
of f{z) near the pole a* be 

z - a* (^ - cLkf * * (- 8 ^ “ a*)»* * 

* If any one of the points or is ooograent to the origin, ive omit the corresponding 
factor P (s) ~ p (ci^) oar p (r) p (6,.). The zero (or pole) of the produet and the zero (or pole) 
of ^ (z) at the origin are then of the same order of moltiplioity. In this product, and in that of 
§ 2Q'5d, factors oorreaponding to multiple zeros and poles have to be repeated the appropriate 
number of times. 

t Of the same order of muUiplioity. 


W. U. A. 


29 
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Then we oen shew that 

/ (*) - At + |ct,i {:(* - o*) - c*., f ' (z - o*) + . . . 

where is a constant, and f <*» (e) denotes ^ l^{z). 

Denoting the summation on the right by F(z)t we see that 
F(z + 2toi)--F{z)^ X 2i7iC*,i, 

k»l 

by § 20*41, since all the derivates of the Zeta- functions are periodic. 

n 

But X^ Ck,i is the sum of the residues of f(z) at all of its poles in a cell, 
and is consequently (§ 20*12) zero. 

Therefore F(z) has period 2wi, and similarly it has period 2a)8; and so 
/{z) ^F(z) is an elliptic function. 

Moreover F{z) has been so constructed that f{z)~-F{z) has no poles at 
the points Ui, a*, a»; and hence it has no poles in a certain cell. It is 

consequently a constant, by Liouville’s theorem. 

Thus the function /(z) can be eicpanded in the form 

This result is of importance in the problem of integrating an elliptic 
function f{z) when the principal part of its expansion at each of its poles is 
known ; for we obviously have 

j /(z) dr = ^,z + ^2^ j^0», , log «r (z - o*) 

where (7 is a constant of integration. 

Example, Shew by the method of this article that 

and deduce that 

whore O' is a constant of integration. 


20*68. The ewpression of any elliptic function as a quotient of Sigma- 


Let f{z) be any elliptic function, with periods 2«), and 2a>s» and let a set 
of irreducible zeros of f(z) be a,, a«, ... Then (§20*14) we can choose a 
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set of poles hu bg, •** 5n such that all poles of /(s) are congruent to one or 
other of them andf 

(Xi "h Oj *4" • • • "f" U«n “h bn » 

Consider now the function 

r«l <r (if — br) 

This product obviously has the same poles and zeros as /(^); also the 
effect of increasing z by 2iia] is to multiply the function by 

n expl2%(fr-a,)) 

,.i exp { 2 i 7 , (s - 1,)} 

The function therefore has period 2a>, (and in like manner it has period 
2a}g), and so the quotient 

/(s)-r n 

r«i — hr) 

is an elliptic function with no zeros or poles. By Liouville^s theorem, it must 
be a constant, A a say. 

Thus the function /(-i) can be expressed in the form 

An elliptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known. 

Example 1. Shew that 

Example 2. Deduce by differentmtion, from example 1, that 
and by further differentiation obtain the addition^theorem for fp {t). 

n n 

Example 3. If S ^ Kt shew that 

r«l rusl 

f-i <r(a,-a,)<r(«,-a^...,...<r(<»,-(»,) ’ 

the * denoting that the vanishing factor <r (a,.— o^) is to be omitted. 

Example 4. Shew that 

pw-«r«<rr*(»)/<r*w (r»l,2,3). 

[It is customary to {ff (*) to mean Vr («)/«r (x), not -<rr (x)/cr («).] 

Example 6. Establish, by example 1, the * three-term equation,’ namely, 

<r(f-f a) <r (x-a) c-(6-hc) ir (6-c) + (r(x+6)ir (x- b) a (c+a) v(e-a) 

-b<r (x+c)<r (x-c) (r(«+6)cr (a-fc)*»0. 

t Mnltipls aeros or poles are, of oouree, to be reckoned according to their degree of multi- 
plioity ; to determine fri, ••• choose 6| , 62, ... to he the set of poles in the cell in 

which ai, 421 li^« and then choose oongment to V, in snoh a way that the required 
equation is satisfied* 


29—2 
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[This result is due to Weierstrass ; see p. 47 of the edition of his leoturee bj SoliwarE«3 

The equation is oharacteristio of the Signia-fhnotion ; it has been proved by Halphen, 
/bncfabns Elliptiquea^ i. (Paris, 1886), p. 187, that no function essentially different from the 
Sigma-fiinotion satisfies an equation of this type. See p. 461, example 38. 

20*54. The conneaion between any two elliptic fwncHone with ihe same 
periods. 

We shall now prove the important result that an algAraic relation eaoists 
between any two elliptic functions, f{z) and ^ (s), with the same periods. 

For, by §20*51, we can express f (z) and ^ (z) as rational functions of the 
Weierstrassian functions p(z) and (z) with the same periods, so that 
/(fr) - i2i {|> (z), IP' (z)). « ii, {§> (Z), {gf (#)}, 

where i2, and iJj denote rational functions of two variables. 

Eliminating p (z) and p' (z) algebraically from these two equations and 
p'^ (z) = 4jp« (z) - g^p (z) - 

we obtain an algebraic relation connecting /(z) and (z) ; and the theorem 
is proved. 

A particular case of the proposition is that every elliptic function is con- 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions f(z) and ^(z) to be m 
and n respectively, then, corresponding to any given value of /(z) there is 
(§ 2013) a set of m irreducible values of z, and consequently there are m 
values (in general distinct) of (f) (z). So, corresponding to each value of / there 
are m values of (f> and, similarly, to each value of <f) correspond n values of f 

The relation between /(z) and ^ (z) is therefore (in general) of degree m 
in and n in /. 

The relation may be of lower degree. Thus, if f(z)^p (z), of order 2, and 
^ (z) = (z), of order 4, the relation is =* (f>. 

As an illustration of the general result take f(z) ^p(z), of order 2, and 

(z) sx p' (z), of order 3. The relation should be of degree 2 in ^ and of 
degree 3 in/; this is, in fact, the case, for the relation is = — 5 ^ 9 /— 

Example, If u, v, w are three elliptic functions of their argument of the second order 
with the same periods, shew that, in general, there exist two distinct relations which are 
linear in each of n, v, w, namely 

A umV’\-BvW’\-CwU'^DuV'^Eu + F v-^Ow-^H ••O, 

A*uvw -H -fi'viv + Cwu + Duv -f- E'u + F'v -f- Q'w -f 2?' =: 0, 
where A, B, W are constants. 

20*6. On the integration of {aoOff* + 4a, ai* + + 4tasX + a^} ” * . 

It will now be shewn that certain problems of integration, which are 
insoluble by means of elementary functions only, can be solved by the intro- 
duction of the function p(z). 
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20 - 54 , 20 * 6 ] 

Let a»«* + 40 , 0 !* + + 043 f{x) be any quartic polynomial 

which has no repeated £M3tor8 i and let its invariants* be 

^1 ^ ^4^4 — 4a, + Sag*, 

g, s OgOga, + 2a,agag — Og* — 0.0,* — Oj^a,. 

Let f {/ («)} “ where x, is any root of the equation /(x) =* 0 ; then, 

•f iPo 

if the function fp (jp) be construcfcedt with the invariants and 9,, it is possible 
to express x ds a rational function of p{z\ 

[Note, The reason for assuming that/(4?) has no repeated factors is that, when /{x) 
has a repeated factor, the integration can be eflfected with the aid of circular or logarithmic 
functions onlj. For the same reason, the case in which ao«ai»0 need not be considered.] 

By Taylor’s theorem, we have 

f(t) ■« 4iAg (t — Xq) 4 - 6-42 {I “ + 4 - 4 x {t — x^ {t — iCoVj 

(since f{x^ * 0), where 

■40 ss ft0, A\ ** dit 

4a « OoiTo* + 2ai^0 + Oa, 

4a *• •+• 3cti^0* Hh SUa^o ^ tla. 

On writing {t - x^Y ^ « r, (a? - x^Y ^ « f, we have 

To remove the second term in the cubic involved, writej 
T = 4,-‘(<r- J42), f «4 ,->(s-- J4,), 

and we get 

« - J* {4<r» - (3-4,* - 44,^1,) a -(24, .1,4, - 4.» - 4.4,*)} 

The reader will verify, without difBculty, that 

34,*- 44,4, and 24,4,4, — 4 ,* - 4,4,* 

are respectively equal to g, and g^, the invariants of the original quartic, 
and so 

Now x»«, + 4,f« — i4g}~>, 

and hence » - ®, + i/ («,) (jf> {z ; p„ ^,) - (aj^)}-*, 

so that K has been expressed as a rational function of |;>(x; p,, ^,). 

* Bumsids and Pan ton, Theory of Equatiom, n. p. 118* 
t See §81 -78. 

t This substitution is legitimate sinoe for the equation ifa^O involres /(«):== 0 

having as a repeated root. 
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This formnla for 0 is to be regarded as the integral equivalent of the 
relation 

‘Ti/cor^dt. 

Jar, 

JSaecmple 1. With the notation of this article, shew that 


Examfj^ S. Shew that, if 


4{PW-A/'W 




where a is any constant, not necessarily a zero of /(•^0» /(^) ^ ^ quartio polynomial 

with no repeal factors, then 

^ ^ , {/(«)}* jyW+t/'WiPW-Ar («)}■>• A/(«)/"'(«) 

2 if (*) - */" («)}• - */(«)>•’ (o) 

the function p (g) being formed with the invariants of the quartic / (a?). 

(Weierstrass.) 

[This result was first published in 1865, in an Inaugural-dissertation at Berlin by 
Biermann, who aecrilted it to Weierstrass. An alternative result, due to Mordell, Jfessenyer, 
XLiv, (1915), pp. 136-141, is that, if 


Ja.b 


y) ' 

where /(4?, y) is a homogeneous quartio whose Hessian is h (a, y), then we may take 

y^W 

where /and h stand for /(a, 6) and h (a, h), and suffixes denote partial differentiations.] 
Example 3. Shew that, with the notation of example 2, 

p W- + 4(;r-a)^^r’ 


and 




f /w 

V(x-«)» 




20*7. The uniformieation^ of cuiues of genus vnity. 

The theorem of § 20*6 may be stated somewhat differently thus : 

If the variables x and y are connected by an equation of tits form 
y* + 4a, ic* + fiagfl?* + 4a8a: -f a*, 

then they can be expressed as one^valued functions of a variable z by the 


equations 


* + {pW- A/" (*.)}■ 
y = - J/'K) P'(^) {p (^) - */"(*.)} 


,)4' 


where f(x) = aja,-* + 4a, as* + 60 , 0 ® + 4a,fl? + a„ is any zero of f{w), and the 
function p (z) is formed with the invariants of the quartic ; and z ie such that 

J % 

* This term employs the word uniform in the sense ono-valuod. To prevent confusion with 
the idea of uniformity as explained in Chapter in, throughout the present work we have used the 
phrase * one-valued function * as being preferable to * uniform function.’ 
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207] 

It is obvious that y is a two-valued function of w and w is 9, four-valued 
function of y ; and the fact, that a and y can be expressed as <m$-valued 
functions of the variable z, makes this variable z of considerable importance 
in the theory of algebraic equations of the type considered ; z is called the 
vmformisiiig variable of the equation 

y* -• -f 4ai *f SogS?* + 4ata? -f- . 

The reader who ia acquainted with the theory of algebraic plane curves will be aware 
that they are classified according to their deficie^ or yantta*, a number whose geometrical 
significance is that it is the difference between the number of double points poeaeeaed 
by the curve and the maximum number of double points which can be possessed by a 
curve of the same degree as the given curva 

Curves whose deficiency is sero are called unicuraal curves. If f{Xj y) is the equation 
of a unicursal curve, it is well known t that x and y can be expressed as ixuUmal funetiouB 
of a parameter. Since rational functions are one- valued, this parameter is a uniformieing 
variable for the curve in question. 

Next consider curves of genus unity; l6t/(x, y)"^0 be such a curve; then it has 
been shewn by Clebschit that x and y can be expressed as rational functions of £ and tj 
where 17^ is a polynomial in ( of degree three or four. Hence, by § 20*6, £ and 17 can be 
expressed as rational functions of p (e) and P' (e), (these funcrtions being formed with 
suitable invariants), and so x and y can be expressed as one-valued (elliptic) functions of x, 
which is therefore a uniforinising variable for the equation under consideration. 

When the genus of the algebraic curve /(a?, y) ^0 is greater than unity, the uniformi- 
sation can be effected by means of what are known as aut&morphic fancHone, Two classes 
of such functions of genus greater than unity have been constructed, the first by Weber, 
Qbttingefr Naeh, (1886), pp. 359-370, the other by Whittaker, Pkil, Trane, cxcil. (1898), 
pp. 1-32. The analogue of the period -parallelogram is known as the ‘fundamental polygon.’ 
In the case of Weber’s functions this polygon is * multiply-connected/ i.e. it consists of a 
region containing islands which have to be regarded as not belonging to it ; whereas in 
the case of the second class of functions, the polygon is * simply-connected,’ i.e. it contains 
DO such islands. The latter class of functions may therefore be regarded as a more 
immediate generalisation of elliptic functions. Of. Ford, Introduction to theory of Auto* 
morphic Functions, Edinbuigh Math. Tracts, Na 6 (1915). 
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Shew thet 


2. Prove that 


Miscsllansoub Examples. 
P(»+»)-P(*-y)~-(>' (*) f (y) fp (,) - p (y)} 
«>(*)-P(*+y+«)-2i 


where, on the rijjit-hand side, the subject of differentiation is symmetrical in *, y, and w 
3. Shewtlmt (Math. Trip. 1897.) 

P"'(»-y) P"'(y-w) p'"(w-c) -Jy, P"'{»-y) p"'(y-«,) fp"'(w-z) 

P"(*-y) P" (y~w) fp" (w-t) p (s_y) p P 

P (*-y) P (y-w) P (W-*) 1 1 1 

(Trinity, 1898.) 

*■ y-p (*)-*., y'-^f 

ehew that y is one of the valuee of 




(Math. Trip. 1897.) 


6. Prove that 

S (P (*) - «} {P (y)- P (w)}* fl? (y+«i) - e}i (p (y-«r) -e}* -0, 

where the sign of summation refers to the three arguments «, y, and e is any one of the 
roots C2, «8* 

Shew that 

P'W t PW-P(«I) / • 


7. Prove that 


(Math. Trip. 1896.) 

(Math. Trip. 1894.) 


P (2*) - p («,) - {p- (r)} -> (p (*) _ p )p (*) - p («, + 

8. Shew that (Math. Trip. 1894.) 

P X p - (p («) P («’) + (P ^) + P (1>)} 

(P(«)-P ('’)!• 

(Trinity, 1908.) 

9. If p(«) have primitive periods 2®„ 2u, and /(»)“{P(«)-P(«^}*, while p,(w) 
and/i («) are similarly constructed with periods 2»j/n and 2w), prove that 

Pi (a) - p (a) (P (« + 2 w.h/») - P (2»nwi/n)}, 

n /(«+2?»»i/«) 

and /.(*)-=^h • 

n /(2m«i|/f») 

mM] 

(Math. Trip. 1914 ; the first of the formulae is due to Kiepert, 
Journal fUr Math. Lxxvi. (1873), p. 39.) 
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10. If 4P«P(ie+o), 

where u is constant, shew that the curve on which (:r, y) lies is 

where c»p(2o). 

(Burnside, Jfe$9enger^ xzi.) 


11. Shew that 


12. If 






(Trinity, 1909.) 


verify that 

the elliptic function being formed with the rootn —c, ^ (c+e), ^ (e— e). 

13. If m be any constant, prove that 

1 ftotmw-lpm dz , ^ 

rcy); P(*)-P(y) PW-P(y) 

1 ^ f fgm(t>(s)-tz(i,^ 

{P(*)-M{ 


(Trinity, 1906.) 


1, P(*)*(iy 

‘ SrJJ {P(*)-«r}{P(y)-«r} ’ 

where the summation refers to the values 1, 2, 3 of r ; and the integrals are indefinite. 

(Math. Trip. 1997.) 

14. Let + 

and let (x) be the function defined by the equation 

where the lower limit of the integral is arbitrary. Shew that 

(a) _ ^'(a-l-y) +<>' («) ^'(o-y)+0'(a) (o-l-y) - (a;) 

4> (*+y) - ^ (a) ♦ (» +y) - (a) '** ^(o-y)-^(o) ~ <ft (a+y) - <l> (x) 

<t,'{a-y)-4>'{x) 

<^(«-y)-^(*) ■ 

[Hermite, Proc. Math. Ccngreu (Chicago, 1896), p. lOji. This formula is an 
addition-formula which is satisfied by every elliptic function of order 3.] 
16. Shew that, when the change of variables 

f-f/7. 7'-W 

ts apphed to the equations 


they transform into the similar equations 


2 i) + l+pf 


7'*+7'(l+/>f)+f=0, 

Shew that the result of performing this change of variables three times in succession 
is a return to the original variables 7 ; and hence prove that, if $ and tj be denoted as 
functions of u by B(u) and F(u) respectively, then 

where A is one*third of a period of the functions JS(u) and F(u). 


Shew that 


JP(»)-^-P(w; y*.ys). 

(De Bran, dfimtigi af K, Vet AJkctd., Stockholm^ Liv.) 


where 
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16 . I^ew that 

ty (a\ 

o* (») <r M » W «• (•! +*h) ’ 

.«A ^ _ 6<r (* + a) ir (* - a) IT (» + 0 ) » (* - c) 

^ • 

17. Prove that 


(Math. Trip. 181A) 


18. 


P (* - a) p (* - 6) = jf> (a - 6) (p (* - a) + p (» - 6) - p (a) - f> (6)} 
+p'(o-6){f(*-a)-f(*-h)+f(«)-f(h)} 

+P(«)P(6). 

Shew that 


(Math. Trip. 1885.) 


1 fP'W+P'W P'(t>)+P‘(w) ) 
2\P(»)-P(w) p(e)-p(w)J 

18. Shew that 


- f («i - ») + f (w - 1>) + f (») - f («). 

(Math. Trip. 1810.) 


SO. 


{ («l) +f («*) + f (“») - f (“I +»i + Mj) 

2 {P («i) - P (»«.)HP (««) - P («»)) {P («s) - P (Ml)} 

P' («i) {P («.) - P («»)} + P' («») {P («s) - P («,)} + P' («,) (P («i) - P («»)} ■ 

(Math. Trip. 181A) 

Shew that 


<r (x+y+t) <r (jr -y) «r (y - *) «r (»- *) 


1 1 p(x) p'(») 

* 1 P(y) P'(y) 
1 P(^) P'(*) 


Obtain the addition-theorem for the function {z) from this result. 


21. Shew by induction, or otherwise, that 

1 P(*o) P'(*o)— P<*'‘K*o) _ g(zo+fi ■<-... 4- ncr(»x-v) 

1 P(*.) P'(*.)...P<"-»(*.) . 


1 P(*») P* (*.).. .P<"-‘>(*») 

where the product is taken for pairs of all integral values of X and ft from 0 to n, such 
that X < ft. 

(Frobenius u. Stiokolberger*, Journal fur Math, lxxxiii. (1877), p. 179.) 
22. Express 

•1 fP(x) p{x) 9^{x) 

1 P(y) P»(y) P'(y) 

1 PW P(») P'W 
1 P(«) P*(«) P'(«) 

ae a fraction whoee numerator and denominator are products of Sigma-functions. 

* See also Kiepert, Journal fUr Math. uzn. (1878), pp. 21-88 ; Hermits, Journal pr Math. 
Lxzxn. (1877), p. 846, 
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Dedtioe thikt if 3—P(y)i where then 

e») {(a— «i) (y- <i) 

+(«i-*i) {(a-**) (/3-*,)(y-e*) (»-•,)}* 

+ («i - ^) {(«-«•) 08 - ^) (y -«*){#-«»)}*-(«»-«•) («8 - «i) («! - «i). 

(Math. Trip. 1011 .) 

S3. Shew that 


S4. 


3f(3«)-9f(»). 
Shew that 


P’Hv) 

As-.*' 

(Math. Trip. 1906.) 




and prove that tr (ntt)/{<r («)}"* is a doubl j-periodic function of u. 

26. Prove that 


(Math. Trip. 1912.) 


2a 


(«- 6 )~f(a- 6 )+f (2a-26) 
Shew that, if ri-f;Bs 4 ’ 29+24 » 0 , then 


ir(g"»2a + 6)o»(g~26 + a) 
e*(26 — 2a) cr (f- a) <r (2 - 6 ) ' 

(Math. Trip. 1895.) 


{2f (2 ,)}s«3 {2CM} W 

the eummations being taken for ml, 2 , 3, 4. (Math. Trip. 1897.) 

27. Shew that every elliptic function of order n can be expressed as the quotient of 
two expressions of the form 

oi p (* + 6) + aaP' (« + 6) + . . . + (* + 5), 

where 6 , oj, Oa, ... are constants. (Painlev4, Bulletin d$ la Soc, Math, zxvii.) 

28. Taking ei>«a>^s, P(o»)-ei, P(«')-e», 

consider the values assumed by 

as u passes along the perimeter of the rectangle whose oomers are -»,»,«» + «>', — «+». 

(Math. Trip. 1914.) 

29. Obtain an integral of the equation 

in the form 

where c is defined by the equation 
Also, obtain another integral in the form 

where P(«i)+P (<»»)-*. F («i)+r' («*)“<>, 

and neither ai H-a« nor oj - ot is oongment to a period 


(Math. Trip. 1018.) 
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90. Prove tliat 

V {2* + J (^ + «2 + *8 + «#)} 
is a doubly-periodic function of such that 

9 W ^^9 (^+ «i) U+ »2) +5^ («+®i 

« — 2v {i («a+«8-“*i-"*4)} O' {i(«8+*i-*2— * 4 )} 

(Math. Trip. 1S93.) 

31. If f(z) be a doubly-poriodio function of the third order, with poles at a» 0 |, fsBCg, 
sncs, and if (a) be a doublj-periodic function of the second order with the same periods 
and poles at z^u, its value in the neighbourhood of a»a being 

z— a 

prove that 

ix» {/" (a) -/" 03)} -X {/' («)+/' 0)} *0 («i )+ {/(«) -fm {axxi+s^ (c,) ^ («,)} =. 0 . 

(Math. Trip. 1894.) 

32. If X(a) be an elliptic function with two poles eri, Og, and if ai, as, ... agn be 2n 
constants subject only to the condition 

+as+ ••• +*2»**^ (®i “i" 

shew that the determinant whose tth row is 

1, XW, X2(ai), ... X-(^), X,(a<), X(a<)X,(a*), X*(aOXi(a4), ... X-‘> (a^) Xx (a<) 
[where Xi (a<) denotes the result of writing a< for a in the derivate of X (a)], vanishes 
identically. (Math. Trip. 1893.) 

33. Deduce from example 21 by a limiting process, or otherwise prove, that 

P^(«) rw l = 2!...(«.-l)!}*ir(a«)/{cr(70}"*. 


P<"-»)(a) P<"l(a) ... p<*"^«)(a) 

(Kiepert, Journal filr Maih, Lxxvi.) 

34. Shew that, provided certain conditions of inequality are satisfied, 








o‘(z)a(y) 2«i 

where the summation applies to all positive integer values of m and n, and ^=sexp (frto» 2 /wi). 

(Math. Trip. 1896.) 

35. Assuming the formula 

. — sin : 

prove that 

«ira 


1 -2q®^cos — + 0^** 
* * 

2®i»° (1-?")* ’ 


when a satisfies the inequalities 


•1 


(Math. Trip. 189e.) 
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36. Shew that if Sv be any expreeafon of the form 8««s and if 


then « is a root of the aestic 




2*- 

and obtain all the roota of the aextic. (Trinity, 1698.) 

37. Shew that 


where 

^•**+6 ff »” 3a ( a - 6 )* 

(Dolbnia, Darbotix^ Bulletin (2), xix.) 

38. . Prove that every analytic function /(«) which eatisfies the three-term equation 
2 /(^'+a)/(«-a)/(6+c)/(6-fT)«0, 

a, l», c 

for general values of a, 6, c and is expressible as a finite combination of elementary 
functions, together with a Sigma-function (including a circular function or an algebraic 
function as degenerate cases). 

(Hermito, Fomtime elliptiquee^ i. p. 187.) 

[Put sod thou /(0)«0; put 6-»c, and then /(a — 6)+/(6-a)=sO, so 

that / (a) is an odd function. 


If F{z) is the logarithmic derivate of /(a), the result of difierentiating the relation 
with respect to 6, and then putting 6«c, is 

7(t+6)/(r -6) /(a + 6)/(o (* " - ^(«+6). 

Differentiate with respect to b, and put 6«»0; then 
{/(«)/(«)}’ ■ 

If f (0) were zero, F' {z) would be a constant and, by integration, /(«) would be of the 
form A exp (J?z-|-<7«*), and this is an odd function only in the trivial case when it is zero. 

If /'(O):^ 0, and we write F* -♦(«), it is found that the coefficient of a* in the 
expansion of 

12;^(*+a)/(«-a)/{/(z)}* 


is 6 {♦ (z)}*- (z), and the coefficient of in 12 {/(a)}’ {♦ (a)-* (r)} is a linear function 
of ♦(z). Hence ♦"(«) is a quadratic function of ♦(z); and when we multiply this 
function by 4>' (z) and integrate we find that 


{♦'(z)j2 = 4 {♦(z)}«-»-12^{0 {z)}2-fl2^*(z).t-4C, 

where Ay By Care constants. If the cubic on the right has no repeated factors, then, by 
§ 20'6, ♦ (z)« jp {z^a) + Ay where a id constant, and on integration 

f{z)<«<riz^a) exp ( - JJz* - iTz - Z), 

where K and Z are constants ; since / (z) is an odd function a»£'«0, and 

/(z)-cr(z) exp {-idz^-Z}. 

If the cubic has a repeated factor, the Sigma-function is to be replaced (cf. § 20*222) by 
the sine of a multiple of z, and if the cubic is a perfect cube the Sigma-function is to be 
replaced by a multiple of z.] 
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THE THETA FUNCTIONS 

211 . The definiiwn of a Thetafunetion. 

When it is desired to obtain definite numerical results in problems 
involving Elliptic functions, the calculations are most simply performed 
with the aid of certain auxiliary functions known as ThetOrfunciioM. These 
functions are of considerable intrinsic interest, apart firom their coimexion 
with Elliptic functions, and we shall now give an account of their funda- 
mental properties. 

The Theta-functions were first systematically studied by Jacobi*, who 
obtained their properties by purely algebraical methods; and his analysis 
was so complete that practically all the results contained in this chapter 
(with the exception of the discussion of the problem of inversion in §§21*7 
St seq.) are to be found in his works. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were first employed in the theory of Elliptic and allied fbnctions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Briot and Bouquet. 

[Note. The first function of the Theta>function tjpe to appear in Analysis was the 

OD 

Partition fiinctioni D of Euler, Introductio in Analy^in Infinitorunij i, 

n»l 

(Lausanne, 1748), § 304; by means of the results given in § 81 *3, it is easy to express 
Theta-functions in terms of Partition functions. Euler also obtained properties of products 
of the type 

n (l±a!"), n (lia**), n (l±a**-‘). 

»«! ii«l n*l 

The aasociated serieB 2 2 and 2 m*** had previously occurred iu the 

posthumous work of Jakob Bernoulli, Ars Conjeetwidi (1713), p. 56. 

* Fundamenta Nova Theoriae ^^nctionum EUipticanm (Kdnigsberg, 1829), and Qe$. Werke^ 
L pp. 497-r6B8. 

t The Partition function and associated function! have been studied by Gauss, Conm, 8oe, 
ng, id. OoUingentit rec. i. (1811), pp. 7-12 [Wetke^ n. pp. 16-21] and Werke^ ni. pp. 488-480 and 
Cauchy, Comptea Bendui, x, (1840), pp. 178-181. For a discussion of properties of various functions 
involving what are known as Ba$ie nutiibm (which are closely connected with Partition functions) 
see JaeksOn, Proc, Royal Soc. lxxiv, (1905), pp. 64-72, Proc. London Math, Soc, (1) xxvm. (1897), 
pp. 475-486 and (2)i. (1904), pp. 68-88, n. (1004), pp. 198-220; and Watson, Oamb, Phil, Tram, 
xzi* (1912), pp. 281-299. A. fundamental formula in the tlieory of Basic numbers was given by 
Heine, Xugelfunktionen (Berlin, 1878), i. p. 107. 
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Theta^ftinotioDs also ooctir in Fourier’s La TMorie Analytique de la Okahut (Paris, 
cf. p. 966 of Freeman’s translation (Cambridge, 1878). 

The theoiT' of Theta-fiinotions was developed from the theory of elliptic functions 
by Jacobi in his Fundamenta Nova Tkeoriae FuncHonum Ellipticarum (1899), reprinted 
in his Qob, Worke^ i. pp. 4^239; the notation there employed is explained in § 21^2. 
In his subsequent lectures, he introduced the functions discussed in this chapter ; an 
account of these lectures (1838) is given by Borchardt in Jacobi’s Ova. Werka^ i. pp, 497-638. 
The most important results contained in them seem to have been discovert in 1836, 
of. Kronecker, Sitimgaherkhte dtr Akad. m Berlin (1891), pp. 653-659.] 

Let T be a (constant) complex number whose imaginary part is joosthw ; 
and write q « 0 ”^ so that 1 9 1 < 1 . 

Consider the function 9 ), defined by the series 

a (^, 9 )= i (-)» 9 «V'^^ 

9 ua function of the variable z. 

If A be any positive constant, then, when | 2 r| we have 

|gn*^±iniEj^|y 

n being a positive integer. 

Now d’Alembert’s ratio (§ 2 * 86 ) for the series 2 1 9 is 1 9 

»»— 00 

which tends to zero as n 00 . The series for ^ (-s, 9 ) is therefore a series of 
analytic functions, uniformly convergent (§ 3’34) in any bounded domain of 
values of z, and so it is an integral function (§§ 5*3, 6*64). 

It is evident that 

^ g) =s 1 -f 2 2 (— )^ 9 ’’* cos 2nz, 


and that 

&(* + ir, = S); 

further 

a (« + ITT, ?) * i 

H- “00 


00 

•=-00 

and so 

^ (z + WT, 9 ) - - ^ {z, q). 


In consequence of these results, ^ {z, q) is called a quasi douhly-periodic 
fuTiction of z. The effect of increasing ^ by tt or ttt is the same as the effect 
of multiplying & {z, 9 ) by 1 or — and accordingly 1 and — are 

called the muMpUers or periodicity factors associated with the periods ir and 
TTT respectively. 

21*11. The fmr types of Thetaf unctions. 

It is customary to write ^^4 (z, 9 ) in place of (jsr, 9 ) ; the other three 
types of Theta-functions are then defined as follows : 
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The fiinotiion 5 ) is defined by the equation 

3 ) “ ^4 5 w, » 1 + 2 2 g*** cos 2 «^. 

Next, g) is defined in terms of ^ 4 (x, g) by the equation 

--t i (-)«g{'» + 4)%(*n + l)i*, 

»»» — « 

and hence* a, (z, g) = 2 2 (-)*g<“+4)’sin ( 2 n + 1 ) z. 

n«0 

I^tly. (*, g) is defined by the equation 

(«. 3 ) = ^» (•*^ + s V. 3 ) = 2 2 g(’*+*)* cos ( 2 » + 1 ) z. 

Writing down the series at length, we have 

ari(^, 3 ) = 29 isin^- 2 ^^ sin 3^ + 25 ^*^ sin - . . . , 

q) — 2g^coQZ cosSz-^- 2 y^cos 
^3 (^1 g) « 1 + 29 cos 2z H- 2 g^ cos 4tz + 2 g» cos 6 ^ + , 

^4 (^1 g) * 1 ~ 2g cos 2z + 2q*^ cos 4iZ - 2 g® cos 6 ^ + ... . 

It is obvious that (z, q) is an odd function of z and that the other 
Theta<functions are even functions of z. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk j the only difference 
between it and Jacobis notation is that ^^{Zj g) is written where Jacobi 
would have written ^ (z, g). There are, unfortunately, several notations in 
use ; a scheme, giving the connexions between them, will be found in § 21 * 9 . 

For brevity, the parameter g will usually not be specified, so that (z ), ... 
will be written for (r, g), .... When it is desired to exhibit the dependence 

of a Theta-function on the parameter t, it will be written ft {z | t). Also 

ft«(0), fts(O), ft 4 ( 0 ) will be replaced by ft*, fta, ft 4 respectively; and ft/ will 
denote the result of making z equal to zero in the derivate of ftj {z). 

Example 1. Shew that 

g)--J3(23, + y*), 

54(^, g)^Szi2z, g*)-52(2z, q*). 

Example 2. Obtain the results 

5i («) » — (2 + (3 4* iir + Awt) : 3 s — (-3 + J wr), 

3* {z) = {z 4 . ^*rr) ■■ (« 4* 4- \nr) »= 3i (3 4-i»r), 

34(3 4 -^ir)«B Jl/3| (34-^7r 4~^frr)B (34’i'wr), 

*^4 («)“ -tifJi (34-iwr)« iMSi(z+jpr^iirr)^B 38(«4-iir), 
where Mmzqi 

* Throughout the chapter, the many-valued function is to be interpreted to mean 
exp (Xrir). 
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Enample 3. Show that the moltipliera of the Theta-funotiiMia aeaooiated with the 
periodB irr are given bj the scheme 



3i(*) 

^i(») 

3,(*) 


fT 


- 1 

1 

1 

wr 

-iir 

£ 

jV 



where 

£xample 4 . If S (z) be any one of the four Theta-functions and S' (z) its derivate with 
respect to 6 , shew that 

S'jz^ir) S'(z) 5 ..^) 

5(*+wr) ^ ^S(z)‘ 


21*12. The zeros of the Theta-functions. 

From the quasi-periodic properties of the Theta-functions it is obvious 
that if ^ {z) be any one of them, and if be any zero of & (s), then 

-f mir -h WTTT 


is also a zero of ^ (z), for all integral values of m and n. 


It will now be shewn that if (7 be a cell with comers t, ^ + tt, t -I- ir + ttt, 
t + TTT, then ^ (z) has one and only one zero inside (7. 

Since ^ (z) is analytic throughout the finite part of the z-plane, it follows, 
from § 6*31, that the number of its zeros inside (7 is 


27nJc^i^) 


dz. 


Treating the contour after the manner of § 2012, we see that 


Lf 

27r%Jc ^ W 


dz 


1 

27ri 


1 

2in 


Jt l^(^) 
/•<+» 

I 2idz, 


, i_ [ y(^) 

^( 4 : + ttt)) 2TriJt 


y (z H- ^) ) 

w)J 


dz 


by § 21*11, example 4. Therefore 

1 f yw , , 

that is to say, d (ir) has one simple zero only inside C ; this is the theorem 
stated. 


W.M. A. 


30 
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Since one eero of %i(s) is obviously s^^O, it follows that the ieros of 
%(gX ^ 9 (^), ^i(^) are the points congruent respectively to 0, 

Itr-l-jWT, i-irr. The reader will observe that these four points form the 
comers of a parallelogram described counter-clockwise. 

21 * 2 . The relations between the squares of the Theta-functiom, 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable z, this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic ; there 
are, however, extremely simple relations connecting any three of the Theta- 
functions ; these relations will now be obtained. 

Each of tJbie four functions %^(z), is analytic for all 

values of z and has periodicity factors 1, q'^e~^^ associated with the periods 
w, WT ; and each has a double zero (and no other zeros) in any cell. 

From these considerations it is obvious that, if a, 6, a' and V are suitably 
chosen constants, each of the functions 

aV (z) H- 6^4* (z) a' V (z) + {z) 

VW ’ V(^) 

is a douMy-periodio function (with periods ir, ttt) having at most only a 
simple pole in each cell. By § 20*13, such a function is merely a constant; 
and obviously we can adjust a, b, a\ 6' so as to make the constants, in each 
of the cases under consideration, equal to unity. 

There exist, therefore, relations of the form 

V (z) = aV W + ft V {z), V (z) = a V {z) -h ft' V (4 
To determine a, ft, a\ b\ give z the special values ^ ttt and 0 ; since 

we have — a^ 4 *, — 

Cionsequently, we have obtained the relations 

V (z) V « V iz) V - V (z) V, (z) V = ^4* (X) V - V (z) V. 

If we write x 4* ^ w for x, we get the additional relations 

V (z) V « V (z) V - V (z) V, V {z) V » V (z) V - V (z) V. 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions. 


* The Analogous lolation for the functions sins and ooss is, of course, (Binr)*' + (ooBSps:l* 
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CoroUarif, Writing z* 


>0 in the last relation, we have 


that ie to say 


21*21. The (iddiHon-formulae far the Thetaf unctions. 

The results just obtained are particular cases of formulae containing two 
variables; these formulae are not addition-theorems in the strict sense, as 
they do not express Theta- functions of a + y algebraically in terms of Theta- 
functions of z and y, but all involve Theta-functions of x — y as well as of 
z-¥y,z and y. 


To obtain one of these formulae, consider {z + y) Sr, {jg — y) qua function 
of z. The periodicity factors of this function associated with the periods ir 
and ITT are 1 and q~~^ . q-i -s 

But the function (-*’) + i^) has the same periodicity factors, and 

we can obviously choose the ratio a:b bo that the doubly-periodic function 

(z) + b'^i^ (z) 

^B(^^ + y)^.(^-y) 

has no poles at the zeros 0/* (x — y) ; it then has, at most, a single simple 
pole in any cell, namely the zero of + y) in that cell, and consequently 
(§ 20*13) it is a constant, i.e. independent of z ; and, as only the ratio a : fc is 
so far fixed, we may choose a and b so that the constant is unity. 

We then have to determine a and b from the identity in x, 

+ ft V (^) s%(z^ y) (z - y). 

To do this, put z in turn equal to 0 and 5 ’»’ + ? wt, and we get 
oV- V(y), + + (gir + iirr 

««dBo a=V(y)/a.*. 6 = V(y)/^.’. 

We have therefore obtained an addition-formula, namely 

+ y) (z - y ) V « V (y) V (^) + (y) (4 

The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 

21 * 22 . Jaeobi^z fundamental formulae*. 

The addition-formulae just obtained are particular cases of a set of identities first given 
by Jacobi, who obtained them by purely algebraical methods; each identity involves as 
many as four independent variables, v, y, s. 

Let w", w\ y\ d be defined in terms of w, x, y, z by the set of equations 

2^ - w-x+y+s, 

2y » «,4.4:-y+s, 

%z* w+x4-y~s. 

♦ Gn. Werke, u p, SOS. 


SO— 2 
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The reader mStl eauly verify that the connexion between y, i and / is a 

reciprooal 

For brevity t, write [r] for Sr (ts) Sr («) (y) (*) and H (^) i^) i/) («')• 

Con^der [3}» [I J, [2J, [3J, [4J qua fiinctions of z. The effect of increasing s by w or «rr 
is to transform the functions in the first row of the following table into those in the second 
or third row respectively. 







[4T 

(t) 



-W 

[41 

PT 

(»r) 

1 

jr[3] 

-iir[4j 


^[21 



For brevity, y has been written in place of 

Hence both -‘[iJ-i‘[2j-|>[3j4-[4]' and [3] have periodicity factors 1 and iT, and so 
their quotient is a doubly -periodic function with, at most, a single simple pole in any cell, 
namely the zero of 5s (z) in that cell. 

By § 20*13, this quotient is merely a constant* i.e. independent of z; and considerations 
of symmetry shew that it is also independent of w, x and y. 

We have thus obtained the result 

A[3]--[l7+[2j+[3T+[4r, 

where A is independent of w, j?, y, z; to determine A put and we get 

and so, by § 21*2 corollary, we see that da 2. 

Therefore 2 [3]— -[l]'-h[2j + [3]'+[4]' (i). 

This is one of Jacobi’s formulae ; to obtain another, increase tr, .r, y, z (and therefore 
also uty y, y\ /) by ^ ; and we get 

2[4]-[lI-[2]'+[3j + [4j (ii). 

Increasing all the variables in (i) and (ii) by we obtain the further results 

2[2]-[lI + [2j-l-[3y-[4]' (hi), 

2[l]=m' + [2l-[3y + [4j (iv). 

[Not®. There are 256 expressions of the form 5p (w) 5, (a?) Sr (y) -9# (z) which can be 
obtained from ^s (w) ^s {x) S^ (y) Ss (z) by increasing w, jp, y, z by suitable half-periods, but 
only those in which the suffixes p, r, z are either equal in pairs or all different give rise 
to formulae not containing quarter-periods on the right-hand side.] 

Example 1. Shew that 

[l]+[2]-[ir+[2]', t2]+|3]-[2J+[3]', [ll+W-W+W, [3]+f4]-[8]'+[4r, 
[l]+[3]-t2]'+[4]', [21+w-Eiy+pT. 

* In Jacobi’s work the signs of w, x\ y\ %' are changed throughout so that the complete 
symmetry of the relations is destro^red ; the symmetrical forme just given are due to H. J. S. Smith, 
jpfoc. London Math, Soe, i. (May 21, 1866, pp. 1-12). 

t The idea of this abridged notation is to be traced in H. J. S. Smith’s memoir. It seems, 
however, not to have been used before Kroneoker, Journal fUr Math. cti. (1887), pp. 200-272. 















THJE THETA FUNCTIONS 


m 


21 “ 8 ] 

SmmpU 2. By writing for w, » (and oonaequ^ntly 

for y't /)> shew that 

[3344] + [ 221 1 ]- [4433 J + [ 1 122 J, 
where [3344] moana (w) ^ (a*) ^4 (y) ^4 (^), etc. 

Bjeample 3. Shew that 

2 [1234] - [3412y +[2143y - [1 234y + [4321 J. 

Example 4. Shew that 

21 * 8 . Jacobies expressions for the ThetafuncUuns as infinite products*. 
We shall now establish the result 

n (I — 23 ***"* cos 

«*al 

(where O is independent of and three similar formalae. 

Let /(s)- n n 

ii»l n«l 

each of the two products converges absolutely and uniformly in any bounded 
domain of values of z, by § 3*341, on account of the absolute convergence of 

QB 

2 hence f{z) is analytic throughout the finite part of the plane, 

nm\ 

and so it is an integral function. 

The zeros of f{z) are simple zeros at the points where 

(n = 2, - 1. 0, 1, 2, ...) 

i.e. where 2iz * (2n + 1) irir -f- 2min ; so that f{z) and ^4 {z) have the same 
zeros; consequently the quotient ^^{z)lf{z) has neither zeros nor poles in 
the finite part of the plane. 

Now, obviously + tt) =/(z) ; 
and /(r+ ttt) = n (1 - fl (1 - q^e^^) 

That is to say f{z) aiid ^ 4 (r) have the same periodicity factors (§ 21*11 
example 3). Therefore %{s)lf(s) is a doubly-periodic function with no 
zeros or poles, and so (§ 20*12) it is a constant G, say ; consequently 

^4 (x) « G n (1 - cos 2z + 

[It will appear in § 21*42 that G «= 11 (1 - 5 *").] 

Write if 4- ^TT for X in this result, and we get 

1 ^, (^) « G n (1 H- 23 **-^ cos 2 i -h?***-*). 

n=l 

* Cf. Fandamenta Navat p. 145. 
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Also («) sx — tgl e* ^4 + i irr^ 


= - «<* O' fr (1 - 9** e^) 11 (1 - 9*»-* 

nsl hbI 

= 2(79* sin z n (1 - 9 **e»*») n (1 - 9 “e-^), 

««1 n*6l 

and so {z) * 20q^ sin z n (1 — 2^ cos 2z + q*^) 

n»l 

while (^) = + i IT ^ 

■X 2G9* cos ^ n (1 + 29*" cos 2z + 9*“). 

n«l 

Example, Shew that* 

l^n (i-j*»->)|*+ie9| n^(i+9*»)|*- 1 n^(i+s'*"~*)|’. 

(Jacobi.) 


21*4. Tke differential equation satisfied by the Theta-functions. 

We majr regard (-2 ^ ! t) as a function of two independent variables z 
and t; and it is permissible to differentiate the series for S8 (^|t) any 
number of times with regard to z or t, on account of the uniformity of 
convergence of the resulting series (§ 4«*7 corollary) ; in particular 

_ 4 £ 21* exp (n^irir 4- 2niz) 

OZ na-’OD 

4 0^3(ir|T) 

Tri 3 t 


Consequently, the function {z | t) satisfies the paHial differential equatim 

The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 


21*41. A relation between Theta-functions of zero argument 
The remarkable result that 

V (0) = ^3(0)&,(0)a4(0) 

will now be established f. It is first necessary to obtain some formulae for 
differential coefficients of all the Theta-functions. 

* Jacobi desoribes this resaU {Fund, Nova, p. 90) as *aequatio identica satis abstrusa.* 
t Several proofs of this important proposition have been given, but none are simple. 
Jacobi's original proof {Oea. Werke, i. pp. 616-517), though somewhat more difficult than the 
proof given here, is well worth study. For a different method of proof of the preliminary formula 
given in the text, see p. 490, example 21. 
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Since the resulting series converge uniformly, except near the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta- functions, obtainable from § 21*8, as many times as we 
please. 

Denoting differentiations with regard to z by primes, we thus get 

(*) - (^) i— ~ J, ’ 

[,?i 1 + 9“-' (?•* *?i 1 + 9“-* er^j 

^ L-i (1 + 9"“‘ e*^)* ^ *-i (1+9^* «-*)•] ■ 

Making z 0, we get 

V (0) - 0, w (0) = - 8^. (0) i . 

In like manner, 


V(0) = 0, V(0) = 8a.(0) 2 




:i(i -9"*~‘)’' 

V (0) = 0, V' (0) = (0) [-1-8 = 

and, if we write ’i, (z) » sin z . ^ (z), we get 

^'(0) = 0. f'(0,) = 8<^(0) 

If, however, we differentiate the equation (e) =* sin z.<l> (z) three times, 
we get 

(0) = 4 , ( 0 ), (0) - 8 <f>" (0) - ^ (0), 


Therefore 


V'(0) 


24 2 




and 


V(0) «r,(l- 9 *")’ 


- 1 ; 


V(0) V(0) V(0) 

a,(0) ^.(0) 


8 


[-2—^ 


^ 


— + 2 

-i\a ^ 


gfftr-: 


h] 


9“)* -1 (1 + •-! (1 - 9 *"" 

ftf- 2 ^ 1 I g" I 9 *** 1 

L »-i(l + 9 *)* »-i(l- 9 ")* »-i(l- 9 “)*J' 

on combining the first two series and writing the third as the difference of 
two' series. If we add corresponding terms of the first two series in the last 
line, we get at once 

, ^ V(0) . v(o)^ vio)_24 I r .1 ^v'(O) 
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Utilising the differential equations of § 21'4, this may be written 

1 d»/(0|T) 

(0 1 t) dr 

1 d&.(0|T) 1 (ia.(0|T). 1 <»4(0|t) 

^,(0|t) dr &,(0|t) dr &«(0|t) dr ' 
Integrating with regard to t, we get 

a,' (0. q) - Cft, (0, q) (0, q) ^ (0. q), 

where C is a constant (independent of q). To determine C, make q-*0‘, since 

lim 9 "*V = 2, limg"*a, = 2, lim^, = l, lim9r^ = l, 

^-►0 

we see that C » 1 ; and so 
which is the result stated. 


21 * 42 . The value of the constant G, 

From the result just obtained, we can at once deduce the value of the 
constant 0 which was introduced in § 21*3. 

For, by the formulae of that section, 


a/ = ^ (0) = 2qi Qn(l- = 2o* (? fl (1 + o")*, 

n«l n»l 

= G n (1 + “ G n (1 - 

and so, by § 21’41, we have 


n (1 - ?“)• = (?• n (1 + 9>»)» n (1 + n (i - 

n-l n*l w-1 n»l 

Now all the products converge absolutely, since t?|<l, and so the 
following rearrangements are permissible : 


n»*l 


n (i + g“->) n (i+o*")l 

n-l » = 1 } 


= n (1 - 9“) II (1 4 g") 

«=>1 ns=l 


= n(i-gn 

the firat step following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2n. 

Hence the equation determining O is 

and so 6 = ± n (1 — q^). 

»=i 
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To determine tho ambiguity in sign, we observe that & is an analytic 
function of q (and consequently one-valued) throughout the domain | ^ | < 1 ; 
and from the product for we see that G-+1 as q-*0. Hence the 

plus sign must always be taken ; and so we have establish^ the result 

= n (1 — jf”*). 

n«l 

ExampU 1. Shew that 
Example 2. Shew that 

n»l 

Example 3. Shew that 

1+2 i n {(l-(?»*‘)(l+^>*‘-*)*}. 


21 ‘ 43 . Connexion of the Sigma-^function with tfie Tketa-^fanctione. 

It has been seen (§ 20*421 example 3) that the function <r (x | a>x, ot*), formed with 
the periods £< 03 , is expressible in the form 

T (*)=^‘ exp (g!) sin (^) ((] cos (1 -y**)-*} . 

where (ttuoj/wj). 

If we compare this result with the product of § 21*4 for 3i (z | t ), wo see at once that 

"(*)“ v«xp (i£*) • -?*")-’•»> (g 1 2) • 

To exiiress 171 in terms of Theta-functions, take logarithms and difierentiate twice, 
so that 

- f w-Ji - (5;)’““^ (g) + (g)' [to - 

where vB^z/a>x and the function <f> is that defined in § 21*41, 

Expanding in ascending powers of z and equating the terms independent of z in this 
result, we get 

o..». I f^y , / ’ryrco) 

«, sVw \W <^(0)’ 


and so 


-jrL 

12®, a,' • 


Consequently o' (7 | o»i, o»a) can be expressed in terms of Theta-functions by the 
fomiula 


where v — |fr3/<k»i. 

Example, Prove that 


“P (■ w) I S) • 


/irWi"' j^\ 
Vl2«i*3j' ^ 2€4j/ ■ 


21‘6. The ewpreseion of elliptic functions hy means of Theta-functions. 

It has just been seen that Theta-functions are substantially equivalent 
to Sigma-fonctions, and so, corresponding to the formulae of ^ 20’6-20‘5.S, 
there will exist expressions for elliptic functions in terms qf Theta-functions. 
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From the theoretioal point of view, the formulae of §§ 20*5-20*58 are the 
more important on account of their symmetry in the periods, but in practice 
the Theta-function formulae have two advantages, (i) that Theta-functions 
are more readily computed than Sigma-functions, (ii) that the Theta- 
functions have a specially simple behaviour with respect to the real period, 
which is generally the significant period in applications of elliptic functions 
in Applied Mathematics. 

Let /(^) be an elliptic function with periods 2ci>j, 2<us; let a fundamental 
set of zeros (oti, a*, ... «n) and poles ()8i, ... ^n) be chosen, so that 


2 (flfr-/8r) = 0, 
r^l 

as in § 20*o3. 

Then, by the methods of § 20*53, the reader will at once verify that 
where A, is a constant ; and if 

be the principal part of f{z) at its pole /Sr, then, by the methods of § 20‘o2, 

/(.)=^.+ i ( f is)), 

r-1 t««i (m-l)l dz”^ ^ \ WiJ) 

where A, is a constant. 

This formula is important in connexion with the integration of elliptic 
functions. An example of an application of the formula to a dynamical 
problem will be found in § 22*741. 

Example, Shew that 

VW V d S'(z) SaV 

and deduce that 

y. vw -s,'» 12*" 7 V 


21 * 51 . Jdcohis imaginary trcufisformation. 

If an elliptic function be constructed with periods 2a)i, 2ci>a, such that 

I > 0, 

it might be convenient to regard the periods as being 2a)s, — 26>, ; for these 
numbers are periods and, if I (o)t/a>i) > 0, then also I (— coi/eag) > 0, In the 
case of the elliptic functions which have been considered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
by this point of view. But in the case of the Theta-functions, which are 
only quasi-periodic, the behaviour of the function with respect to the real 
period ir is quite different from its behaviour with respect to the complex 
period ITT. Consequently, in view of the result of § 21*43, we may expect to 
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obtain transformations of Theta-functions in which the period-ratios of the 
two Theta-functions involved are respectively t and — 1 /t. 

The transformations of the four Theta-ftinctions were first obtained by 
Jacobi*, who obtained them from the theory of elliptic functions ; but Poisson f 
had previously obtained a formula identical with one of the transformations 
and the other three transformations can be obtained from this one by ele- 
mentary algebra. A direct proof of the tmnsformations is due to Landsberg, 
who used the methods of contour integration^. The investigation of Jacobi’s 
formulae, which we shall now give, is based on Liouville’s theorem ; the precise 
formula which we shall establish is 

where (~ tV)' ^ is to be interpreted by the convention | arg(- iV) i < g w. 

For brevity, we shall write - 1 /t = t , q - exp {irW), 

The only zeros of &3 (^|t) and ^3(^2^ are simple zeros aL the points 
at which 

z « TMT 4- TiTTr + iTT -f + n'TTT -f i7r + gTTT 

respectively, where m, n, m\ n take all integer values; taking * 1, 

n' s= m, we see that the quotient 

is an integral function with no zeros. 

Also y^(z~h Trr) -f- ^ (i-) * exp ^ -r « 1, 

while ’^(z-7r)’irylr(z) = exp ( — X « 1. 

Consequently ^|r (z) is a doubly-periodic function with no zeros or poles ; 
and so (§ 2012) ylr(z) must be a constant, A (independent of z). 

Thua I r) =» exp (irV/w) (zr' | t) ; 

and writing ^ w, ^ 4- ? ttt, 2: + ? w + 1 wr in turn for z, we easily get 

I t) * exp % (zr' | r'), 

(zIt)= exp (it^z^tt) ^4 (zt | t'), 

(<r I t) *= — t exp {{t^z^Itt) 5^, {zr' | t'). 

* Journal fiir Math, in. (1828), pp. 403-404 [6hf#. Worke, i. (1881), pp. 264-266]. 
t M€m, de VAcad, det Sci, vi. (1827), p. 592; the special case of the formula in which «at0 
had been given earlier by Poisson, Journal de vAeok polyteehnique, xii. (oahier xix), (1828), 
p. 420. 

t This method is indicated in example 17 of Chapter vr, p. 124. See Landsberg, Journal f&r 
Math. ou. (1898), pp. 284-258. 
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We still have to prove that 4 to do so, differentiate the last 

equation and then put s » 0 ; we get 

ilV(0lT)*-tT'V(0|T). 

But ( 0 1 t) « (0 1 t) ft, (0 1 t) (0 1 r) 

and V (0 1 t') = (0 1 /) (0 1 t') (0 1 t') ; 

on dividing these results and substituting, we at once get A“^ « — ir^ and so 

-4 ■» ± (— fT)i. 

To determine the ambiguity in sign, we observe that 

both the Theta-functions being analytic functions of r when / (r) > 0 ; 
thus A is analytic and one-valued in the upper half r-plane. Since the 
Theta-functions are both positive when t is a pure imaginary, the pltis sign 
must then be taken. Hence, by the theory of analytic continuation, we 
always have 

^ = + (-»V)i; 

this gives the transformation stated. 

It has thus been shewn that 

00 1 00 

flSs-OD V(“ n« -00 

EicampU 1. Shew that 

^4(O|r) _ 32(O|r0 
53(0|r) SsiOIr) 

when rr'a* — 1. 

Example 2. Shew that 

J>,(0|r + l)_jw«*(0|r) 

5j(o|t+i) SaoR’ 

Example 3. Shew that 



and shew that the plus sign should be taken. 

21*52. La/iiden's type of transformation, 

A transformation of elliptic integrals (§ 22*7), which is of historical 
interest, is due to Landen (§ 22*42); this transformation follows at once 
from a transformation connecting Theta-functions with parameters t and 2t, 
namely 

^3(^|T)^,U|T)_^,(0|T)a,(0iT) 

&,(2^|2t) ^4(0|2t) ^ 

which we shall now prove. 

The zeros of (^ | t) | t) are simple zeros at the points where 
jgrsa fw -f TTT and where ^ « wtt + ~ Wt, where m and n 
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take all integial values ; these are the points where 2 ^ » mw + + j j w . 2t, 

which are the zeros of (2z | 2t). Hence the quotient 

^,(zlT)^4(^|r) 

X{2s\2r) 

has no zeros or poles. Moreover, associated with the periods tt and Trr, it 
has multipliers 1 and « 1 ; it is therefore 

a doubly-periodic function, and is consequently (§ 20 * 12 ) a constant. The 
value of this constant may be obtained by putting z^O and we then have 
the result stated. 

If we write z+^Trr for z^ we get a corresponding result for the other 
Theta-functions, namely 

^,( 2 z| 2 r) ^ 4 ( 0 | 2 t) ’ 

21*6. The differential equations satisfied by quotients of Theta-functions, 
From § 21*11 example 3, it is obvious that the function 

%(z)^%{z) 

has periodicity factors - 1 , + 1 associated with the periods tt, ttt respectively; 
and consequently its derivative 

has the same periodicity factors. 

But it is easy to verify that (i?) % (z)/V (^) has periodicity factors - 1 , 
+ 1 ; and consequently, if 0 (z) be defined as the quotient 
(z) ^4 (Z) - V (z) % (z)} ^ \% (z) (z)), 

then ff> (z) is doubly-periodic with periods n and ttt ; and the only possible 
poles of <l> (z) are simple poles at points congruent to i tt and ^ ^ ^ 

Now consider 4i(z + ^ wr ^ ; from the relations of § 21 - 11 , namely 
+ i irrj - iq ’ (e), a. ^ ur) « ty “ *e " (#), 

^. (^ + 5 - q-ie-^% (4 J «-r) = 

we easily see that 

^ J WT^ =* j— ^ 4 ^(z) (z) + (z) S 4 (z)} -i" {^3 (z) ^3 (z)). 

Hence 0 (z) is doubly-periodic with peiiods w and * ttt ; and, relative to 
these periods, the only possible poles of ^{z) are simple poles at points 
congruent to ^ tt. 
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Therefore (|20-12), ^(«) is a constant; and making s-^O, ire see that 
the value of this constant is ■= ^4* 

We have Uierefore established the important result that 

dz |a4 (s)j * ^4 (s) * &4 (s) ’ 

writing { = (s)/di (z) and making use of the results of § 21 '2, we see that 

IS j “ ~ f 

This differential equation possesses the solution (s)A4 (s). It is not 
diiScult to see that the general solution is ± (rr + a)l^t {z + a) where a 
is the constant of integfration ; since this quotient changes sign when a is 
increased by w, the negative sign may be suppressed without affecting the 
generality of the solutioiL 
Example 1. Shew that 

fL W ) e* __ a 2 ^ (^) ^8 (^) 

<&\54(*J/ •S4(*)S4(*}‘ 

Example 2. Shew that 

«fal54(r)f 54(*)«4(*)‘ 

21*61. The gmesia of the Jacobian Elliptic function* snu. 

The differential equation 

which was obtained in § 21*6, may be brought to a canonical form by a slight 
change of variable. 

Writef f ^ 8/^2 “ y, ^8* = u ; 

then, if be written in place of the equation determining y in terms 

of u is 

This differential equation has the particular, solution 

__ ^8 ^1 

The function of u on the right has multipliers - 1, + 1 associated with 
the periods it is therefore a doubly^periodic function with 

periods In any cell, it has two simple poles at the points 

congruent to and + iwrV; and, on account of the nature of the 

quasi-periodicity of y, the residues at these points are equal and opposite in 
sign ; the zeros of the function are the points congruent to 0 and 

* Jaoobi and other early writen used the notation fin am in plaoe of en. 
t Notice, from the formulae of § SI'S, that ^^0, when 1 9 1 < 1, except when in 
which oaee the Theta-fonctione degenerate; the eahetitntione are therefore legitimate. 
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It is customary to regard y as depending on h rather than on q ; and to 
exhibit y as a function of % and ky we write 

y =» an (a, h\ 

or simply y«8na. 

It is now evident that an (t/, A;) is an elliptic function of the second 
of the types described in § 20*13 ; when (so that it is easy to see 

that Bn(a, A;)-^siD t/. 

The constant k is called the modulits ; if A?'* = ^4/^1, so that A^ + A?'*«l, 
k' is called the complementary modvlua. The quasi-periods are 

usually written 2 iT, 2,iK\ so that sn (a, k) has periods AtK, 2iK\ 

From § 21*51, we see that 2if' = 1 r ), so that K* is the same 
function of t as ^ is of t, when tt' « — 1. 

Example 1. Shew that 

*^4(1) "'• a4(*)54(*)’ 

and deduce that, if 

^4 W 

Example 2. Shew that 

55i4(*) ^M4(*)i4W’ 

aod deduoe that, if 7r^\t ““<1 then 

Example 3. Obtain the following reeulta : 

(^*-9»=2?* (1 +S*+?*+?“+y*'+ ...), 

-a,-i+29+2j*+aj*+ -. 

- 2?+ V+V- - , 

[These results are convenient for calculating Ar, when is given.] 

21*62. Jacobi* s earlier notation*. The Theta-function B(u) and the 
Eta-fanction H (u). 

The presence of the betors in the expression for sn (u, k) renders it 
sometimes desirable to use the notation which Jacobi employed in the 
Fundementa Nova, and subsequently discarded. The function which is of 
primary importance with this notation is 9(u), defined by the equation 

e(w)-^4(«^,-*lT), 

so that the periods associated with 0 (u) are 2ir and 2t jT'. 

* This is tbs notatioii employed tbrooghoat the Fundamenta Nwa, 
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ThS fiuuition 0 (u + then replaces (z) ; and in place of (i^) we 
have the function H (u) defined by the equation 

H(u)~-iq e (« + iK') = a, I t), 

and (z) is replaced by H (u + IC). 

The reader will have no difficulty in translating the anal}rBis of this 
chapter into Jacobi's earlier notation. 

ExampU 1. If \ shew that the singularities of are simple poles 

at the points oongruent to iK* (mod 2ir, 2%K ‘) ; and the residue at each singularity is 1. 

ExanvpU 2. Shew that 

H' (0)«iir H {K) e (0) e {K). 

21*7. The problem of Inversion, 

Up to the present, the Jacobian elliptic function sn {u, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus k ; and it has been shewn that it satisfies the differential equation 

“ (1 - 80’ “) (1 - ^ sn’ u), 

where A* « (0, q)/%* (0, q). 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

in which the modulm k is given, and we have no a priori knowledge of the 
value of q\ and, to prove the existence of an analytic function 8n(a, k) 
which satisfies this equation, we have to shew that a number r exists* such 
that 

**=:V(0|t)/V(0|t). 

When this number r has been shewn to exist, the function sn {u, k) can 
be constructed as a quotient of Theta-functions, satisfying the differential 
equation and possessing the properties of being doubly-periodio and analytic 
except at simple poles ; and also 

lim sn (ti, k)lu « 1. 

That is to say, we can invert the integral 

^ p 

“'“A (l-<*)*(l-/fcV)*' 

SO as to obtain the equation y » an (u, k), 

* The existence of a number r, for which / (r) > 0, involves the existence of a number q such 
that l^ld. An alternative procedure would be to discuss the differential equation directly, 
after the manner of Chapter z. 
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The difficulty, of course, arises in shewing that the equation 
c«V{0|t)/V(01t), 

(where c has been written for A;*), has a solution. 

When* 0<c<l, it is easy to shew that a solution exists. From the 
identity given in §21*2 corollary, it is evident that it is sufficient to prove 
the existence of a solution of the equation 

1~c-V(0|t)/V(0|t), 

which may be written 1 - Tl f . 

n-l \1 + 

Now, as q increases from 0 to 1, the product on the right is continuous 
and steadily decreases fk>m 1 to 0 ; and so (§ 3*63) it passes through the 
value 1 — c once and only once. Consequently a solution of the equation 
in T exists and the problem of inversion may be regarded as solved. 


21*71. Tha problem of inversion for complex values of e. The modular functions 
/W, ^f(T), A(t). 

The problem of inversion may be regarded as a problem of Iniegitd Calculus, and it 
may be proved, by somewhat lengthy algebraical investigations involving a discussion of 

the behaviour of j (1 - <*) “1(1- when y lies on a ^Riemann surface,’ that the 

problem of inversion possesses a solution. For an exhaustive discussion of this aspect of 
the problem, the reader is referred to Hancock, Elliptic Fundvone^ i. (New Fork, 1910). 

It is, however, more in acoordanoe with the spirit of this work to prove by Cauchy’s 
method (§ 6*31) that the equation CMi3,'^(0|r)/3s^(0|r) has one root lying in a certain 
domain of the r-plane and that (subject to certain limitations) this root is an analytic 
function of c, when c is regarded as variable. It has been seen that the existence of this 
root yields the solution of the inversion problem, so that the existence of the Jacobian 
elliptic function with given modulus k will have been demonstrated. 

The method just indicated has the advantage of exhibiting the potentialities of what 
are known as modular functions. The general theory of these functions (which are of 
great importance in connexion with the Theories of Transformation of Elliptic Functions) 
has been considered in a treatise by Klein and Fricket. 


Let 


f(T)^l6e^r n 




5,‘(0 t) 
'V{0 r)’ 




A«- -f{T)l9(T). 

Then, if - 1, the functions just introduced possess the following properties : 
/(r+2)-/(r), y(r+2)-y(r), /(r)+y(r)-l, 

/(r + l)«A (r). /(r’)-y(r). y (0«/(r), 

by §§ 21*2 corollary, 21*51 example 1. 


* This is the ease which is of practical importanoe. 

t F. Klein, Vorlesungen Uber die Thsorie der eUipiiieheH Modu^unktionen (aosgearbeitet and 
vervoUstiindigt von B. Fricke). (Leipsig, 1390.) 

W. H. A. 


31 
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It is easy to seo that as /(r).»-+«o, the Amotions iV 8 ”**‘/(T)-/i(r) andy (r) tend to 
unity, unifonoly with reapeot to R (r), when - 1 < (rX 1 ; and the derivatee of these two 
fiiDotions (with regard to r) tend uniformly to sero* in the same circumstanoes. 

21*711. principal toluiion off(r) — c» 0 . 

It has been seen in § 6*31 that, if /(r) is analytic inside and on any contour, 2fri times 
the number of roots of the equation / (r) - c =0 inside the contour is equal to 



taken round the contour in question. 

Take the contour ABCDEFE'D^C'ffA shewn in the figure, it being supposed 
temporarily f that/(r}'-c has no zero actually on the contour. 



-1 0 


The contour is constructed in the following manner : 

FE is drawn parallel to the real axis, at a large distance from it. 

AB is the inverse of FE with respect to the circle | r [ •» 1 . 

BC is the inverse of ED with respect to ( r |*= 1, D being chosen so that Dl^AO, 

By elementary geometry, it follows that, since C and D are inverse points and 1 is its 
own inverse, the circle on D\ as diameter passes through C ; and so the arc CD of this 
circle is the reflexion of the arc AB in the line R (r)»^. 

The left-hand half of the figure is the reflexion of the right-hand half in the line 

/l(r)-0. 

* This follows from the expressions for the Theta-fiinctions as power series in 9 , it being 
observed that | ^ | -^ 0 as I(r) + 00 . 

t The values of f{r) at points on the contour are discussed in § 2W13. 
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It will now be shewn that, unleae* e ^ 1 or the equation /(r)-ewO has one, and 
only one, root inaide the contour, provided that FE is sufficiently distant from the real 
axis. This root will be called the prineipal root of the equation. 

To establish the existence of this root, consider j ^ taken along the 
various portions of the contour. 

Since /(r+2)*/(r), we have 

l/i)i + /^D-} 

Also, as T describes BC and B*C\ r'(«-l/r) describes E'D* and ED respectively; 
and so 

“ Uj^d' +/i>J 

- 0 , 

because p (r'+2)aBp(r'), and consequently corresponding elements of the integrals cancel. 
Since /(r±l)*4(r), we have 

1 

f Bj 1 BA(r)-c dr * 

but, as r' describes B*AB^ r describes EE\ and so the integral round the complete contour 
reduces to 




f f , ^ ^ + 1 rf/(r')\ . 

j BS* i/(v) “ c dfr A (t')-c dr /(r')— o dr J 

« f - 1 , I dgjr)] 

J BB’\f{r)-c dr h(r) {1-c. A(r)} dr y(r)-c “^rj 

Now as EE' moves off to infinityt, /(r)— <?-► -c^O, ^(t)-c-^I - c4»0, and so the 
limit of the integral is 

But 1 - c. A(r)-^l,/i(r)-^l, yi(r)-*-l, 0, so the limit of the 

integral is 


/, 


irufra*29r4 


B-S 

Now, if we choose EE' to be initially so far from the real axis that /(r) - c, 1 - c . ^ (r), 
g(T)-e have no seros when r is above EE\ then the contour will pass over no zeros 
of/(r)-c as EE' moves off to infinity and the radii of the arcs CDy D'C\ B'AB diminish 
to zero; and then the integral will not change as the contour is modified, and so the 
original contour integral will be 2ir», and the number of zeros of /(r) - c inside the original 
contour will be precisely one. 

* It is shewn in | 21*713 that, if or c<0, then/ (r) - c has a zero on the contour, 
t It has been supposed tempors>rily that e>¥0 and c4*I* 


31^2 
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21*712. Tim v(mIu 9$ of th$ modular function /(r) on the contour conMorod* 

We now hare to disouss the point mentioned at the beginning of § 21*711, conoerning 
the oeros of /(r) — c on the lines* joining ±1 to ±H-ao» and on the semioiroles of 
OBOl, (-1)C"^0. 


As T goes from 1 to 1 -f- ao t or from — 1 to — l + oot, f{r) goes from - od to 0 through 
real negative values. So, if e is negative, we make an indentation in DE and a oorre** 
sponding indentation in D* E' \ and the integrals along the indentations cancel in virtue of 
the relation /(r + 2) -h/(r). 


As r describes the semicircle r' goes from — 1 -I- qo » to — 1, and /(t) — g (rO ■■ 1 — /(r ), 

and goes from 1 to + oo through real values ; it would be possible to make indentations in 
BC and EC* to avoid this difficulty, but we 4o not do so for the following reason : the 
efieot of changing the sign of the imaginary part of the number c is to change the sign of the 
real part of r. Now, if O < i? (c) < 1 and /(c) be small, this merely makes r cross OF by a 
short path ; if R{p) <0, r goes from DE U> E E* (or vice wrca) and the value of g alters 
only slightly ; but if B (c) > 1, r goes from BC to B*C*^ and so ^ is not a one-valued function 
of c so far as circuits round -I- 1 are concerned ; to make q a one- valued function of c, 
we cut the c-plane from -fl to -f ao ; and then for values of e in the cut plane, q is 
determined as a one- valued analytic function of c, say q (c), by the formula q 
where 


r(c) 


2»r» j fir)- o 



dr. 


as may be seen from § 6*3, by using the method of § 5*22. 

If e describes a circuit not surrounding the point c»l, q{e) is one-valued, but r (c) is 
one- valued only if, in addition, the circuit does not surround the point caaO. 


21*72. The periods^ regarded a» funcHone of the modulue. 

Since (O, q) we see from § 21*712 that K is a one- valued analytic function of 

o («=!?*) when a cut from 1 to ao is made in the c-plane; but since AT'— —irAT, wo see 
that K' is not a one-valued function of c unless an additional cut is made from 0 to -> oo ; 
it will appear later (§ 22*32) that the cut from 1 to -h oo which was necessary so far as 
K is concerned is not neoessazy as regards K*. 

21*73. The invtreion-problem aeeocuUed with Ji'eierstraeeian elliptic functione. 

It will now be shewn that, when invariants g^ and g^ are given, such that g^^Tigj^, it 
is possible to construct the Weierstrassian elliptic function vrith these invariants ; that is 
to say, we shall shew that it ie poeeikle to conetructf periode 2tt>x, 2a»8 ouch that the function 
p (r I tti, »8) has invariants g^ and g^. 

The problem is solved if we can obtain a solution of the differential equation 

of the form y I ^i» «*>)* 

We proceed to effect the solution of the equation with the aid of Theta-functions. 

Let V Ar, where A is a constant to be determined presently. 


* We have seen that EE* can be so chosen that /(r) -c has no seros either on EE' or on 
the email circular arcs. 

t On tbe aotu^ oaloclation of the periods, see B. T. A. Junes, Proe. Edinburgh Boyal Aoc. 
xxvn. (1907), pp. 857-866. 
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By the methods of g 21*6, it is easily seen that 

V (v) 9i (p) - (p) -»• (»») - - (p) ^4 W W, 

and hence, using the restdts of § 21*2, we have 



Now let «i, Sg, 4^1 be the roots of the equation 4y*— ga*0, chosen in such an order 
that (ci - e 2 )/(ei - Sa) is not* a real number greater than unity or negative. 

In these circumstanoeB the equation 

V (0 I 

possesses a solution (g 21*712) such that /(t)> 0; this equation determines the parameter 
T of the Theta-functions, which has, up till now, been at our disposal 

Choosing r in this manner, let A be next chosen so thatt 
Then the function 

y-4'^{^«.*(0|T)V(0|r) + », 

satisfies the equation 

(^)*- 4 (y - «i) (y - «») (y - <»). 

The periods of y, qua function of e, are irA^ irr/A ; calling these 2o>], 2«02 we have 

/(o)2/»i)>0. « 

The function | «!, ©a) may be constructed with these periods, and it is easily 
seen that I ’’) -^**(^1 elliptic function with no pole at 

the origin t ; it is therefore a constant, <7, say. 

If (? 2 » ^8 iihe invariants of ( wi, ©j), we have 

^ (^) - O^iP (*) - U3 = P (8)- 4 {fP {z)^C-‘ ej {P {Z) - U- Sg} {jp (8) - C- 48}, 

and so, comparing coefficients of powers of (z), we have 
0-12C', Ua-ya-I2C'*, 

Hence U«0, 

and so the ftinction jp(z | oaj, o>a) with the required invariants has been constructed. 


21 * 8 . The numerical cornputcUion of elliptic functions. 

The series proceeding in ascending powers of q are convenient for 
calculating Theta-functions generally, even when ( 9 1 is as large as 0*9. But 
it usually happens in practice that the modulus k is given and the calculation 


If ^iZ £l > then 0< ^ 


1^<1; andif ^ 


: 0, then 1 - 


■ > 1, and 


I 


The values 0, 1, ad of («i - 4i)/(8i - r®) are exoluded einoe pp 4» 

t The sign attaehed to if is a matter of indifferenoe, since we deal exolnsively with even 
fonctions of p and z. 

X The terms in 8-* oanoel, and there is no term in heoanse ^ Amotion is even. 
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of K, K' 80.6 q is neeeesaiy. It will be se^ later (§§ 22*301, 22*32) that 
K, K' are ex|»res 6 ible in terms of hypeigeometrio Amotions, by the equations 

1; 1; *•), J; 1; 1 ^); 

but these series converge slowly except when | k | and | if | respectively are 
quite small ; so that the series are never simultaneously suitable for numerical 
calculations. 

To obtain more convenient series for numerical work, we fint calculate q 
as a root of the equation k = ( 0 , ( 0 , q), and then obtain K from the 

formula | ( 0 , q) and F' from the formula 

iSr'-w-»iriog,(l/g). 

The equation g)/&»*( 0 , g) 

is equivalent to* \/k' ■« &4 ( 0 , g)/^» ( 0 , g). 

Writing 2 t» I ^ijk ” ® i when 0< *< 1 ), we get 

^.(0.g)-&4(0.g) _ ».( 0 .g^) 
a,( 0 ,g) + ^4(0. q)~%{0,ty 

We have seen (§§ 2r7l-21‘712) that this equation in g* possesses a 
solution which is an analytic function of e* when |e|<^; and so g will be 
expansible in a Maclaurin series in powers of e in this domainf. 

It remains to determine the coefficients in this expansion from the 
equation 

g + g* + g”+... 

‘“l + 2 g«+ 2 g"'+...’ 

which may be written 

the reader will easily verify by continually substituting € + 2 g^e — + ... 

for q wherever q occurs on the right that the first two terms} are given by 

g = e + 2€»+15€»-f 160e» + 0 

It has just been seen that this series converges when | e | < ^ . 

[Nots. The first two terms of this expansion usually suffice ; thus, even if be as 
large as V(0*8704)« 0-933..., f 2/ -0*0000609, 15f»« 0*0000002.] 

Example. Given ir— fir'— 1 /^ 2 , calculate 9 , /T, K* by means of the expansion just 
obtained, and also by observing that r—ii so that g'—er**'. 

[g -0-0432139, 1-854076.] 

In numerioal work 0 < k < 1, and lo q U positive and 0 < < 1. 

t The Tbeta-funotions do not vanish when |g|<l except at 93 = 0 , so this gives the only 
possible branch point. 

X This expansion was given by Weierstimss, Wtrkt^ u. (1895), p. 276. 
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81 * 9 . Tha noMwna empli^ed for the Theta^funotione. 

The following sobeme indioetes the principal systems of notation which hays been 
employed by various writers; the symbob in any one column all denote the same 
function. 



1; 

(w*) 


Jacobi 

A.(*) 

5,(*) 

$,{*) 

«.(*) 

Tannery and Molk 

Bi {<ez) 

^9 (a>e) 

Btiea) 

B(uz) 

Briot and Bouquet 


6»{z) 

B^if) 


Weierstrass, Halphen, Hancock 



«s(*) 

6i(t) 

Jordan, Harkness and Morley 


The notation employed by Hermite, H. J. S. Smith and some other mathematicians is 
expressed by the equation 

S (^-0, 1 J »-0, i) 

with this notation the results of § 21*11 example 3 take the very concise form 

Cayley employs Jacobib earlier notation (§ 21*62). The advantage of the Weierstrassian 
notation is that unity (instead of rr) is the real period of {z) and {z), 

Jordan’s notation exhibits the analogy between the Theta-functions and the three 
Sigma-functions defined in §20*421. The reader will easily obtain relations, similar 
to that of § 21*43, connecting Br («) with etr (2»i«) when r*s 1, 2, 3. 

REFERENCES. 

L. Euler, Opera Omnia^ (1), xz. (Leipzig, 1912). 

C. G. J. Jacobi, FundameiUa Nova* (Kbnigaberg, 1829); Gee, Math. Werhe^ l. 
pp. 497-538. 

C. Herscite, Oeuvres Mathdmatiques. (Paris, 1905-1917.) 

F. Klein, Vofdesungen, ilber die Theorie der elliptisohen Modtdfunktionen (Ansgear- 
beitet und vervollstgndigt von R. Fricke). (Leipzig, 1890.) 

H. Weber, ElUptische Punktionen und algehraisoKe 2iahUn. (Brunswick, 1891.) 

J. Tannery et J. Mole, Fonetions Elliptiques. (Paris, 1893-1902.) 

Miscellaneous Examples. 

I. Obtain the addition>formulae 

(y +0 ^ (y - ") V- V (y) V W - V (y) V W » (y) V W - V (y) V (A 
53(y+»)^(y-^)V-V(y)VW-V(y)V(«)--»a>(y)V(«)*-^a*Cy)V(^), 
38(y+^)^s(y-*)^4*-V(y)VW-»i*(y)V(*)-V(y)V(^>-V(y)V«i 
^4(y+*)^*(y-^)V»V(y)V(^)-V(y)V«-V(y)VW-V(y)VW. 

(Jacobi.) 


Bepiinted in his Oes, Math, Werke% i, (1881), pp. 49-^289. 
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2, Obtain tlae addition-formulae 

^4(y-i-«)^4(y-^)V^V(y)VW+V(y)VW-V(y)VW+VCy)VW» 

^4(y+^)J^4(y-«)V-V(y)V(*)+V(y)VW«V(y)VW-bV(y)VW; 

and, by inoreaaing y by half periods, obtain the corresponding formulae for 

-5r(y + *)-®r(y-^) V ■»r(y+«)^r(y-*) V> 

where r=»l, 2, 3. (Jacobi.) 


3. Obtain the formulae 


4. 


6. 


6 , 


7. 


8 . 


9. 


■»i (y ±«) <5* (y + «) (y) ^ (y) («) *^4 W ±-»8 (y) •»4 <y) (*) («)> 

(y ± «) *^8 (y ^ M 4 * (y ) (y ) W -^4 W i : -®8 (y ) ^4 (y ) («) Ss W» 

3i (y ± «) ^4 (y ? a) «= 3| (y) ^4 (y) ^ (*) («) 1 ; 3^ (y) <^3 (y) (*) ^4 (^)i 

•3i (y ±«) 3a (y ? a) ^a^a-r^a (y) ^8 (y) ^a («) Ss (r) T 3i (y) ^4 (y) 3i (z) {z\ 

3j (y dt 3) 34 (y 4- 2 ) 39^4 = 3^ (y) 34 (y) 3j («) 34 (4) + 3i (y) 3a (y) 3| («) 33 («), 

38 (y db*) 34 (y -f 3) 3334 «33 (y) 34 (y) 33 («) 34 (z) ^ 3^ (y) 32 (y) 3i (z) (z). 

(Jacobi.) 

Obtain the duplication -formulae 

3a (2y) 3a34*-3a» (y)34* (y) • 31^ (y) 33* (y), 

38 (2y) 3834»-39> (y) 34^ (y)-3,* (y) 3** (y), 

34(2y) 343 *33«(y)~32«(y)«34*(yW3i*(y). 

(Jacobi.) 

Obtain the duplication-formula 

3i (2y) 383834-23 i (y) 3, (y) 38 (y) 34 (y). ^ 

(Jacobi.) 

Obtain duplication-formulae from the results indicated in example 2. 

Shew that, with the notation of § 21*22, 

[l]-[2]=[4j-[8]', [l]-[3]-[lT-[3]', [l]-[4j-[2]'-[3]', 

[21-CT-PT-W. W-W-W-w, 


Shew that 

2 [1 122] =[1 1 22 J + [22117 - [4433]' + [3344]', 
2 [1 1 33] =[1 1887 + [331 IJ - [44227 + [22447, 
2[1144]-[11447+[44117 -[33227 + [22337, 
2 [2233]=[22337+[33227- [4411]'+[11447, 
2 [2244] - [22447 + [44227 - [331 1 ]'+ [1 1 337, 
2 [3344] - [33447 + [44337 - [221 1 7 + [1 1 227. 

Obtain the formulae 


(Jacobi.) 


2ir-‘iri:*-2y* 5 {(1 - S*')»(l-8*" -*)“*}, 


Al/t'-*=2yi n {(1+8**)'(1 


10. Deduce the following results from example 9 : 

n (l-?*-«)«-2yl/:'A-i, H (l+?*->)»-2j*(-ti')-.l, 

noil 

5 (l-j**)* -.2ir-»g-*iW'X», n (l+g*»)* 

UMl «Ml 

n (!-«•)* -4w-*y-*l:4p*ir», n (!+?•)• -Jj-i/tlp-*. 

(Jacobi.) 
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11. 

and dedxioe that, when j I(t) | < ^/(B-r), 

^t(*) I f 9*ain2n« 

S,(s) 

IS. Obtain the following expansions ; 

^ (-)*j*8in2n* 

\f, ~Tr^— » 

^lul^iSiveS “ 

18. Shewthat,if|/{y)|<7(^)^„d,^(,)|^^(^j 

■^iCy+^)^i' * • 

y^^^P^j-coty +cot*+4 ya»Bin (2my +2»*). 


14. Shew that, if | /(,) | < j/ then 


(Math. Trip. 1908.) 


4D 


where 


00 

2 (-)w^<m+J)(2n+»+i) 
m«0 ' 

m»a • ^ . (“***‘- T"P- ^803 ) 

oonloro?ei.SlT.] /{8. W}-«e«-* taken «,«nd the 

15. Shew that 


V(») r 


oots+4S 1 

ib»i 1 - 2^ oos & + J 


ie a doubljr-periodic fonotion of* with no singularities, and deduce that it is se«). 
Prove aimilarly that 

^^--tan*-4i . 

■^8 W nsnl lT2p*^2J+^ ’ 

4 % a***“*sin2« 

^(^)--4 Z 


■^C*) *io»i 1 •f’2j^“'* 008 2^+^-** 

ji 5 ain 28 

•^4 W ib«l 1 - 008 28 + ^-* ’ 


le. Obtain the Talu«, of i, i', A, A' correct to «x places of decimals when y-*. 

[^>=0'696769, iPBO-444518, 

ir-s-sesyoo, jt-i '668414.] 
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17. Shew Hxat, if ^ +^*>0, the&i with the notation of § 21*2S| 

[8]+[l]-[2]+[4]. 
[1234]-i-[341i]+[2l43]+[4SSl]«0. 

16. Shew that 


V (y) . s/W i;(y+»)_„ . ^i(y)5i(»)J,(y+») 

W «4(») ■ S4(y+*) ^^^4 W V*)a4(y+«)‘ 

19. B; putUng u-Sx in Jacobi’s fundamental formulae, obtain the following 

results ; 

V (*) 9, (3*)+ V {x) St (3*)= V (2*) 94, 

9j» (*) 9, (3af) -94* («) 94 {3*)-9,» (2x) 9j, 

S,‘{x)S,{3x)+S,> (x)St (3*)=.9,* (2x) 9,. 


20. Deduce from example 18 that 


{9,«(*)9,(3«)94»+94»(*)94(8*)94»}*+<9,»(x)9,(8*)9,«-94»W94(a*)9fl* 

- W W 9j (3*) 9,« + 94* W 94 (ar) 9,«} 
(Trinity, 1882.) 


21. Deduce from Liouville’s theorem that 

2^1 iz)^%(z)B,(z)^^{z) 
Si{^iz)S,{0)^2{0)SA{0) 

is constant, and, by making that it is equal to 1. 

Hence, by comparing coefficients of in the expansions of 


log 


$i{2z) 


and 


1 


W+log^ 

1,(0)+'®* 94(0) 


'29,(») 

by Maclaurin’s theorem, deduce that 

ViO) s/^( 0 ) , V( 0 ) , v( 0 ) 

SiiO) 9i{0)^ 3^(0)^ S,{0) • 

Hence, after the manner of § 21*41, deduce that 

S{(0)«S,i0)S,(0)$,{0), 

[This method of obtaining the preliminary formula of § 21*41 was suggested to the 
authors bv Mr C. A. Stewart. 1 
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THE JACOBIAN ELLIPTIC FUNCTIONS 

22*1. Elliptic functions with two simple poles. 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter XX, it was shewn that two classes of elliptic 
functions were simpler than any others so far as their singularities were 
concerned, namely the elliptic functions of order 2. The first class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
at these poles being zero. 

An example of the first class, namely p (r), was discussed at length in 
Chapter xx; in the present chapter we sWl discuss various examples of 
the second class, known as Jacobian elliptic functions^. 

It will be seen (§ 22*122, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions; accordingly^ a 
notation (invented by Jacobi and modified by Gudermann and Glaisher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular functions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions (§ 21*61). But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
functions without making use of Chapter xxi except when it is desirable to 
do so for the sake of brevity or simplicity. 

22*11. The Jacobian elliptic functions, sn u, cn u, dn u. 

It was shewn in § 21*61 that if 

the Theta-functions being formed with parameter r, then 

where ife* (0 1 t)/&, (0 ] t). Conversely, if the constant k (called the 
wwdufiwt) be given, then, unless or a value of t can be found 

* These functions were introduced by Jacobi, but many of their properties were obtained 
independeniiy by Abel, who used a different notation. See the note on p. 51S. 

t If 0<it<I, and ^ is the acute angle such that wci0ssk,$ is called the modular angU. 
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21*7-21'712) for which V (0 1 (0 1 t) =• A*, so that the solution 

of the differential equation 


subject to the condition >= 1 is 

^ KduJu^y^O 


the Theta*fimctions being formed with the parameter t which has been 
determined. 

The differential equation may be written 

[*'(1 - (1 - 

Jo 

and, by the methods of § 21*73, it may be shewn that, if y and u are con- 
nected by this integral formula, y may be expressed in terms of w as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

M « - k^r^yidt, 

Jo 

y may be regarded as the function of u defined by the quotient of the Theta- 
functions, so that y is an analytic function of u except at its singularities, 
which are all simple poles ; to denote this functional dependence, we write 

y « sn (tt, Ar), 

or simply y » sn u, when it is unnecessary to emphasize the modulus*. 

The function snu is known as a Jacobian elliptic function of u, and 

^ 

[Unless the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the integral formula defines y as a function of u which is analytic except at simple 
poles. Of. Hancock, Elliptic Functiom^ i. (New York, 1910).] 


Now write 


cn (u, k) * 


^4 ^8 


Then, from the relation of § 21'6, we have 

d _ 


snui-ont(dnu. 


The modalns will always be inserted when it is not ft. 
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and from the relations of § 21*2, we have 

sn* u + cn* w ■■ 1 (II), 

kF so? u + dn* «*1 (III)> 

and, obviously, on 0 == dn 0 =» 1 (IV). 


We shall oow discuss the properties of the functions sn u, cn do «« as defined by the 
equations (A), (B), (C) by using the four relations (I), (II), (III), (IV) ; these four relations 
are suffioient to main sn «, on u, dn u determinate functions of u. It will be assumed, 
when necessary, that sn u, cn dn u are one- valued fbnotions of u, analytic except at their 
poles ; it will also be assumed that they are one- valued analytic functions of when cuts 
are made in the plane of the complex variable i? from 1 to -f oo and from 0 to - ao . 

22*12. Simple properties q/* sn u, cn u, dn w. 

From the integral w « | (1 - f*) ” i (1 — * df, it is evident, on writing 

J 0 

— t for f, that, if the sign of y be changed, the sign of is also changed. 

Hence sn u is an odd function of u. 

Since sn (— tt) = — sn u, it follows from (II) that cn (— m) » ± cn n ; on 
account of the one-valuedness of cn u, by the theory of analytic continuation 
it follows that either the upper sign, or else the lower sign, must always be 
taken. In the special ceise u » 0, the upper sign has to be taken, and so it 
has to be taken always; hence cn (— 'u) = cn t*, and cnu is an even function 
of w. In like manner, dn u is an even function of u. 

These results are also obvious from the definitions (A), (B) and (C) of 
§ 22 * 11 . 

Next, let us differentiate the equation sn* u -I- cn* w = 1 ; on using equation 
(I), we get 

dcn^ 1 

— = — » — sn tt dn tt ; 
du 

in like manner, from equations (III) and (I) we have 

ddnt6 

a-.A:*snucnti. 

du 

22*121. The ocmplementary modidm. 

If A* 4- i'* * 1 and + 1 as A? 0, A?' is known as the compUmentary 
viodalus. On account of the cut in the A;»-plane from 1 to + oo , Ar' is a one- 
valued function of k, 

[With the aid of the Theta-functions, we can make one- valued, by defining it to be 

^4(0|r)/^,(0|r).] 

Example, Shew that, if 

y-pcn(M,A). 


then 
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Also, shew that, if umj (I— t*)"i (<•— 

then ymidn («, /r). 

[These results are sometimes written in the form 

J env J dnti 


22*122. Glaiahera notation * for quotients. 

A short and convenient notation has been invented by Glaisher to express 
reciprocals and quotients of the Jacobian elliptic functions ; the reciprocals 
are denoted by reversing the order of the letters which express the function, 
thus 

nsu = l/snt(, ncus=l/cnu, nduasl/dnti; 

while quotients are denoted by writing in order the first letters of the 
numerator and denominator functions, thus 

sc u s sn u/cn u, hdu^ sn u/dn u, cd u » cn u/dn u, 
cs u s cn ufsn u, ds » dn u/sn u, dc u ^ dn u/cn u. 


[Notje. Jacobi’s notation for the functions 8Ut«, cnu, dnu was sinamt^, cosam ti, 
Aamic, the abbreviations now in use being due to Qudermannt) who also wrote tnt4, 
as an abbreviation for tanam a, in place of what is now written sc u. 

The reason for Jacobi’s notation was that he regarded the inverse of the integral 

tt= 

os fundamental, and wrote^ ^.=am m; he also wrote — it* sin*(^)^ for ^0 

Example. Obtain the following results : 


Jo Jean 

Jo J dtn 

J cd u J dc « 

- * (<» - 1 ) “ * ( 1 - “ 4 oft. 


22*2. The addition-theorem for the function sn u. 

We shall now shew how to express sn(w-Hv) in terms of the Jacobian 
elliptic functions of u and v ; the result will be the addition-theorem for the 
function siiu; it will be an addition-theorem in the strict sense, as it can 
be written in the form of an algebraic relation connecting sn u, sn v, sn (w + v). 

* Meetenger of Mathematics ^ Tti. (18S8), p. 86. 

t Journal fiir Math, xvjii. (1888), pp. 12, 20. 

X Fundamenta Nova, p. 80. As fc— ►O, amu-^u. 
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[There are oumeroue methods of establishing the result ; the one giren Is essentiaJlj 
due to Euler*, who was the first to obtain (in 1766, 1757) the integral of 

in the form of an algebraic relation between x and when X denotes a quartio fiinotion 
of X and Y is the same quartic function of y. 

Three f other methods are given as examples, at the end of this section.] 

Suppose that u and v vary while u-^v remains constant and equal to a, 
say, so that 

dv , 

Now introduce, as new variables, Si and 8^ defined by the equations 

8i = sn w, sn v, 

so thatj “ (1 “ «!*) (1 - ^^ 1 *), 

and V =* (1 — V) (1 — since v® « 1. 

Differentiating with regard to u and dividing by 2^i and 2^ respectively, 
we find that, for general value8§ of u and t;, 

ifi = - (1 4- A:*) Si + 2k^8i\ = - (1 + A?*) 4- 2A®s,». 

Hence, by some easy algebra, 

SjSj ““ SjSi 2A?*Siaj [Sf® “ Sj®) 


and SO 


- Vsi* (V - si*) (1 - ’ 

- Mi)-‘ ^ - V.) * (1 - *•« W (1 - V) ; 


du^ 


on integrating this equation we have 


^*2 "" ^ 

where 0 is the constant of integration. 

Replacing the expressions on the left by their values in terms of u and v 
we get 


cn a dn u sn V 4* cn V dn V sn u 
1 — A?®8n®ttsn®f/ 


a 


* Acta Pctropolitanaf vi. (1761), pp. 85-57. Ealer had ohtoioed some speoisl oases of this 
result a few years earlier. 

t Another method is given by Legendre, Fonctiom Entptt'guet, i. (Paris, 1826), p. 20, and an 
interesting geometrical proof was given by Jacobi, Journal f Ur Math, m. (1826), p. B76. 

It For brevity, we shall denote differential coefficients with regard to u by dots, thus 

dv <Pp 

du du* 

g I.e. those values for which en u dn u and cn v dn v do not vanish. 



496 THE TRANSCENDENTAL FUNCTIONS [OHAP. XXII 

That is to say, we have two integrals of the equation ifn 4 » 0, namely 

(i) w + t;«aand (ii) 

sn t/> cn y dn y -f sn yen n dn u ^ 

1 — A* sn* w sn* V * * 

each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn 1 / cn y dn y -h sn t; cn M dn a 
1 — A* sn* u sn* v ^ 

is expressible as a function of u 4- v; call this function /(w + v). 

On putting v = 0, we see that f(u) « sn ; and so the function / is the 
sn function. 

We have thus demonstrated the result that 


, . sn ti cn V dn t; + sn V cn dn u 

8n(w4- v) = = r- — , 

1 — A* sn* u sn* V 


which is the addition-theorem. 


Using an obvious notation*, we may write 


sn (w 4- v) =s 


SxC^d^ 4* ^z^\di 

1 - A*Si*Sa* 


Example 1. Obtaiu the addition-theorem for sin u by using the results 
/dsinttN* _ . „ /dsiiirN* . . . 

Example 2. Prove from first principles that 

/I « 1\ o 

\d«> duj 1— ’ 

and deduce the addition-theorem for sn a. 

(Abel, Journal fur Math. ii. (1827), p. 105.) 

Example 3. Shew that 

^ *“ci0i4-sic?,#2«f* rfi<ij4'^Sis*CiC2’ 

(Cayley, Elliptic Functions (1876), p. 63.) 

Example 4. Obtain the addition -theorem for sn u from the I'esults 

(y4-r)54 (y-*) (y) 5i(y)^ W (y) (y) -»i W ^4 W, 

^4(y4-s)^4(y-s)V“VCy)V(*)-V(y)V(^), 
given in Chapter xxi, Misoellaneous Examples 1 and 3 (pp. 487, 488). (Jacobi.) 

Example 5. Assuming that the coordinates of any point on the curve 

y*-(l-a^)(l-A*a^) 

can be expressed in the form (an u, cn u dn u\ obtain the addition-theorem for sn u by 
Abel’s method (g 20*312). 


This notation Is due to Qlaisher, Messenger ^ x. (1881), pp. 92, 124. 
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[Consider the intereections of the given curve with the variable curve •feur+e.r* ; 
one is (0, 1) ; let the others have parametm ub, of which ug may be chosen 

arbitrarily by suitable choice of ?n and n. Shew that constant, by the 

method cf § SiO'312, and deduce that this constant is asero by taking 

m-0, 

Observe also that, by reason of the relations 

(<t*- n*) jri;ra473«2m, (Xi’^a;^+Jirs)mm2mn, 

we have 

a?s(l ^l f 2eM?i;Fs-»s?3- 2 mjPia:a--njr|jr 2 

ai(jri+J?8H-4?3 — iuri4r8«3)-(j7i+^9)-2euri^a- (jtt+JPa) 


22'21. 2%e addition-theorems for cn dn 

We shall now establish the results 


cn (li + v) 


cn u cn y — sn u an y dn tt dn y 
1 — i* an* « sn* r 


dn (u + v) 


dn dn t; — A;* sn u sn tr cn u cn v ^ 
1 — A:* an* II sn* v ’ 


the moat simple method of obtaining them is ftx>m the formula for an (u -t «). 

Using the notation introduced at the end of § 22*2, we have 
(1 - i*a,*aa*)* cn* (u + v) = (1 — &*ai*«a*)* {1 — sn* (ti + ir)) 

■* (1 ~ Aj*aj*a8*^ ““ (ajCacJj + 

= 1 - 2k^8^W + k^S,W “ (1 - Sa*) (1 - A»53*) 

— aa* (1 — a,*) (1 — — 2ai«9CiC,dida 

» (1 - a,*) (1 -- aa*) + 8,W (1 - (1 - *»a,») 

**■ 28\8^0\C)fi'idfB 


« {ciCg — aiaadjC^g)* 


and so 


cn (w -h v) *= ± 




1 - *»a,*a9* 


But both of these expressions are one-valued functions of «, analytic 
except at isolated poles and zeros, and it is inconsistent with the theory 
of analytic continuation that their ratio should be + 1 for some values of ti, 
and — 1 for other values, so the ambiguous sign is really definite ; putting 
u«0, we see that the plus sign has to be taken. The first formula is 
consequently proved. 

The formula for dn (u + v) follows in like manner from the identity 

(1 - k^SiWY - *• + SBCjdif 

s (1 — Aj^Sx*) (1 — Ar’a**) + (1 — sf) (1 — sf) — 2A^aia3CiO|dxC^, 

the proof of which is left to the reader. 


w. u. A. 


33 
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Maiamfle 1. Shew that 

dn (u+,)dn . 

(Jacobi.) 

[A set of 33 formulae of this nature connecting fimotions of and of u — v is given 
in the Fundamenia N<m^ pp. 32-84.] 


ExawfiU 2. Shew that 

A ^ cntt+one 

du enKdnv + 8nvdni£ d» snudnv+anvdn ti ’ 


80 that (cn 84*on v)/(8n dn v+an v dn i«) is a function of v only ; and deduce that it ia 
equal to (1 -f on (« + v)}/8n (u + v). 


Obtain a oorreaponding result for the f\mctiou (siCs+«2<}i)/(44‘^)* 

(Cayley, Meaenger^ xnr. (1886), pp. 68-61.) 

ExawpU 3. Shew that 

1 — X^an* (tt + e) an* (w — e) »* (1 - it!*8n* u) (1 - Jt* an* «) (1 - ifc*8n* w an* r) “*, 
^+i^cn*(tt+v) on* («- v) = (ifc^+i;*cn*tt) (iif^+ifc*cn*r) (1 — it*8n*ttBn*v)"*. 

(Jacobi and Glaiaher.) 


EixampU 4, Obtain the addition-theorenls for cn (u + 1 ^), dn {u + v) by the method of 
§ 22*2 example 4. 


Examjile 6. Using Glaisher’a abridged notation {Meuenger^ x. (1881), p. 106), namely 


prove that 


a, c, (fnan t4, cn dn «, and (7, 2>«sn 2m, cn 2m, dn 2m, 

^ ^_l-2a*+l!*a* ^ l~2if*a*+^a< 

^“l-irV’ 1 -Pa* » 


EscmjtU 6. With the notation of example 6, shew that 

1-C 1-Z) D^C 

k^{D--C) 

^ jD+U_/>+PC-i<*_i^»(l-/>)_ it'*(l-l-C) 

, F*+i>+i*<7 Z)+C_F*(l-<7) F»(l+i>) 

“ T+S “T+^ D-C ’‘L'*+D-i*C' 

22‘3. The constant K. 


(Glaiaher.) 


We have seen that, if 

«= [‘'(1 - 

itt 

then y * sn (it, A). 

If we take the upper limit to be unity (the path of integration being 
a etraight line), it is customary to denote the value of the integral by the 
symbol K, so that an {K, k) » 1. 

[It will be seen in § SS'SOS that this definition of IT is equivalent to the definition as 
^ V in § 21 - 61 .] 
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It is obvious that cn iST «■ 0 and dn JT » i A?' ; to fix the ambiguity in, sign, 
suppose 0 < A? < 1, and trace the change in (1 - A;*^)^ as t increases from 0 to 1 ; 
since this expression is initially unity and as neither of its branch points (at* 
kr^) is encountered, the final value of the expression is positive^ and so 
it is + A:' ; and therefore, since dn JT is a continuous function of k, its value is 
always -f k\ 

The elliptic functions of K are thus given by the formulae 

snir»l, cn^=a0, dnJSr«A?'. 

22*801. The expreseion of K in terms of k. 

In the integral defining K, write f » sin and we have at once 

jf * f (1 - A^8in*^)“id^. 

Jo 

When I A; I < 1, the integrand may be expanded in a series of powers of A', 
the series converging uniformly with regard to ^ (by § 3*34, since sin*”^ ^ 1) ; 
integrating term-by-term (§ 4*7), we at once get 

where c « A?*. By the theory of analytic continuation, this result holds for 
all values of c when a cut is made from I to + oo in the c-plane, since 
both the integrand and the hypergeoraetric function are one-valued and 
analytic in the cut plane. 

Example, Shew that 



(Legendre, Fonctiom EUiptiqme, i. (1825), p. 62.) 
22 * 302 . Tke equivcdeMe of the definition of K. 

Taking in § 21*61, we see at once that an and eo cn (J«'3s*)=0. 

Consequently, 1 -sn » has a doMe zero at Therefore, since the number of poles 

of sn u in the cell with corners 0, 2jr3j*, v (t+ 1) V, w (r - 1) V is two, it follows from 
§ 20*13 that the <m/y zeros of 1— snw are at the points »■» J»p(4m-f‘l+2ar)3s*, where 
m and n are integers. Therefore, with the definition of § 22*3, 

A's |ir (4?» + 1 + 2?lr) 3j*. 

Now take r to be a pure imaginary, so that 0<A<1, and K is real ; and we have 
n=0, so that 

Jir (4m + 1) 3s* « (1 - it* sin* 

where m is a positive integer or zero ; it is obviously not a negative integer. 

If m is a positive integer, since J (1 - it* sin* ~ ^ is a continuous function of u and 

so passes through all values between 0 and JT as a increases from 0 to we can find 
a value of a leea than Air, such that 

A7(4»i+l)-i*V“ ; 

sn (|ir3s*)«sin o < I, 


and BO 

which is untrue, since 


32—2 
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Therefore ei muit be eerOf that is to say we have 

Z-irV. 

But both K and ere analytic functions of h when the c-plane is out i!h)m 1 to 
+ oo , and so, by the theory of analytic continuation, this result, proved when 0<ifc < 1, 
persists throughout the cut plana 

The equivalence of the definitions of K has therefore been established. 

Examfle 1. By considering the integral 

shew that an 2£'»0. 

ExampU 8. Prove that 

[Notice that when u^\K^ onSttaO. The simplest way of determining the signs to 
be attached to the Tarious radicals is to make and then snit, cna, dn 

degenerate into sin u, oos u, 1.] 

Example 3. Prove, by means of the theory of Theta-funotiona, that 


22‘Sl. The periodio properties {associated with K) of the Jacobian 
elliptic fuTiciiona, 

The intimate connexion of K with periodic properties of the functions 
snw, cn«, dnn, which may be anticipated from the periodic properties of 

Theta- functions associated with ^ w, will now be demonstrated directly from 
the addition-theorem. 


By § 22 * 2 , we have 
sn {u -I- K) 


m ucn K ^TL K + m K cnu dnu 
1 — A?* sn* sn* K 


cdu. 


In like manner, from § 22*21 , 

cn {u + K) * — fc' sd w, dn (m + JSr) 4' nd 14. 

xj / . + ^) A'sdw 

Hence sn (u -f 2 a ) = 3—7 ^ =« — 77 - 3 - = — snu, 

' dn (tt -h A ) 4 nd 14 

and, similarly, cn (t4 -f 2K) = — cn u, dn (t4 + 2K) = dn m. 

Finally, sn {u -h 4if ) «= — sn (14 + 2K) » sn 14, cn (it + 4 AT) =* cn u. 

Thus 4tK is a period of each of the f unctions sn u, cn it, while dn u has 
the smaller period 2K, 

Example 1. Obtain the results 

ir)»cdtf, cn (tt -!-£')« -4' sd tt, dn (it+fir)"*4'iidu, 
directly from the definitions of sn it, on a, dn it as quotients of Theta-functions. 

Example 2. Shew that os it cs (iT- it) ■*4'. 
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22 * 82 . The eonetant K'. 

We shall denote the integtal 

Jo 

by the symbol iT', so that if' is the same function of jk'*(«c') as if is of 
i^(mc); and so 

|i 1; *’)■ 

when the c'-plane is cut from 1 to + oo » i.e. when the c-plane is cut from 

0 to — 00 . 

To shew that this definition of JT' is equivalent to the definition of § 21*61, we observe 
that if rr' » — 1, iT is the one-valued function of in the cut plane, defined by the equations 

ir«iirV(0|r), ifc*-^**(0|r)4.V(0|r), 
while, with the definition of § 21*51, 

iT'-JtrVCOIO. it^*V(0|rO-rV(0|0, 

so that /T' must be the same function of as £* is of ; and this is oonsistont with the 
integral definition of JT' as 

It will now be shewn that, if the c-plane be cut from 0 to — oo and from 

1 to -b oc , then, in the cut plane, iT' may be defined by the equation 

Z' - k>s»yid8. 

First suppose that 0 < A; < 1, so that 0 < A?' < 1, and then the integrals 
concerned are real. In the integral 


make the substitution 


r(i 

Jo 


which gives 

(«* - 1 )* = k'i (1 - h'o f) - * (1 - *•«*)* = 4 :' (1 - «»)* (1 - *'»<•)- 4 , 
de m 
dt (l-JfcV)*’ 

it being understood that the positive value of each radical is to be taken. 
On substitution, we at once get the result stated, namely that 

if' * 1)-4(1- it's*)-* ds, 

provided that 0 < ik < 1 ; the result has next to be extended to complex values 
of k. 
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Consider (1 — <*) ^ (1 — i***) ” ^ <ft, 

the path of mtegration passing above the point 1, and not crossing the imaginary axis*. 
The path may be taken to be the straight lines joining 0 to I * d and 1 to together 
with a semicircle of (small) radius d above the real axis. If (1— and (1 — 
reduce to +1 atfnO the value of the former at 1 + d is (2+d)^»* — 1 (£* — 1)^, where 

each radical is positive ; while the value of the latter at is +Jk^ when k is real, and 
hence by the theory of analytic continuation it is always +iP. 

Make and the int^ral round the semicircle tends to zero like ; and so 

(1 - (•) “ * (1 i <*- AT+f (<» - 1 ) - * (1 - <ft. 

Now y (I - 1«) ■* (1 - **«*) ~ i d<-y ' (i» - »•) “ i (1 - «*) -4 cftt, 

which t is analytic throughout the cut plane, while K is analytic throughout the cut plane. 
Honoe J*'* (<«-!)-* (1 

is analytic throughout the cut plane, and as it is equal to the analytic function K' when 
0 < it< 1, the equality iiersists throughout the cut plane ; that is to say 

A"- 

when the c>plane is cut from 0 to — co and from 1 to + oo . 

Since K -t- iAT' » (1 - P) - * (1 - “ 4 dt, 

we have sn (K + iK') = l/k, dn (K + tK') =* 0; 

while the value of cn (K -h iK') is the value of (1 — when t has followed 
the prescribed path to the point 1/A:, and so its value is --ik'lk, not '^tk^jk. 
Example 1. Shew that 

I {t (1 - 0 (1 -^0} " * <*“1 /j* , (*- !)(*•<- 1)) -^dt~K, 

Example 2. Shew that IT satishes the same linear differential equation as jfiT (§ 22*301 
example). 

22*33. Tke periodic properties X (associated with K -h iK') of the Jacobian 

elliptic functions. 

If we make use of the three equations 

sn (K + iK^) « k-\ cn (K + tif') « - ik'jk, dn (K ■+• iK') - 0, 

* (/e) > 0 because | arg c | < x. 

t The path of integration passes above the point u=tk. 

t The double periodicity of snu may be inferred from dynamical considerations. Bee 
Whittaker, Analytical Dynamics (1917), % 44. 
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we get at once, from the addition^theorems for an u, cn n, dn a, the following 
resaltB : 

gj. / . ^ snacn(ir-»- if') dn (IT + 1 X 0 + an (iT 4- tJC^jcn a dn a 

F— 8 n*a an* (f 4 if') 

«» Ar * dc a, 

and similarly cn (a 4 f 4 if 0 * - iife'A** nc a, 

dn (a 4 f 4 if 0 — iA' sc a. 

By repeated applications of these formulae we have 


'sn (a 4 2f 4 2if ') - - sn a, 

cn (a 4 2f 4 2if ') = cn a, 

^dn (a 4 2f 4 2if ') « - dn a, 

Hence tha functions sn a and dn a have period 4f 4 46iK\ while cn a has 
the smaller period 2f 4 2if 


sn (a 4 4f 4 4if ') s sn a, 
cn (a 4 4f 4 4if ') * cn a, 
dn (a 4 4f 4 4if ') = dn a. 


22*34. The periodic properties (assodcUed with if') of the Jacobian 
elliptic functions. 

By the addition-theorem we have 

sn (a 4 if') « sn (a — f 4 f 4 if') 

= ifc~^dc(a-f) 

« ns a. 

Similarly we find the equations 

cn (a 4 if) = — ikr^ ds a, 
dn (a 4 if) = — i cs a. 

By repeated applications of these formulae we have 


I' sn (a 4 4if ') » sn a, 
cn (a 4 4if ') « cn a, 
dn (a 4 4if ') = dn a. 


' sn (a 4 2if ') » sn a, 
cn (a 4 2if ') * - cn a, 

(dn (a 4 2if ') » - dn a, 

Hence the functions cn a and dn a have period 4if while sn a has the 
smaller period 2if 

Examplt. Obtain the formulae 

an fw42w^42ii»jr')*»(-)«8n a, 
cn (M42mir42niir')«(~)"*'*^*cn w, 
dn (a 4 2mK-^2ni £') » ( - )*^ dn a. 

, 22*841. The behavtour of the Jaoohicm elliptic functions near the origin 
and near iK\ 


d 

j- snu 
du 


We have 

cn a dn a, 


du* 


sn a a 4A:*Bn*acn adn a - cnadna(dn* a 44*cn*a). 
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Hence, by Haclaurin's theorem, we have, for small values of | « |, 
sn u -• « — g (1 + A*) u* + 0 («•), 

on using the fiMst that sn u is an odd function. 

In like manner 

cn«»l — 1 «* + 0 («*), 
dn u n 1 — g l^u* + 0 (tt*). 

It follows that 

sn (ti •!- iK') » ns « 

— % 2Aj* — 1 

and similarly cn {u + iK*) ■* ^ + 0 {u% 

dn {u -f iK*) « — ^ iu -I- 0 (w*). 

It follows that at the point iK* the functions sn cn v, dn v have simple 
poles with residues Ar^ — — t respectively. 

Example, Obtain the residues of sntt, cni4, dnv at iK* by the theory of Theta- 
functions. 


22*36. General description of the functions sn u, cn u, dn u. 

The foregoing investigations of the functions sn u, cn u and dn u may be 
summarised in the following terms : 

(I) The function snu is a doubly-periodic function of u with periods 

^K, 2iK\ It is analytic except at the points congruent to iK* or to 2K + iK* 
(mod. 4 AT, 2iK') ; these points are simple poles, the residues at the first set all 
being and the residues at the second set all being ~ ; and the function 

has a simple zero at all points congruent to 0 (mod. 2K, 2iK*), 

It may be observed that sn u is the only function of u satisfying this description ; for 
if 0 {u) were another such function, sn u — 0 (y) would have no singularities and would be 
a doubly-penodic function ; hence (§ 20*12) it would be a constant, and this constant 
vanishes, as may be seen by putting uwbO; so that ^ (ii)sBnH. 

When 0 < A* < 1, it is obvious that K and K* are real, and sn u is real for 
real values of a and is a pure imaginary when u is a pure imaginary. 

(II) The function cn w is a doubly-periodic function of u with periods 
AK and tK + %iK*, It is analytic except at points congruent to iK* or to 
2K + iK* (mod 4ir, 2K -f 2iK*) ; these points are simple poles, the residues 
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at the first set being — * and the reeddues at the second set being ikr ^ ; 

and the function has a simple zero at all points congruent to K (mod. %iK'). 

(Ill) The function dn is a doubly -periodic function of u with periods 
2K and 4dK\ It is analytic except at points congruent to iK* or to 9iK' 
(mod. 2K, 4dK ') ; these points are simple poles, the residues at the first set 
being i, and the residues at the second set being t ; and the function has 
a simple zero at all points congruent to if + iir'(mod. 2IC, 

[To see that the functions have no zeros or poles other than those just specified, 
recoutM must be had to their definitions in tenns of Theta-funotions.] 

22 - 351 . TAe connexion between Weientrcueian and Jacobian dbepHc functioned 
If 0 s, sg any three distinct numbers whose sum is zero, and if we write 

we have ■■ 4 (0, - 03)* X* ns* \u cs* Xw ds* Xu 

»* 4 (01 - 03)2 X* us* Xm (ns* Xu — 1 ) (ns* Xu - i*) 

- 4 X* (01 - 03) - > (y - 03) (y - 01 ) {y - ife* (01 ^ 0i) 03}. 

Hence, if X*=0i - 03 and P= (03 ~ 03)/(0i - 03), then y satinHes the equation* 

and 80 «s+(«i-«s)nrf'|»(«,-«,)i, = 

where a is a constant. Making u -*- 0 , wo see that a is a |)eriod, and so 
0 (« ! ?s)««s+(«i -*») ne* {u («i 

the Jacobian elliptic function having its modulus given by the equation 

01-03' 

22 * 4 . JacobPs imaginary transformation^. 

The result of §21 ’51, which gave a transformation from Theta-functions 
with parameter t to Theta-functions with parameter — 1 /t, naturally 
produces a transformation of Jacobian elliptic functions ; this transformation 
is expressed by the equations 

an (iu, A?) « i sc (u, cn (iw, k) « nc (a, W), dn (tu, k) — dc (w, k). 
Suppose, for simplicity, that 0 < c < 1 and y > 0 ; let 

» iu, 

Jo 

so that iy « sn (ia, k) ; 

take the path of integration to be a straight line, and we have 
cn (iM, &) as ( 1 -f y»)A dn (t«, A?) » (1 H- 

* The values of ^3 and pg are, as usual, and ^010303. 

f Fundamettia pp. 84 , 85 . AWel (JonrmU /Ur Math, n. ( 1827 ), p. 104 ) derives the 

double periodicity of elliptic functions from this result. Of. a letter of Jan. 12 , 1628 , from Jacobi 
to Legendre [Jacobi, O00. Werke, i. ( 1881 ), p. 402 ]. 
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Now put y » rt/{l — where 0 < < I, bo thut the range of valuea 

of < is from 0 to and hence, if t ^ the range of 

values of ti is from 0 to 17. 

Then dt-t(I (1 -«•)*» (1 

1 -*•«*- (1 -*'%•)** (1 - V ) ■ ^ 


and we have 

so that 
and therefore 


iu - j^(l - 1,*) - * (1 - *'•«.*) 

1 ; = sn (m, 

y = sc (u, if). 


We have thus'obtained the result that 


sn (iu, k) « % sc (a, k'). 

Also cn (tM, i) « (1 + y*)* =* (1 — i;*) “ ^ nc (w, i'), 
and dn (iu, fc) « (1 — ifc*y*)i « (1 — (1 — i;*) “ * « dc k'). 

Now sn (ill, k) and i sc (u, k*) are one- valued functions of and k (in the 
cut c-plane) with isolated poles. Hence by the theory of analytic continuation 
the results proved for real values of u and k hold for general complex values 
of u and k. 


22 * 41 . Proof of Jacobis imaginary transformation by the aid of Theta- 
functions. 

The results just obtained may be proved very simply by the aid of 
Theta-functions. Thus, from § 21 * 61 , 


sn 


S.<0iT)a,(«|T)' 


where 


z »= (0 1 t),_ 

««lio,by 521 -Sl, 

= -isc(», k’). 


where v m ier'%* (0 | t') — izr . (— ir) %,* (0 | t) = — «, 

so that, finally, sn (iu, k) ~ i sc (u, k’). 

Extmf^ 1. Prove that cn (*u, £)*• no (m, t), dn (tu, jt)B>dc (s, k) by the aid of Theta* 
functions. 

ExampU 2. Shew that 

Bn(ifir', h)~iv:(\K', P)-*-*, 

cn *)-(! +*)* i-*, dn (iiE', i)-(l +i)*. 

[There is great difficulty in determining the signs of sn cn^iA', dn^tiT', if any 
method other than Jacobi’s transformation is used.] 
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MaBomfle 3. Shew that 

Example 4. If 0 < ^ < 1 and if d be the modular angle, shew that 

an i V{«*ec tf), on ^ (A+ iA')-*'*"' Jipotff), 

dn i ( A -f iK') -.«-!« gy 

(Glaisher.) 

22 * 42 . Landen's iramformaiion^ . 

We shall now obtain the formula 

J\l-k,>ain‘a,)-id0r~(l+Jk^) J*(l 

where sin^,a(l + Af*) sin ^ cos ^ (1 — A*8in*^)“4 

and A, - (1 - A'VCl + jfc'). 

This formula, of which Landen was the discoverer, may be expressed by 
means of Jacobian elliptic functions in the form 

sn {(1 + k') u, A:,| = (1 + ir') sn («, k) cd («, k), 
on writing ^ = am «, <f>i = am 

To obtain this result, we make use of the equations of § 21*52, namely 
»,(r|T)&,(x|T) »,(g|T)^,(^|T) ».(OiT)»,(0|T) 

^4(2^|2t) ^,(2«|2t) “ a4(0|2T) 

Writef T, ■« 2t, and let ki. A, A' be the modulus and quarter>periods 
formed with parameter r, ; then the equation 

9^(^|T)a,(x|T)_&,(2x|T,) 
a,(x|T)a4(«|T)“&4(2r|T,) 
may obviously be written 

k sn {iKzjv, k) cd {2Kzlir, k) = sn (4iAji/ir, A,) (A). 

To determine k, in terms of k, put s » | w, and we immediately get 

which gives, on squaring, A, - (1 — kf)/(l + A*'), as stated above. 


To determine A, divide equation (A) by t, and then make »0; and 


we get 


2ifA-4A.*A. 


so that 


A-^(l+A')if. 


* Phil, Trans, qf the Boyal Soe, lxv. (1773)» p. 385. 

t It will be supposed that | i2 (r) | < ^, to svoid difficulties of sign which arise if B (rj) does 
not lie between ^ I. This condition is satisfied when 0 < ic < 1, for r is then s pore imaginary. 
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Hence, writing » in place of 2Kt(ir, we at once get from (A) 

(1 + ib') sn (a, k) cd («, *) -« sn ((1 + *') a, i,}, 
aince iAwlir — iAulK “ (1 + A') a ; 

so that Landen’s result has bemi completely proved. 

I!»ampl« 1. Shew that A'/A^-SA'/A, and thenoe that a'»(1 +P) S'. 

Excmple S. Shew that 

mHl+S)u, it,}-{l-(l+*')«n«(M, *)}nd(«, t), 
dn{(l +*')«, it,}={i'+(l-P)cn*(«, it)}nd(«, k). 

£mwg>lt S. Shew that 

dn (», A)-(l -P) cn {(1+P) «, *,}+(! +*') dn {(1 +P) u, i,}, 
where km. 2^ii/(l +^>. 

22*421. TVamforniations of elliptic functioned 

The formula of Landen is a particular case of what is known as a transformation 
of elliptic functions ; a transformation consists in the expression of elliptic functions with 
parameter r in terms of those with parameter (a+6r)/(c+rfrX where a, 6, c, d are integers. 
We have had another transfonnatiou in which a* - 1, 6««0, c— 0, namely Jacobi’s 
imaginary transformation. For the general theory of transformations, which is out- 
side the range of this book, the reader is referred to Jacobi, Fundamenta iVbva, to Klein, 
Vorleeungen Uber die Theorie der elliptiecHen Modulfunktwnen (edited by Fricke), and to 
Cayley, Elliptic Functione (London, 1895 ). 

Example. By considering the transformation rs>Br±l, shew, by the method of 
§ 22 * 42 , that 

sn (Ftf, sd (te, 

where ifrg* ±iklFf and the upper or lower sign is taken according as (r) < 0 or A (r) > 0 ; 
and obtain formulae for cu (Fu, k^) and dn (Fu, k^). 


22*6. Infinite products for the Jacobian elliptic functions^. 

The products for the Theta-functions, obtained in § 21'3, at once yield 
products for the Jacobian elliptic functions; writing ti^^Kxjrr, we obviously 
have, from § 22*11, formulae (A), (B) and (C), 


sn 


u » 2}**’ 


Binx 


n f 1 — 29*" COB 2a? -t- 
(1 — cos 2 x -I- 


cnu’ 


dnu ’ 


wj « ( 1 + cos 2a? -f 

(1 — 2<^^ cos 2fl? + ’ 


. 2<^^ cos 2fl? + 

From these results the products for the nine reciprocals and quotients can 
be written down. 

Thei'e are twenty-four other formulae which may be obtained in the following manner : 
From the duplication-formulae (§ 22*21 example 5 ) we have 

I -cnu 1+dnw j_ 1 dnw+cnw 

sntf 


1 .4 1 


1+dnw , 1 1 

« ds s no 5 M, 

snt£ 2 2 ’ 


> cn ^ s ds ^ 1^. 


* Fundamenta Nova, pp. 84 -> 115 . 
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Take tke flnt of theae, and uae the produoto for an|«, on dn^tt ; wa 


1 on ^ 1 — 008 * ri -2 (-g)*oos^-fg^ ) 
an ti "" ain df ».i (I + 2 (— J)*ooBa?+^/ * 

on oombining the Tariotis produota. 

Write tt+.iST for u, :r+ifr for x, and we have 

dni4+iPsntt^ l + aino; J Q-f 2 (— 

on 14 “ coaa? tl - 2 ( -g)* ain 4P+y***] 


Writing u+iK^ for u in these formulae we have 


itsn i4+tdni4aBt n 

n-il 


1 ■>■21 (*■)*?**“! sin^-y**~M 

1 ^ St ( « )» ^ -I Bin j? - * 


and the expression for Ir cd i4 -i- iK nd i4 is obtained by writing cos .r for sin x in this product. 


From the identities (1 - on u) (1 +on u) m sn* u, (it sn i4-f » dn v) (ir sn u - 1 dn u) ■ 1, etc., 
we at once get four other formulae, making eight in all ; the other sixteen follow in the 
same way ftrom the expressions for ds^itnc^i^ and on^udsju. The reader may obtain 
these as an example, noting S{)ecially the following : 


an 14 -ft on 14 


le 


■4x n 
nel 


/(I - g4n-8 gSto) (1 ^ >te) 


Example 1. Shew that 


=i-» 5 


Example 2. Deduce from example 1 
modular angle, then 


6’*^- 


n«0 


and from § 22*41 example 4, that, if $ bo the 


and thenoe, by taking logarithms, obtain Jacobi’s result 


Jd- Z (-)** arc tan g’* arc tan Vj'-src tan -fare tan 

' quae inter formulas elegantissimas oenseri debet.’. {Fund. p. 108.) 

Example 3. By expanding each term in the equation 
log8ni4K log(2S*)-ilogit+l«)g*in *+ Z {logg-y****^ 

+ log (1 - }*"e-**) - log (1 log (1 - • -*^)} 

in powers of and rearranging the resulting double series, shew that 

log sn t»-log (2?*) - i log i+log sin *+ ^5 ^ , 

when I /(s) I < ifr/(r). 

Obtain similar series for log on u, log dn it. 

(Jacobi, Fundan%mta Fova, p. 99.) 

Example 4. Deduce ftom exa^iple 3 that 

f^logsni4cfi4«i -IwdT'^J^'logi*, 

^ (Glaisher, Prac. Ba^al Soe, zzfx.) 
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22 * 6 . Faultier tones for the Jousobian elliptic funationi*. 

If u s sn u is an odd periodic function of « (with period 2w), which 

obviously satisfies Dirichlet’s conditions (§ 9*2) for real values of m ; and 
therefore (§9*22) we may expand snu as a Fourier sine-series in sines of 
multiples of x, thus 

qe 

S bfisinnc, 

the expansion being valid for all real values of x. It is easily seen that the 
coefficients <^re given by the formula 


vrt5n“ J sn u . exp (nix) dx. 

To evaluate this integral, consider J an u. exp (nix) dx taken round the 
parallelogram whose comers are — w, w, ttt, — 2w + wr. 

From the periodic properties of sn u and exp (nix), we see that J cancels 

/ -if 2 j 

; and so, since — w 4- „ ttt and 5 wr are the only poles of the integrand 

-Sr+iTT ^ ^ 

(qua function of x) inside the contour, with residues f 
— Tr/JSi'j exp mV -f g nirir^ 

and exp niriTj 

respectively, we have 

II ^ - J sn u . exp (7iw)d® = ^ {1 - (-)*)• 

Writing a; — tt 4 ttt for a; in the second integral, we get 

( 1 + (-)”?*} I ^ sn « . exp (nix) dx=^~gi”ll- (-)"}. 

Hence, when n. is even, 6n * 0 ; but when n is odd 

, _ 2w q^^ 

Consequently 

27r (gX sin x sin So? sin 5a? ^ ) 

yj tVf 

when X is real ; but the right-hand side of this equation is analytic when 
exp (m*a?) and j*” exp (— wia?) both tend to zero as n— >c3o, and the left- 
hand side is analytic except at the poles of sn u. 


* These results are substantiallj due to Jacobi, Fundammta Nova, p. 101. 
t The factor ^wIK has to be inserted because we are dealing with sn (2Jr«/w). 
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Hence both sides are analytio in the strip (in the plane of the complex 
variable a) which is defined by the inequality \I (x)\<,^'irl (r). 

And BO, by the theory of analytic continuation, we have the result 

2w £ g"'*~^8in(2ro+ l)a> 


snu! 


(where u » 2Kx/ir), valid throughout the strip | /(s;) | < ^ irJ (r). 
Exttmple 1. Shew that, if then 

2fr " a**'*’*coe(2»-f l)ar , ir 2»r " ^0O8 2n4P 

^“-ay+T.* ^4+5=-. 


■/, 


■*«'*-*+ • ^TTCW’ 

0 H-si 


these resultii being valid when | /(^) | < iir/(r). 

Example 2. By writing w for x in results already obtained, shew that, if 
2JCr/ir and | / (j?) | < J tr/ (t), 

^ Sir i (-)“}“■*■* cos (fcH-l)* Sir ; sin (S»+l)* 

then 

, IT 2ir • (-)*‘o»oo8 2njr 

““ey + yp ,!i — — • 

22*61. Fovrier series for reciprocals of Jacobian elliptic functions. 

In the result of § 22*6, write u -f %K* for u and consequently a? -I- j ‘jtt for a?; 
then we see that, if 0 > / (a?) > — 7r/(T), 

mir.i 1 ^ q’**^*8in(2n + l)(« + iirT) 

and so (§ 22'34) 

n8tt-(-tw/A:) 2 q’»+*{g«‘+*s<“+«‘*-{-»-*s-'~+>'‘-}/(l-5*-+>) 

f»«0 

,*(-ivlK) 2 {2t5«*+‘8in(2n + l)« + (l-5-*"->)s-'*»+«‘*}/(l-g("+‘) 

n-O 

2ir 2, g”*+‘Bin(2n + l)« tV £ 

■F,to 1-2“+* AT ,10 


That is to say 

nsua 


i.co8ec«-(- 


27r S g^*8in(2«+ l)a: 

-» 2r = rrr; . 


w — ~ “ ^ X ,ro 1 - 


But, apart firom isolated poles at the points m^nir, each side of this 
equation is an analytic function of 0 in the stoip in which 

irl (t) > I -rl (t) : 

a strip double the width of that in which the equation has been proved to 

be true ; and so, by the theory of analytio continuation, this expansion for 
ns tt is valid throughout the wider strip, except at the points « nw. 
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Ettamfit. ^Irtain tiw follorag «izpaiMiona, valid ihrooghout tbe atrip | / (*) | <: irl(r) 
except et the p^fles of the hrat term on the ri^t-hand sides of the reepeotive expansions : 




oosec^p 


2ir 


• ^‘^i8in(2n4-l)2? 
,Zq !+?*"♦» ’ 


C8tt»^ COtjP 

dc««^ aeox 


2ir • 9^sin2nx 
~ X l+y*- ■ 

^ 2*r J (- )» 5 r***^* oo8(2n+l) Jf 


nca 

ao« 


iSl^ 

sh 


secjF — 
tans? -h 


2fr 

Kt 

29r 

wp 


2 

nnO 

a» 

2 

fi«i 


+ l 008 (2» + l)^ 
( — )*y**^8m2wir 


22*7. Elliptic integrals. 

An integral of the form j R {w, w) dx, where R denotes a rational function 

of w and x, and itP is a quartic, or cubic function of x (without repeated 
factors), is called an elliptic integral^. 

[Note. Elliptic integrals are of considerable historical importance, owing to the fact 
that a very large number of important properties of such integrals were discovered by 
Euler and Legendre before it was realised that the inverses of certain standard types of 
such integrals, rather than the integrals themselves, should be regarded as fundamental 
functions of analysis. 

The first mathematician to deal with elliptic functions as opposed to eUiptic integrals 
was Gauss (§ 22'8), but the first results published were by Abelt and Jacobi 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the Traiti des fonctions dliptiques. In 
the supplement (tome m. (1828), pi), Legendre comments on their discoveries in the 
following terms: “A peine mon ouvrage avait-il vu le jour, & peine son titre pouvait-il 6tre 
connu des savans Strangers, que j’appris, aveo autaut d’dtonnement que de satisfactioi^ 
que deux jeunes g^omHres, MM. Jacobi (C.-G.-J.) de Koenigsberg et Abel de Christiania, 
avaient r^ussi, par leurs travaux partiouliers, k perfeotionner consid^rablement la thdorie 
des fonctions elliptiques dans ses points les plus ^lev^s.’’ 

Ah interesting correspondence between Legendre and Jacobi was printed in Journal fur 
Math. Lxxx. (1876), pp. 206-279; in one of the letters Legendre refers to the claim of 
Gauss to have made in 1809 many of the discoveries published by Jacobi and Abel. The 
validity of this claim was established by Sobering (see Gauss, Werke, iii. (1876), pp. 493, 
494), though the researches of Gauss ( Werke^ iii. pp. 404-460) remained unpublished until 
after his death.] 

We shall now give a brief outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combined 


* Strictly speaking, it is only called an elliptic integral when it cannot be integrated by 
means of the elementary functions, and ooneequently involves one of the three kinds of elliptic 
integrals introduced in § 22*72. 

t JounutlfOT Math, n, (1827), pp. 101-196. 

X Jacobi announced his dieoorery in two letters (dated June 18, 1827 and August 2, 1827) to 

Schumacher, who published extracts from them in Astr, NacK vi. (No. 128) in September 1827 

the month in which AbeFa memoir appeared. 
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with the elementary functions of analysis ; it has already been semi (§ 20*6) 

that this process can be carried out in the special case of jvr^de, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§ 21*73). 

[The most important case praotioally is that in which is a real function of x and vf, 
which are themselves real on the path of integration; it will be shewn how, in such 
circumstances, the integral may be expressed in a real form.] 

Since iZ (w, as) is a rcLtional function of w and x we may write 

R (fif, x) = P (w, x)/Q (w, x\ 


where P and Q denote polynomials in w and x ; then we have 


R (Wj x) = 


wP (w, x) Q (— w, x) 
wO (fv, ^) Q(- w, x) * 


Now Q(w, as)Q(~‘W, x) is a rational function of and x, since it is 
unaffected by changing the sign of tc;; it is therefore expressible as a 
rational function of x. 


If now we multiply out wP (w, x) Q(— x) and substitute for in terms 
of X wherever it occurs in the expression, we ultimately reduce it to a poly- 
nomial in X and the polynomial being linear in w. We thus have an 
identity of the form 

R (w, x) = {JfZi {x) 4- wR^ {x)]IWy 

by reason of the expression for as a quartic in x ; where and R% denote 
rational functions of x. 

Now JiZj, (x) dx can be evaluated by means of elementary functions only*; 

so the problem is reduced to that of evaluating jur^R^ (x) dx. To carry out 

this process it is necessary to obtain a canonical expression for which we 
now proceed to do. 


22*71. The expression of a quartic as the product of sums of squares. 

It will now be shewn that any quartio (or cwWcf) in x (with no repeated 
factors) can be expressed in the form 

{Ai(x^ «)» + jB, (a; - /By] {At (x - o)* -h 5# - iS)*} , 

where, if the coefficients in the quartic are real, Ai, Bx, A^, a, l3 are all 
real. 

* The integration cf rational funotione of one variable is dieouBsed in texi^books on Integral 
Galoolns. 

t In the following analyna, a oubic may be regarded a« a quartic in which the coefficient of 
X* vaniflhee. 


W. M. A. 


33 
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To obtain this result, we observe that any quartic can be expressed in 
the form 818% where 81, 89 are quadratic in say* 

Si s.OiO^ + 86i« 4- Cl, 8gS + 2M 4- C|, 

Now, \ being a constant. Si — XS^ will be a perfect square in a if 

(oi - Xo.) (c, - Xc,) - (bi - X6,)* - 0 . 

Let the roots of this equation be X^, X,; then, by hypothesis, numbers 
o, /3 exist such that 

Si-XiS«s(ai-Xia.)(«-a)*, Si - 5 (oi - X^o.) - /9)- ; 

on solving these as equations in Sj, S,, we obviously get results of the form 
Si s Ai {x — «)* + J8i (^ — S9 s ilj (a — a)* + jBj (a? — ^)*, 
and the required reduction of the quartic has been effected. 

[Note. If the quartic is real and has two or four complex factors, let Si have com- 
plex factors ; then X} and X9 are real and distinct sinoo 

(a,.Xa,)(ci-Xos)-(6,-X&9)* 
is positive when X «0 and negative t when X«ai/a9. 

When Si and S^ have real factors, say (^— — the condition 

that X] and Xg should be real is easily found to be 

(6 - &) (fi- &') (f, 0 , 

a condition which is satisfied when the zeros of Si and those of S2 do not interlace ; this 
was, of course, the reason for choosing the factors Sj and S^ of the quartic in such a way 
that their zeros do not interlace.] 


22 * 72 . three kinds of elliptic integrals. 

Let a, )3 be determined by the rule just obtained in § 22 * 71 , and, in the 
integral Jttr^Bi (x) dx, take a new variable t defined by the equation J 

(a — SY^dt 


we then have 


dx ^ ^ 

+£,)!*■ 


* If the ooeffioients in the qnartic are real, the factorisation can be carried out so that the 
ooeffioients in Si and are real. In the special case of the quartic having four real linear 
factors, these factors should be associated in pairs (to give Sj and S^) in such a way that the 
roots of one pair do not interlace the roots of the other pair ; the reason for this will be seen in 
the note at the end of the section. 

t Unlees ai : i b2, in which case 

(* — 0)®+ jB|. 

t It is rather remarkable that Jacobi did not realise the existence of this homographie 
substitution ; in his reduction he employed a quadratic substitution, equivalent to the result of 
applying a Landen transformation to the elliptic functions which we shall introduce. 
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If we write Ri (w) m the form ± (a — /9) (Q, where Bt is ntaonol, we get 

fBi (at) da f Bt(t)dt 

Now B,(t) + B,(-t)~2B4(fi), B,(t)-B,i-t)~‘2fBt(t?), 
where Bt and Bt are rational fonotiona of and so 
' Btit)’mB4(^) + tB4(fi). 

But l{iAii^+Bi)(A,P+Bt)\-hB,(ff)dt 

can be evaluated in terms of elementary functions by taking ^ as a new 
variable*; so that, if we put R 4 if‘) into partial fractions, the problem of 

integrating w)dx has been reduced to the integration of integrals of 

the following tyjies : 

+ B.) (A.<» + B,)} - **, 

J(1 + {(Ai<* + B.) (A,t‘ + B,)} -*<ft ; 

in the former of these m is an integer, in the latter m is a positive integer 
and 

By differentiating expressions of the form 

<«—> + B,) (Atf + B,)]*. i (1 + Nipy-" + B,) (A,«* + Bi))*, 

it is easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms : 

(i) I {(A^f + BO (A,P + B.)l - * dt. 

(ii) {(d-iP + B])(A(P + Bj)} 

(iii) |(l + NP)-‘ {(A, P + B,) (il,P + B,)} - *dt. 

These integrals were called by Legendre f elliptic integrals of the first, 
second and third kinds, respectively. 

The elliptic integral of the first kind presents no difficulty, as it can be 
integrated at once by a substitution based on the integral formulae of 
§§22121, 22‘122; thus, if Ai, Bj, A^, B* are all positive and -4.B, >-4iBi, 
we write 

A,*«-B,*c8(«, *). [*^-(A.B,)/(4.B.).] 

* Sse, e.g., Hardj, JnUgretion of FuneHom of a single Variable (Camb. Math. Tracts, No. 2). 
t SsBerdces de Caleul InUgfxU, i. (Faria, 1811), p. 19. 

33—2 
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EvampU 1. Verify that, in the case of real integrale, the following eoheme gives 
all poasible eesetotiallj different arrangements of sign, and determine the appropriate 
enbetitutions neeessarj to evaluate the oorresponding integrals. 

+ + - + + — 


* + - + 


^. + + + + -- 


• 8 * + + + “ + + 


Example 2. Shew that 

Jsnudu jeoudu-mi-^ uoiMn(kBdu), 

jdaudum^tanu, 

/ , j 1, 1 — cna« f. 1, l+sni^ 

ds a at^ssr log , I dc aaas- log , , 

2 ®H-cntt* J 2 ®l-8na’ 

and obtain six similar formulae by writing te4* iT for u» 

(Qlaisher.) 

Example 3, Prove, by differentiation, the equivalence of the following twelve 
expressions : 

M - it* J sn* u du, it'*w + k^ j cn* u du. 


it'*w + k^ j cn* u du, 
jdn*«G?tt, dn a csu — jns*ii<iv, 

ifc'*t4-fdnw8Ctt — it^ Jnc* u du, it* sn w cd -H P* Jnd*?* du, 

dn u 8c « — P* /sc* u du, k'^ m + it* sn u cd a + ilr*ifc'* Jsd* arfa, 

?/-f /r* sn w cd w - it* Jod* u du, - dn w os t/ — Jos* u du, 

it'*w— dn u cs w-/d8*a(ftf, u+dn a sc w — / dc* w rftt. 

Example 4. Shew that 

A* MriH qt 

— »n (w - 1) sn^“* u - «* (1 +i^) sn" k + w (»+ 1) ^ sn"'*^* («, 

and obtain eleven similar formulae for the second differential coefficients of cn" u, 
dll’* tt, ... nd"M. Whftt is the connexion between these formulae and the reduction 
formula for dt'i 

(Jacobi ; and Glaisher, Ueeemger, xi.) 

Example 5. By means of § 20*6 shew that, if a and are positive, 

/‘ J(a»-x*) (a:»+/3»)r*<£r« /* (4*»-sr,»-ir,)*-*<fe, 

where is the real root of the cubic and 

^2“ A (c*-/9*)*-a*/9*, -.(«*-/9*) {(«*-/8*)*-f 3ea*i8*}/2ie; 

and prove that, ifp 9 » 0 , then a and /9 are given by the equations 


»n (w - 1) sn"“* u - «* (1 sn" k + w (»+ 1) ^ sn"'*^* («, 
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Sasamph 6. Deduce from example 6, combined with the integml formula for cii«, 
that, if is positive 

J* tb*i (a*+/S^-* jr, (4f*+^,)-**-a (o»+/S»)-* 

where -}) {^ 9 )\ j) (2^*)*, and the modulua is a 


22*73. The elliptic integral of the eeomA kind. 7%e function^ E(u). 

To reduce an integral of the type 

{(^,«» + B,) (A,P + fi,)| - **, 

we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical. We are thus led to one of the twelve integrals 


Jan^udu, |cn*udu, ...Jnd^udu. 


By § 22*72 example 3, these are all expressible in terms of u, elliptic 
functions of u and fdn*udu ; it is convenient to regard 


E(u)^r 

Jo 


dn^ udu 


as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed ; when the modulus has to be emphasized, we write 
E(u, k) ill place of E(u). 

We observe that 

dE(u) 


du 


:dn®tt, ^(0) = 0. 


Further, since dn*u is an even function with double poles at the points 
2mJSr*f (2n + l)iE, the residue at each pole being zero, it is easy to see that 
E(u) is an odd one- valued f function of u with simple poles at the poles 
of dn u. 


It will now be shewn that E(u) may be expressed in terms of Theta- 
functions ; the most convenient type to employ is the function 0 (if). 


Consider 



it is a doubly-periodic function of u with double poles at the zeros of 6 (u), 
i.e. at the poles of dnu, and so, if be a suitably chosen constant, 


dn*tf — A 


)e>) 

du 


le-(ic)] 

le(u)j 


* This notation wm Introdooed by Jaoobi, Journal fUr Math. iv. (1829), p. 378 lOe$. Werkt, 
I. (1881), p. 299]. In the Fundamenta Nova, he wrote S (am u) where we write i? (u). 

f Binee the iwiidues of da*w are aero, the integral defining E (ii) ie independent of the path 
ehoaen (§ 3*1), ^ 
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is « doalHy'piniodio fbnotion of «, with periods SJT. SiJT', with only a single 
simple pole in any oell. It is therefore a oonstant ; this oMistant is nstiii^y 
written in the form EjK. To determine the constant A, we observe tiiat 
the principal part of dn* u at iK' is — (« — iK'Y*, by § 22*841 ; and the 
residae of S'(u)/B(u) at this pole is uoity, so the principal part of 

^ is—^a — iX’')”*. Hence 1,80 

dn*«.:5-t^ 

du 0 {u)l 

Integrating and observing that 0' (0) » 0, we get 


E (u) - 0' (u)/0 (a) + uE/K. 

Since 0' ( Jf) « 0, we have E (K) ■« E ; hence 
K i*" 

I* s; 1; **)• 

It is nsaal (c£ § 22*8) to call K and E the complete elliptic integrals of the 
first and second kinds. Tables of them qua functions of the modular angle 
are given by Legendre, FoncHone ElliptiqueSt ii. 

ISixampU 1. Shew that E{u-\-2nK)sxE{u)>^2nEy where n is any integer. 

Example 2. By expressing e(tf) in terms of the function S^{^vulK), and expanding 
about the point u^iE% shew that 


22*731. The Zeta-function Z (u). 

The function E(u) is not periodic in either 2K or in 2iK', but, associated 
with these periods, it has additive constants 2E, {2iK'E — 7n]/K ; it is 
convenient to have a function of the same general type as E{u) which is 
singly-periodic, and such a function is 

Z(u)s0' (u)/e(w); 
from this definition, we have* 

Z (u) - ^ (m) - uBIK, 0 («) - 0 (0) exp | f * Z (#) dtl . 


22*732. The addition-formidae for E (m) and Z (n). 
Consider the expression 


W(u^v) e'(u) 
0(w + «;) 0 (m) 


0(t;) 


+ sn u sn t; an (n 


+ v) 


* The integral In the expression for 6 (a) is not one-valoed as Z (t) has residue 1 at its poles ; 

but the difference of the integrals tahen along any two paths with the same end points is 2nirt 
where n is the nnmber of poles enclosed, and the exponential of the integral ie therefore one-^ 
valued, as it should be, since 6(«) is one-valued. 
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f[m top^am of it. It ia doaUy-periodio* (periods SIT siad StJt') iritli sissple 
poles eongraeot to iK* sod to the residiie of the Snt two tenas nt 

iK' is — 1, and the reaidae of snttsav«i(u4’«) is Jlr*an«8n(tjr'4- 

Hence the function is doubly-periodic and has no poles at points 
congruent to iK' or (similarly) at points congruent to iK'—v. By 
liouTille’s theorem, it is therefore a constant, and, putting u»0, we see 
that the cmistant is zero. 

Hence we have the addition-formulae 

Z{v) + Z(v)-Z(u+v)»lfmumvsa(u + v), 

E(u) + E (f ) — E(u + v)~ If »nu mv sa (u + v). 

[Notb. Since Z(u) and £ (is) are not doubly-periodic, it is poaaible to prove that no 
algebraic relation can exist connecting them with snu, onti and dnv, so these are not 
addiiton-theoreme in the strict sensef.] 


22783. JaocbSs imaginary trafuf/annalionf of Z (u). 

From §21*51 it is fairly evident that there must be a transformation of 
Jacobi’s type for the function Z (it). To obtain it, we translate the formula 

(m? I t) « (— it)* exp (— trV/w) . (mst' | r) 
into Jacobi’s earlier notation, when it becomes 


and hence 


H (iu + if, i) - (- iT)i «p % iu. k'), 

c» K i) - (- irf e.p (jg,) 


Taking the logarithmic differential of each side, we get, on making use of 
§22*4, 

Z (tit, A?) « t dn (it, k*) sc (it, k*) — tZ (it, k!) - muj^SLEKy 


22 734. Jacobi s imaginary tra/naformatiorn of -B(it). 

It is convenient to obtain the transformation of E (it) directly from the 
integral definition ; we have 

E (tit, dn* (t, k)dt^ j dn* (tf , k) idf 

on writing it' and making use of § 22*4. 

* aiJT' is a period sijioe the additive oonstauts for the first two tenns oaneel. 
t A theorem due to Weierstrass states that an analytio faiiotion,/(«), possessing an addition* 
theorem In the etriet sense mast be either 

(i) an algebraic function of «, 

or (ii) an algebraic function of exp (rir/w), 

or (iii) an algebraic fnuetion of fD (s | ii»i, wg); 

where Wi wi , wg are snitab^ chosen constants. See Fors^, Theory of Funetiont (1918), Oh. xitt. 
t Fumdamenta Nova^ p. 161. 
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Heaoe, fi^m § 22*72 example 3, we have 

W!(iu, A) -t |ti +<ln(«. il08c(u, k') -J dn*(t', , 

and so ^(tu, &) » tu + 1 dn (ti, If) so (», k') — iE («, If). 

l^is is the transformation stated. 

It is convenient to write E' to denote the same function of as ^ is of 
Le. E' ^^E (K‘, V), so that 

E{3iiK\ k)^2i(K' - E'). 


22 * 736 . Legendre* a relation*. 

From the transformations of E(u) and Z(u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK' + E'K-KK'=^lw. 

For we have, by the transformations of §§ 22 733, 22'734, 

E (iu, 4) — Z (til, k) ** iu — i [E (u, k*) — Z (u, k')] + iriuK^KK*), 

and on making use of the connexion between the functions E (u, k) and 
Z (k, k), this gives 

iuEIK ^iu^i {uE*IK*} + inul(2KK'). 

Since we may take the result stated follows at once from this 

equation ; it is the analogue of the relation 171 Wg — lygoii « ^ wt which arose in 
the Weierstrassian theory {§ 20*411). 

Example 1. Shew that 

E (u-^ K) - E (u) ^ E HU uodu. 

Example 2. Shew that 

jF(2i5-H2i/r')«^(22e)-f 2t (iT'- E\ 

Example 3. Deduce from example 2 that 

JJ'(2u+2tiE’')+i^8U® (w+iAT') sn (2tt+2tir') 

ss (ii) + cn w ds « + 1 


Example 4. Shew that 

E{p,'^ iK') «= E (m) — BU u dc E^i {^K' — E*), 

Example 5. Obtain the expanidonB, valid when^ | I{x) | <ifr/ (r), 

»»l 1 — ««] I — 9** 


(JaoobL) 


* Sxereieee de Caloul InUgtal, i. (1811), p. 61. For a geometrical proof Bee Olaidier, 
Meeeenger, iv. (1674), pp. 95-96. 
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22*786. PropmUa of tiie complete dlijiiie iniegroit, regarded ae fm/tUm 
oftke modulm. 

If, in the formulae {\ — ldma*4>)^dd>, we differentiate under the 

J 0 

sign of integration (§ 4*2), we have 

J* i;sin*^(l — ifc*8in*^)“*(f^— 

Treating the formula for K in the same manner, we have 
^•■J^&8in*^(l — i*8in*^)~*d^»Aj sd'udu 

by § 22*72 example 3 ; so that 

dk k • 

If we write A* = c, k'^^c\ these results assume the forms 
^dE^ E--K ^dK^ E^Ke' 
dc c ' dc cc* 

Example 1. Shew that 

E-’E ^dE cE-E 

, } . 

dc d dc cc 

Example 2. Shew, by differentiation with regard to c, that EE ■\‘E^K-KE is 
oonstant. 

Example 3. Shew that K and E are solutions of 

and that E and E' - E are solutions of 

S (* ^) ■*■***"’ (Legendre.) 

22*737. The values of the complete elliptic integrals for small values of k. 
From the integral definitions of E and K it is easy to see, by expanding 
in powers of k, that 

Urn JBr-lim.&-iw, lim (JST - - i ir. 

1:^0 *-**0 ^ k^O * 

In like manner, lim E' = I cos Ad<h ^ I. 

Jo 

It is not possible to determine limiC' in the same way because 

(1 — it'^sin'^)’*^ is discontinuous at k^0\ but it follows from 

example 21 of Chapter xiv (p. 299) that, when | arg & | < ir, 

lim\K'^\ogii/k)]mO. 
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Thb Msult ia also deduoibk from tbe formulae kmS^/S^f by malting 

f 0 ; or it may be proved for real values of k by the following dementaxy xnethod : 

By gSS’S2, now, when Uea between 

1 and 1 and^ when ijk<t <ly (X*- it*)//* lies between 1 and 1 - jt. Therefore K* lies 
between 

J^*(<»-**)-**+ ■***)"*<* 


and 

and therefore 


where 

Now 


(1 -*)-*(/][* (I'-js -»<i<+r <-■ (1 - 1 

- (1 - tfi) - i [2 log {1 + V(1 - i)} - log il 

lim [2 (1 - tfi) - i log {1 + V(1 - it)} - log 4]-.0, 
lim {1 - (1 - Ot) - i} log i-O, 


lim {K' - log (4/*)} —0, 


and therefore 

which is the required reeult. 

EsampU. Deduce Legendre’s relation from § 22736 example 2, by making k^O. 


22*74. The elliptio integi^al of the third kind*. 

To evaluate an integral of the type 

J(1 + {(Alt* + JB,) (il,<»+ B,)} ■ * dt 


in terms of known functions, we make the substitution made in the corre- 
sponding integrals of the first and second kinds (§§ 22*72, 22*73). The 
integral is thereby reduced to 


f a-h/3sn*u 
; 1 + V an* u 


dw as otu H- 



Bn*u 
+ 1^ an* u 


du, 


where o, /?, p are constants; if —1, oo or — the integral can be 

expressed in terms of integrals of the first and second kinds ; for other values 
of p we determine the parameter a by the equation v ik* sn* a, and then it 
is evidently permissible to take as the fundamental integral of the third kind 


n (w, a) > 


./• 


* A;* sn a c n a dn a sn* 


1 — an* a sn* tt 


To express this in terms of Theta-functions, we observe that the inte- 
grand may be written in the form 

~Jb*sn«Bna{gn(tt + a) + sn (tt — a)} « g {Z (t/ — a) - Z (m + a)-f- 2Z(a)}, 


^ Legendxc, Rxereices de Caleul InUgnU, i. (1811), p. 17 1 Fonctiont EUiptiquet, x. (1S26)» 
pp. 14^18, 74, 76; Jacobi, Fundamenta Nooa (1829), pp. 187-172; we employ Jacobi's notoHou, 
not Xiegendre’a 
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hy the addition-theorem for the Zeta-fiinction; mahing use of the fcurmaia 
Z(u)"*W («)/9 («), we at once get 

n(u.a)-ilog|^^> + «Z(o). 

a result which shews that 11 (u, a) is a many-valued function of u with 
logarithmic singularities at the zeros of 0 (u ± a). 

JSjsample 1, Obtain the addition-formula* 

+a)‘ 

(Legendre.) 

(Take x:y:z: w^u :i^:±a:f4-|-t;±ain Jacobi’s fundamental formula 

^ o ou . w+m-w+wo 

Eaafuple S. Shew that 

n (u, a) - n (a, u ) = «Z (a) - aZ (it). 

(Legendre and JacobL) 

[This is known as the formula for interchange of argument and parameter.] 

Example 3. Shew that 
n(«, «)+n(«. 6)-n(«, log 

^ ^ 1+^suasn 6anitsn(a-H6'f It) 

+ an a so & sn (ct+ h). 

. . (JacobL) 

[This is known as the formula for addition of parameters.] 

Example 4. Shew that 

II (tit, ia+ iT, it)«*:n (w, a + K\ (Jacobi.) 

Example 5. Shew that 

n(te-fi>, a-hft)-|-n(it-i7, a-6)-2n(«, a)-2n(v, b) 

- -^snasn*. Ku+i>)8n(a+6)-(t,-*)sn(o-6)}+ilog-}-r^^grf)^Jg^, 
and obtain special forms of this result by patting or 6 equal to zero. (JacobL) 


22'741. A dyTutmieal application of the dliptxc integral of the third hind. 

It is evident fi;om the expression for n (u, a) in terms of Tfaeta fiinotions that if it, a, ilb 
are real, the average rate of increase of n (it, a) as it increases is Z (a), since d (it±a) is 
periodic with respect to the real period 2E, 

This result determines the mean preoeesion about the invariable line in the motion of 
a rigid body relative to its centre of gravity under forces whose resultant passes through 
its centre of gravity. It is evident that, for purposes of computation, a result of this nature 
is preferable to the corresponding result in terms of Sigma-functions and Weierstrassian 
Zeta-fiinotiona, for the reasons that the Theta-functions have a specially simple behaviour 
with respect to their real period — the period which is of importance in Applied Mathe- 
matios-^nd that the ^^geries are much better adapted for computation than the product 
by which the Sigma-function is most simply defined. 


* No fewer than S6 forms have been obtained for the expreesion on the right. See Glaisher, 
Meeeenger, z. (1881), p. 1S4. 
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22 * 8 . 1%$ lemniteate funotiont. 

The integral f (l — t*)~idt occurs in the problem of rectifying the arc of 

J 0 

the lemniaoate*; if the integral be denoted by we shall express the 
relation between ^ and a? by writingf a ^ sin lemn 

In like manner, if 

we write 

/r » cos lemn <f>i, 

and we have the relation 

sin lemn 0 » cos lemn ■ 

These lemniscate functions, which were the first functions J defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus 1/V2; for, from the formula (§ 22*122 example) 

J 0 

it is easy to see (on writing y « ^ \/2) that 

sinlemn^aB2"'^8d(^ 1/V2); 
similarly, cos lemn ^ « cn \/2, l/v^2). 

Further, is the smallest positive value of <f> for which 

cn(0 V2, 1/5/2) «0, 
so that «r =s 

the suffix attached to the complete elliptic integral denoting that it is 
formed with the particular modulus 1/V2. 

This result renders it possible to express Ko in terms of Gamma*functions, 
thus 

Jo Jo 

-2-Jr(i)r(i)/r(f)-i^-i{r(i)l*. 

a result first obtained by Legendre§* 

Since when k » l/\/ 2 , it follows that Kq « *ind so 90 ■■ er*. 

* The equation of the lemnisoate being cos it is easy to derive the equation 


\dr) a* - r* 


from the formula 




t Gauss wrote si and ol for sin lemn and oos lemn, Werke, 111 . (1S76)| p. 498« 
t Gauss, Wgrk€, xu. (1876), p. 404. The idea of investigating the fhnotions ocoorred to Gauss 
on January 6, 1797. 

I Exereiee$ dt Caleul Jntigral, 1 . (Paris, 1811), p, 909. The value of Jto » 1*85407468..., 
where Qr*2-6d206766.... 



22*8, 22‘8I] THE JACOBIAN BLUPnO FUNCTIONS 525 


Mmtmple 1. Express JTq in terms of Gamma-fuiictions bj using Kuninier^s formula 
(see Chapter xiy» example 12, p. 298). 

ExampU 2. 'Bj writing f «>(1 in the foimula 

8bew that si£a^j\l-u*)~idu+p^u*(,l~u*)~idu, 

and deduce that SJE#- JCo-Str* {r 

Example 8. Deduce Legendre’s relation (§ 22*735} from example 2 combined with 
§ 22*786 example 2. 


Example 4. Shew that 


sin lemn*^ 


1 — ooslemn*^ 
l+coslemn*^' 


22*81. The valtiae of K and K' for epedal valuee of t. 

It has been seen that, when l/\/2, K can be evaluated in terms of Gamma>functions, 
and K^K' \ this is a special case of a general theorem* that, whenever 

Jf ** c+ds/n' 

where «, d^ n are integers, i: is a root of an algebraic equation with iutegi'al 
coefficients. 


This theorem is based on the theory of the transformation of elliptic functions and is 
beyond the scope of this book ; but there are three distinct cases in which Ky K' all 
have fairly simple values, namely 

(I) K'^Ky/2, 

(II) iS:'»AV3, 

(III) it«tanH«*, 

Of these we shall give a brief investigation t. 

(I) The quarter-periods fcith the modulus ^2-1. 

Landen’s transformatiou gives a relation between elliptic functions with any modulus k 
and those with modulus l?i«“(l-it^)/(l+if'); and the quarter-periods A, A' associated with 
the modulus itj satisfy the relation Ay\^2K'/K, 

If we choose k so that k^^k\ then A—K' and ki^k so that A'= JT; and the relation 
a7a«2A'7A’' gives A'*«2a*, 

Therefore the quarter-periods A, A' associated with the modulus given the 
equation l^i**(l — iti)/(l q-iti) are such that A'=±aV 2; i.e. if kiaaJ2-lj then A’*A^/2 
(since A, A' obviously are both positive). 

(II) The quarter-periods associated with the modulus sin ^ir. 

The case of ilmsiniW was discussed by Legendre be obtained the i^markable 
result that, with this value of A 

AT'-ATVa. 


'* Abel, Journal fUr Math, ui. p. 184 [Oeuvres^ x. (1881), p. 877]. 

t For some similar formulae of a less simple nature, see Eronecker* lierltner Sitzmgsberxchte^ 
1857, 1862. 

^ Exeteiees de Caleul InUifrol, i. (1811), pp. 59, 210; Fonetions EUiptiquen, j. (1825), 
pp. 59, 60. 
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Thia remilt foUowa from the leUtion between definite integntla 

J' (1 -*») (»»- 1) ■ *<«». 

To obtua this relation, consider J (1 ^dii taken round the oontoar formed by the 

part of the leal axis (indented at f»>l by an arc of radius if*'} joining the points 0 add 
if, the line joining to 0 and the arc of radius -R joining the points if and ifs**^ ; as 
if-*>oo , the Integral round the arc tends to aero, as does the integral round the indentation, 
and so, by Cauoh/s theorem, 

on writing x and respectively for z on the two straight lines. 

Writing 

we have -fi + J (1 +*V 3 ) la J 

so, equating real and imaginary parts, 

ii-Ks, /i-K8s/3, 

and therefore /i + /j-/>%/3»«J/8+/s-|/8*0, 

which is the relation stated*. 

Now, by § 22'72 example 6, 

/,-4(a‘+/S*)-*ir, /,+/,-4(a*+/3^-iX”, 

where the modulus is a(a^+/9') snd 

a>-2V3-3, /9»-2,/3+3, 

so that *»-i(2-V3)=sin>fjir. 

We therefore have 

3 “ * . 2fi:=3 " * . 2A'-/,-3i/, 


=3-* JV»{i-<)”**-i«rir(j)/r(|). 


when the modulus Jb is sin ^fr. 

(Ill) TAz quarter^periods mth the moduluz tan* Jir. 

If, in Landen’s transformation (§ 22*42), we take irassi/^2, we have 
now this value of h gives 

. J2-1 ^ 

^i“^2^1»tan Jtr; 


and the corresponding q\iarter-period8 A, A' are J (1 + 2 “ ^) i^o and (1 + 2 ^) K^, 

Example 1. Discuss the quarter-periods when k has the values (2^2 2)^, sin |^ 9 r, 
and 2^(s^2--l). 


* Another method of obtaining the relation is to express Ii, Ij, J| in terms of Gamma- 
functions by writing ~ 1)^ respectively for x in the integrals by which Ji, If, Is are 

defined. 
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Ejpomph 2. Shew that 

«*«-**■- n ^«-Arr^/8^ 2[ » _,-9n»/V8v 

MbO MaBl 

(Glaiaher, Meuenger^ V.) . 

jExample 3. Expresa the ooordiiiatea of any point on the curve 1 in the form 

2 . 3^ (1— on u) 2 . 3^ an min a 
l + on« * (l+on«}* * 

where the modulus of the elliptic functions is sin and shew that 

By considering / if du^ evaluate K in terms of Qamma-funotions when 

2 . ■ 1 •'® 

SB Bin IT. 

Example 4. Shew that, when 1, 

and thence, by using example 3 and expressing the last integral in terms of Gamma- 

functions by the substitution ^■.^“4, obtain the formula of Legendre {Cedovd IwUgral^ 
p. 60) connecting the first and second complete elliptic integrals with modulus sin^ir* 

Example 5. By expressing the eoordinates of any point on the curve 7**1 - X* in 
the form 

y_. 3*(1 — cnv) y. 2.3^snvdn<’ 

““ 1 + cn V ’ “ ’ (1 -i-cn 

in which the modulus of the elliptio functions is sin'^ir, and evaluating 
in terms of Gamma-functions, obtain Legendre’s result that*, when irBsin^ir, 



22*82. aA geometrical illaatration of the fmictione sn w, cn u, dn i 4 . 

A geometrical representation of Jacobian elliptic functions with ^bI/,/ 2 is afforded by 
the arc of the lemniscate, as has been seen in § 22*8 ; to represent the Jacobian fhnctions 
with any modulus X: (0 < ^ < 1), we may make use of a curve deecrihed on a epkere^ known 
as Seifferfe epherical epirali. 

Take a sphere of radius unity with centre at the origin, and let the cylindiioal polar 
coordinates of any point on it be (p, z\ so that the arc of a curve traced on the sphere 
is given by the formula J 

* It is interesting to observe that, when Legendre had proved by differentiation that 
Eff' + E'A— KK* is constant, he used the results of examples 4 and 5 to determine the constant, 
before using the methods of § 22*8 example 3 and of § 22*787. 

t Seiffert, Veher eine neue geometrUche EinfUhrung in die Theme der eUiptieehen Funkiionen 
(Charlottenbnrg, 1896). 

t This is an obvious transformation of the formula (ds)Ss(dp)^-f /»>(d0)>-(-(ds)>when p and z 
are connected by the relation 1. 
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Saifibrt’s is defined by the equation 

where t is the arc measured from the pole of the sphere (i.e. the point where the axis of z 
meets the sphere) and is a positive constant, less than unity*. 

For this ourre we have 
and HO, since z and p vanish together, 

p-sn («, k). 

The cylindrical polar coordinates of any point on the curve expressed in terms of the 
arc measured fW>m the pole are therefore 

(pj ^*)-(8n«»^«*CQs); 

and dn s is easily seen to be the cosine of the angle at which the curve outs the meridian. 
Hence it may be seen that, if JT be the arc of the curve from the pole to the equator, then 
sn z and cn z have period 4jr, while dn z has period 2K, 
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Miscellaneous Examples. 

l.. Shew that one of the values of 

j /dnu+cn / dn u - cn | / 1 - sn m / 1 + sn \ 

\\ 1+cnw / \ 1-cnw / j \\dnu— ^snu/ \dnw-fiPsnw/ j 

is 2 (1 +iP). (Math. Trip. 1904.) 

2. If jr+»y«=sn* ( m + it>) and a:— ly aasn* (w— iv), shew that 

{(or - l)*+y*}^—(^+y*)^ dn 2u+cn 2u, 

(Math. Trip. 1911.) 

3. Shew that 

{l±cn (it+r)} {l±cn(w-r)}» ~^^~^5i!L ^ 

4. Shew that 

-I . / . \ \ cn*w+cn®v 

l+cn(w+t7)cn(«-v)— r — 23 — 3 s“* 

^ 1-A*8n*wsn®v 

(Jacobi.) 

* If ft > 1, the curve is imaginary. 
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(Math. Trip; 1909.) 
an u do « on - an 9 dn V on 

(Jaoobi.) 


6. Shew that 


/ V j / . V an u an « on - an a an 1 
9 n(«— )dn(«+*) 


7. Shew that 


{1 -(l-fit')snMsn(tt+ir)} {1— (l-K)8n«8n(tt-|-ir)}*{8n («t+ir)-aD a}*. 

(Math. Trip. 1914.) 


8. Shew that 


9. Shew that 


10. Shew that 
and hence ezpreaa 


/ i ir-x . 1.V -lifc'an tt+cn ttdn M 

Bin {nm {«+*)+am 

.... , .. cn*»-an*adn*a 

coB{am(«+i>)-ain(i.-.>)t- • 

J , . VJ , X d8*vds*tr+i4ifc^ 

dn(n+i>)dn («->)- . 

ry (w-fy)-e2 P(a-v)-er |* 

L|f>(w+v)-«s' j?(w-v)-<'aJ 


(Jaoobi.) 


(Trinity, 1903.) 


aa a rational function of p {u) and p (v). 

11. From the formulae for cn(2ir— w) and dn {^K-u) combined with the formulae 
for I -f on 2a and I +dn 2u, shew that 


(l-cn§ir)a+dniir)-l. (Trinity, 1906 .) 

12. With notation similar to that of § 22% shew that 

Cl d , - Cfdi ^ on (K| -hat) dn (ui +ii|i) . 

Ci-jj “ 8n(iii+«*) 

and deduce that, if ai-)-t{a4-«9+t<4««2ir, then 

(cioij - c^di) (c#rf| — C|^)"<lr^ (#1 — ts) {«s ~ <♦)• 

(Trinity, 1906 .) 

13 . Shew that, if a 4 - v -f wa-O, then 

1 -dn*tt-dn*a-dn*fc+2dnadDadn w«- 4 * 8 n*fi 8 n*v 8 n*w. 

(Math. Trip. 1907 .) 

14 . By Liouville’a theorem or otherwise, shew that 

dn w dn (v-f w) -dn V dn (v4*w)-i« {an v on a an (a+ic) on («+ w) 

- an « on van («+ w) on (v+ w)), 

(Math. Trip. 1910 .) 

15 . Shew that 

2 on Wfon «3an (ua-w*) dn wi+sn (14-11$) an (14- «i) an {14 -14) du 14 dn 1460 14”* 
the summation applying to the auffioea 1, 2, 8. (Math. Trip. 1894 .) 

84 


W. M. ▲. 
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16. Obtaici the fomuke 

nxkdu^AlD^ onatc^B/D, ixiZu»C/Df 

wbefe 

if-c {1 - 4 j*+eit*#* - 

{1 - 4 i:«i»+ 6 l?*^- 4 l:«i«+iHj«}, 

Z)- 1 4t» (1 +ife») I*- aHl®, 
and jaisnv, o»tontt» <fa«dnt£. 


17. 


Shew that 
l^dn 3 u 


n - dn u' 

U+dn 


14'dii 3«e 

where Oi, 02 , Osi o >4 B,Te conatanta to be determined. 

fl +dn 3w\i 


j*\ /l+aidn^’ 4 -a 2 dn*M^aadD*w 4 ‘«idn<i 5 \* 
uj \i - Oi dn t«+a2 dn* 1* - ai dn^ dn* u) * 


(Trinity, 1912.) 


18. If 


shew that 




P(u)+P{u+ii£') 

P{u)-P(u+^K’)' 


an 2tt on u 


on 2tt an 

Determine the poles and aeroe of P{u) and the first term in the expansion of the 
function about each pole and zero. 

(Math. Trip. 1908.) 

19. Shew that 

sn(ai+Ma+Ws) = J/D, on(t£i4*i*2+Ws)-^/A dn (mi+W 2+W2)“(?/D, 

where 

A {- 1 - A« + 2/r*2^i*- 

^ 2 {«! (1 + - ^282* «8*)}, 

Bw^CiC^C^ {1 -i?*282*83*4*aH8i*«g*#3*} 

+ 2 {Ci ( - 1 + + 2P«i* - ^28a*«8*)}» 

C-:rfid2<J^{l -i:*282*«8* + afca8,*«2W} 

+ it>2 {rfi#283C2C3 ( - 1 + 2 ^ 82 * 88 * + 28,* it*2*8*V)}, 

D» 1 - 2jt*282*88* + 4 (Z* + it*) 8 i* 88**8* “ + it*2#2*83*, 

and the summations refer to the suffices 1, 2, 3. (Glaisber, Messenger^ xi.) 

20. Shew that 

an (m,+M 2+M3)=»5.47Z>', on (it, +«8+ its) «!?'//)', dn (w,+it2+tts)*C^7Z>', 
where .4' — 28it*208<i8<3?8-<l«8»3(l+^-^2«l*+^8i*82*83*), 

^'—C, 0203(1 -A*8|*82*^*)-«^lfl^8<3^28283<?I<J?l, 

C" «rfid2<f3(l — it*«l*«8*88*) -^<^lCaC82#3880,<fi, 

1 - /t*2«2**«*+(^+^) •! v»8* “ ^*8, 8283281 

(Cayley, Journal filr MatK XLI.) 

21. By applying Abel’s method (§ 20*312) to the intersectiona of the twisted curve 

3^-f-Z*j7*-*l with the variable plane shew that, if 

«i-f«*+tt8+a4»0, 

then I 8, 0i di 1 i«0. 

8, 0, d8 I 
»s <?8 <4 1 

84 04 0r4 1 

Obtain this result also fi*om the equation 

(8, - 8,) (03if4 - 04^2) + (84 - 8S1) {Cidt - 02 d,) « 0 , 

which may be proved by the method of example 12. 

(Cayley, Memnger^ xrv.) 
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28, Shew that 

by es^ireaeriiig each aide in terms of «i, ; and deduce hrom example SI that, if 

Kl+«f + M8 + W4— 0, 

then 

+Ss<?i 4 + «|C4<^ -h#, <%<f4«i0, 

(Forejrth, Mu^rntger, xiT,} 

S3. Deduce from Jacobi’s fundamental Theta-fiinction formulae that^ if 


«*l+t%4-«4 + W4=s0, 

then - il^F^S|SgS 4 « 4 -|-l;*eiege^C 4 - didsd^rfi^O. 

(Gudermann, Journal fiir Math, xvin.) 

24. Deduce from Jacobi’s fundamental Theta>function formulae that, if 

ih+tta+M«+*^**“ 0 , 

then i!*( 4 i# 2 e 3 C 4 -ci<^^« 4 )— 

F* - «8*4) +rfl<?l^04 - 

Jii Sgdarfi - til dg48^4 + C3<?4 - Cl Ci “ 0. 

(H. J. S. Smith, Proc. London Math. Soc. ( 1 ), x) 

25. If Ui+tig+t{ 3 -ft( 4 » 0 , shew that the cross-ratio of an t^i, su Ug, sn an \i^ is equal 

to the cross-ratio of sn (Ui+iT), su sn(u 3 <f iT), sn ( 114 -f A). 

(Math. Trip. 1905.) 

26. Shew that 

Mn*(w + v) sn (w + v) sn 8 n*(tt-t?) 

cn*(tt+v) on(w+t;) cn(« — «^) cn*(t4“r) (1 - i*3i*Sj*)* 

I dn* (w 4- v) dn*(tf + v) do {u ^ v) dn* (a — v) 

(Math. Trip. 1913.) 

27. Find all systems of values of u and v for which sn* (u+ie) is real when u and r 

are real and 0 < Ir* < 1 . (Math. Trip. 1901.) 

28. If jP ( a~ * — a)*, where 0 < a < 1 , shew that 

r 4a^ 

and that sn* |iL is obtained by writing - for a in this expression. 

(Math. Trip. 1902.) 


29. If the values of cn z, which are such that on 3<»a, are Cj, cg, ... Cg, shew that 


aJb* a Cr + h'* i Cr 

rwl rasl 




(Math. Trip. 1899.) 


If o4sn(tf 4i^) ^ 64on (U4e) ^ c4dn(t< + y) 

a+sn (u - v) "" 6+on (w- v) " c+dn (u-v) ’ 

and if none of sne, onu, dntt, l~l^sn*ttsn*e vanishes, shew that u is given by the 
eouation 


(King’s, 1900.) 
34—2 
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SI. Shew tl|»t 

«• [1 am »; | (1 +?*•)* <l-J8jf*»-»od«a»+j**-*)/ ' 


92* Shew that 


(Math. Trip. 1912.) 


1 •^8n(2JrsJw) 


{dn sn (2£*/»)}* “ •-» U+2«**"^«n#+^-*j' ’ 


(Math. Trip. 1904.) 


33. Shew that if it be so small that i* may be neglected, then 

sn ti=sin u— ^it>co8n.(tf*Bin u costt), 

for small v^ues of u. (Trinity, 1904.) 

34. Shew that, if | /(jt) | <iir7 (r), then 

(Math. Trip. 1907.) 

[Integrate the Fourier series for sn {iK^lir)do {2Ks/v).] 


33. Shew that 



1 — it^sn^tf 
on* tt dn* u 


<iM-{(l+i')i-l}/R 


[EzpreM the integrand in terms of functions of 2u.] 


(Math. Trip. 1906.) 


36. Shew that 


f eavdu Si(^j;+|y-^ir)Si(^j4iy- iff-^irr) 3i'(y4-^irT) 
Jsav-Hnn ® Si(i^-jiy)S, (ix-Jy-ijrr) J>i(y+i>rr) ’ 

where 2Jr«..fr«, SiTy^irv. (Math. Trip. 1912.) 


37. Shew that 


38. Shew that 




^sn’ufiu 

(1+cu u) dn* w 


(Math. Trip. 1903.) 


/ a+a 

sn udu sbIob 


iH-ilsn asn p 
1 - ^ sn asni9’ 


(St John’s, 1914.) 


39. By integrating jt^dtiuoBudz round a rectangle whose corners are ±i»r, 
± Jir + 00 1 (where nu) and then integrating by parts, shew that, if 0 < < 1, then 


/: 


oos (wu/K) log sn udu tanh irir). 


40. Shew that K and ml* satisfy the equation 


(Math. Trip. 1902.) 


e(i-«)^+(l-2«)^-iit»0, 


where cwiH; and deduce that they satisfy Legendre’s equation for functions of d<^gree 
- \ with argument 1 -- 21^, 
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41« Express the coordh^tee of eoy point on the curve in the form 

^ 2.3t»p u<in«-(T ^cnt»)* U ■i-ten A”' op 

2 . S^sn Hdn u+(l *-cn «)** ' S.^sn udn »+(l *-cn 

the modulus of the dliptio funotions being dn ^ir ; end shetr that 

(1 -«»)-*<&- -3f») - Irfy* - 1 . 3* B. 

Shew farther that the sum of the parameters of three coUinear points on the cubic is a 
period. 

[See Riohelot, JaurncU filr Matk rx. (1832), pp. 407>408 and Cayley, Proc, Canth, PhU, 
Swi. IV. (1883), pp. 108-109. A uniformising variable for the general cubic in the canonical 
form Y^-^Z^^^XTZ^Q has been obtained by Bobek, BinUitung th die Theorieder 
dliptuehen Fmktionen (Leipzig, 1884), p. 251. Dixon {QuaHerfy Journal^ xxiv. (1890), 
pp. 167-233) has developed the theory of elliptic funotions by taking the equivalent curve 
jp3 3azy « 1 as fhndamental, instead of the curve 

y»=(l*.x«)(l-it*:F*).] 

42. Express {(2x - a:*) (4r® + 9)} ~ in terms of a complete elliptic integral of the 

first kind with a real modulus. (Math. Trip. 1911.) 

43. If *-|” {(< + !) (<»+<+l)}~4<i<, 

express « in terms of Jacobian elliptic ftinctions of u with a real modulns. 

(Math. Trip. 1899.) 

express jp in terms of u by means of either Jacobian or Weiorstrassian elliptic fimctions 

(Math. Trip. 1914.) 

oV’-.f 

(Trinity, 1881, 

46. When a > a? > /3 > y, reduce the integrals 

fl{(a-t)(t-fl)(t-y)} -*dt, f"{(n-t)(t-l3)(t-y))-idt 

by the substitutions 

.r — yas=(a-y) dn* a, .r— ya=0— y) nd*v 
respectively, where /t*-«(a-/3)/(a-y). 

Deduce that, if a -f r » A, then 

1 - sn* u - sii* «»+ 1*® so* u sn* v»0. 

By the substitution y « (a - 0 applied to the above integral taken betwee 

the limits j9 and a, obtain the Gaussian form of Landen’s transformation, 

(ai’^ooe*d+6i»sin*d)**cW«J^ (a* cos* 6 +6® sin* d)“ *46, 

where Oi, 6i are the arithmetic and geometric means between a and 5. 

(Gauss, WerJbef un p. 352 ;> Math. Trip. 1895.) 
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47. Shew tint 

80 - i' - » (C (» - - C (« - “ *»*■') - f 

where the Zeta-^otione are formed with periode 2i»i, 

(Math. Trip. 1903.) 

4S. Shew that E-^kf^K eatiefiee the eqtiation 

Aee 

where and obtain the primitive of this equation. (Math. Trip. 1911.) 


49. Shew Uiat 


60. If 


shew that 


(iH-2) JVjF'rfi -(»+!) j^k^K'dk. 

““i -0(1 

’ ~ rfc* rfc ■*■ 4 * “ i 1(1 - <w)4 ■ 


51. Shew that the primitive of 

I «* I * ft 

a+T+TTii-® 

A(E-K)-k-A'E' 

“ ^“AE+A'{E'-Ky 

where d, A* are oonetants. 

52. Deduce from the addition-formula for E (u) that, if 

Wl+Vj + Ms-f W4«0, 

then (an i^i an tt, — an an ^4) an ( + %) 

ia unaltered hy any permutation of auffioes. 

53. Shew that 

E (3l<) — ^E (w) *■ ; _fl2.2-4-i_A /t.2flA\ -6 — 


(Trinity, 1906.) 


(Trinity, 1896.) 


(Math. Trip. 1906.) 


(Math. Trip.. 1910.) 


54. Shew that 


i-6/lr*«*-h4(ir*-l-iH)««-3/Hi8’ 

(Math. Trip. 1913.) 


[Write u^K-^v.] 


3i* r^u od< udu •2E{(2+Jh^)E-2(l+Jl:»)E}. 
Jo 


(Math. Trip. 1904.) 


65. .By conaidering the curvea (1-x) (I ahew that, if 

iei-fU2+«s+«<4“0, then ^ 

E(Uj)'t-^(U2) + E(U9) + E(Ui)^Jh ^ S^Sr^-j‘2CiC2C3Ci-2SiSiSsSi-2j . 

(Math. Trip. 1908.) 

56. By the method of example 21, obtain the following aeven expreaaiona for 
E(ui)-hE(u 2 )-hE(us) + E(u 4 ) when t^+U 2 -hUs+Ui= 0 : 

"“^*1 *2^3*4 ♦ , , fl^S<fs<f4 4 (I /• /rf - — 4 2 rf 


i*»iStH»tdid»d»d4 * . j ^ 


— ^CiejeiiC4«ii(<j«^d4 4 . u. j\ 


i**i#,»,*4+ci«je»«4 i j \ 

-4*{(«,W«)-‘+(ci«i<?.e4)-‘+**(«/irfi‘^.rf4)-‘}-* S 1/(4 .cA). 

r«l 

(Forayth, Mmenger^ xv.) 
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67. Shew that 




AK(K-B) 


CCA 2ns 


%ml 1 - 5*^ 


when I /(a?) I < w/(r) ; wd, by differentiation, deduce that 


6 ^^*nB*^™^-eco9ec*#+4|^(l+P) ^^y-ljoo«9c*; 




q^eoA2ns 


Shew also that, when | /(s) | < 


f2gx\ I fl+i* {8n+l)*/w\*)2ir/+*8in(2»+l)* 

\~) “ ,!o l"aF — W- W I — • 

(Jacobi.) 

58. Shew that, if a he the semi-major axis of an eUipse whose eccentricity is sin ^ir, 
the perimeter of the ellipse is 

(Ranumcyan, Quarterljf Jownud, xtv.) 

59. Deduce from example 19 of Chapter xxi that 

l+'t'8n*«sa3u l+/t*sn^uan3« * 

' (Trinity, 1882.) 

80. From the formula ad (tu, i)mi sd («, t) deduce that 

where 9 ««exp(-irir 7 ir), ^i»exp(-i^ir/Z'), 

and u lies inside the parallelogram whose vertices are 

±tK±E\ 

By integrating from u to iT', from 0 to if and again from u to K\ prove that 

[A formula which may be derived ftom this by writing where ( and 7 are 

real, and equating imaginary (tarts on either side of the equation was obtained by Thomson 
and Tait, Natuml Philxmphy^ 11 . (1863), p. 249, but they failed to observe that their formula 
was nothing but a cansequenoe of Jacobi’s imaginary transformation. The formula was 
suggested to Thomson and Tait by the solution of a problem in the theory of Elasticity.] 







CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAM|!« EQUATION 


28 ' 1 . Thfi definiHm of dUpaoided harmonica. 

It has been seen earlier in this work {§ 18*4) that solutions of Laplace’s 
equation, wl^ are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may he con- 
veniently ez{Hres8ed as linear combinations of functions of the type 

COS 

r"Pn (cos ff), (cos 0) . 


where n and m are positive integers (zero included). 

When Ps(cos^) is resolved into a product of &ctors which are linear in 
cos' 0 (multiplied by cos 0 when n is odd), we see that, if cos d is replaced by 
ajr, then the zonal harmonic t*P^ (cos 0) is expressible as a product of factors 
which are linear in jc*, y* and P, the whole being multiplied by a when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in y* and s' multiplied by one of the eight products 1, x, y, z, yz, zx, 
xy,xyz. 

The sur&ces on which any given zonal or tesseral harmonic vanishes are 
surfaces on which either d or ^ has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain cases. 

When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadrics. The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as elHpaoidal harmonics ; they were studied by 
Lam^* in the early part of the nineteenth century by means of confocal 
coordinates. The expressions for ellipsoidal harmonics in terms of Cartesian 
coordinates were obtained many years later by W. D. Niven f, and the 
following account of their construction is based on his researchea 

The fundamental ellipsoid is taken to be 


and any confocal quadric is 


a? V* ** 


1 . 


oj* y® 

«*+d'*'i>»+d'^?^ 


1. 


* Journal de Sfutli. iv. (1889). pp. 100-139, 136-163. 
t Phil. Tram. 162 a (1802), pp. 281-278. 
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where ^ is a oanstant. It will be oeoessaiy to ootunder eete of eodi qaadries, 
and it eonduces to brevity to write 


^ 1 y* 1 ft ^ y* 

The equation of any member of the set is then 






The analysis is made more definite by taking the d^axis as the longest axis 
of the fundamental ellipsoid and the s*axis as the shortest, so that a > 6 > a 


23'2. The ftmr species of ellipsoidal harmonics. 

A consideration of the expressions for spherical harmonics in factors 
indicates that there are four possible species of ellipsoidal harmonics to be 
investigated. These are included in the scheme 

1, y, zx, xyz 0,0*... 0^, 

where one or other of the expressions in { } is to multiply the product 

0X08 0,», 

If we write for brevity 

0,0* ... 0m=* n (0), 

any harmonic of the form 11 (0) will be called an ellipsoidal harmonic of the 
first species, A harmonic of any of the three forms* a?n (0), yll (0), zH (0) 
will be called an ellipsoidal harmonic of the second species, A harmonic of 
any of the three forms* y^Il (0), zxJl (0), xyU (0) will be called aw ellipsoidal 
harmonic of the third species. And a harmonic of the form xysTt (0) will be 
called aw ellipsoidal hammnic of the fouHh species. 

The tenns of highest degree in these species of harmonica are of degrees 
2w, 2m 4- 1 , 2m + 2, 2ni + 3 respectively. It will appear subsequently (§ 23*26) 
that 2n 4 1 linearly independent harmonics of degree n can be constructed, 
and hence that the terms of degree n in these harmonics form a fundamental 
system (§ 18*3) of harmonics of degree w. 

We now pi*oceed to explain in detail how to construct harmonics of the 
firat species and to give a general account of the construction of harmonics of 
the other three species. The reader should have no di6Sciilty in filling up 
the Vicunas in this account with the aid of the corresponding analjrsis given 
in the case of functions of the first species. 


The three forme wlU he dietiugaiehed by beli^ deecribed as dUfereiit typu of the epeoiee. 
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38 * 21 . The eoneirueiion o/Mifaoidal harmonica c/the firat epeoiea. 

As a simple case let us first consider the harmonics of the first species 
which are of the second degree. Such a harmonic must be simply of the 
form 

Now the effect of applying Laplace’s operator, namely 

I y* , ■*“ 1 

2 2 2 
a* + I b* + 01 c® - 4 - ^ t * 

and 80 0 , 18 a harmonic if is a root of the quadratic equation 
(tf -f6»)(d + o®)-f-(tf + c»)(^ -!-«•) + {< 9 -ha®)(^ + 6»)-0. 

This quadratic has one root between — c® and — 6* and another between 
— 6* and — a\ Its roots are therefore unequal, and, by giving di the value of 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree. 

Next consider the general product 0|02 ... 0 m ; this product will be denoted 
by n (0) and it will be supposed that it has no repeated factors — a supposi- 
tion which will be justified later (§ 23 * 43 ). 

If we temporarily regard 0 i. 0j, ... 0 m as a set of auxiliary variables, the 
ordinary formula of partial differentiation gives 

an (0) ^ g 3n(0) a0y^ 2 an(0) 2^ 

3 ^ f»«i a0p p-i a0j> + 

and, if we differentiate again, 

0»n(0) 5 an(0) 2 a*n(0) 

where the last summation extends over all unequal pairs of the integers 
1, 2, ... 7n. The terms for which p^q may be omitted because none of the 
expressions 0,, 0^, ... 0^ enters into O (0) to a degree higher than the first. 

It follows that the result of applying Laplace’s operator to 11 ( 0 ) is 

g 30 ( 0 ) I 2 2 . 2 ] 

pal 30 , (a* •¥ 0 p 6* + ^, c* 0 p) 

. ^ 3®n (0) ( Ha^ Hf 8x* ) 

5 S, 3 #^ + + (o* + ^,) (c® + 

^ 3 ^ 0 , Qy . 

/*, y, C®’* “h ^p) («* 0q) Sy ““ ^p ' 

Vo, A, ef 

* The complete set of 5 ellipsoidsl harmonics of the second degree is composed of these two 
together with the three harmonics pr, ear, xy, which are of the third species. 
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and dU (0)/3®, ootunsfas of the prodnot 11 (0) with the fiMstor 0, omitted, 
while 0*11 (0)/00,00, coneists of the product 11 (0) with the fiustors 0^ and 
0, omitted. That is to say 

^ 0 »n ( 0 ) an ( 0 ) ^ a*n ( 0 ) an ( 0 ) 

*’a^;a9;* a0, * ”«a0„^,““a^’ 

If we make these substitntionB, we see that 

may be written in the form 

g 3n(e) f 2 2 2 g. 8 ] 

the prime indicating that the term for which q^p has to be omitted from 
the summation. 

If n (0) is to be a harmonic it is annihilated by Laplace's operator ; and 
it will certainly be so annihilated if it is possible to choose so 

that each of the equations 

1 , 1 , ^ * ,.0 

+ + 0p^0g 

is satisfied, where p takes the values 1, 2, ... m. 

Now let be a variable and let Ai (0) denote the pol 3 momial of degree 
m in 0 

n(0^0g). 

q^l 

If A/ (0) denotes dAi{0)id0, then, by direct differentiation, it is seen that 
Ai (0) is equal to the sum of all products of 0 — 0j, 0 -~ 02 , . . . ^ tn — 1 at 

a time, and A/' (0) is twice the sum of all products of the same expressions, 
m — 2 at a time. 

Hence, if ^ be given the special value 0p, the quotient A/' (tfp)/A/ (tfp) 
becomes equal to twice the sum of the reciprocals of — tfj, . . . — 0^, 

(the expression 0p — 0p being omitted). 

Consequently the set of equations derived from the hypothesis that 

m 

n(0„) is a harmonic shews that the expression 

1,1,1, 2A.”(<y) 

a* + 0^h^^0^ A,*{0) 

vanishes whenever 0 has any of the special values 0^,0%^ 

Hence the expression 

(o» + d)(6*+d)(c* + «)Ai"(d)+|j S (5' + d)(c*+d)lA,'(d) 

* lo, 0 ) 
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ia a polynoiiiliid in 6 which vanishea when $ has any of the Tallies $u *->1 
and so it haa 6 B^B^ as factors. Now this polynomial is of 

degree m + 1 in B and the coefficient of is m(m+ J). Since m of the 
factors are known, the remaining factor must be of the form 

m (fi% 4* i-) d Hh 

where C is a constant which will be determined subsequently. 

We have therefore shewn that 

(a» + ^(fc* + tf)(c* + d)Ai"(^) + |j 2 (6« + ^((i* + d)}A,'(5) 

^ (a, 6» c ) 

«:{m(m-Hi)d4*iO} Ax (B). 

That is to say, any ellipsoidal harmonic of the first species of (even) 
degree n is expressible in the form 

II ( ^ e »• I - _ i] 

where B^, d,, B^„ are the zeros of a polynomial Ai(d) of degree Jn; and 

this pol 3 niomial must be a solution of a differential equation of the type 

4 V{(a* + ff) (6* +0)(e‘+ff)]^ [vKo* + ff) (fc* + 0) (o’ + ff)} — 

= {n(n + l)^ + C7} A,(^). 

This equation is known as Lami'a differential equation. It will be in- 
vestigated in considerable detail in §§ 23*4~23*81, and in the course of the 
investigation it will be shewn that (I) there are precisely + 1 different 
real values of G for which the equation has a solution which is a polynomial 
in B of degree and (II) these polynomials have no repeated factors. 

The analysis of this section may then be reversed step by step to establish 
the existence of ^ w 1 ellipsoidal harmonics of the first species of (even) 
degree n, and the elementary theory of the harmonics of the first species will 
then be complete. 

The corresponding results for harmonics of the second, third and fourth 
species will now be indicated briefiy, the notation already introduced being 
adhered to so far as possible. 


23*22. Ellipsoidal hanmonics of the second species. 


We take x fl (0^) as a typical harmonic of the second species of degree 

p-i 

2m 4- 1. The result of applying Laplace’s operator to it is 

rg an( 0 ) f e , 2 21 

Lpae I c^0j» (a* -I- Bp b* + Bp ^4 Bp) 

^11 

l(o» + Bp) (o» + (f,) (6» + tfp)(6» + ^,) (c* + 0p) (O’ + ’ 


V »n(e) f_ 
^ V/.*. 
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and tliis has to Taoiafa. Consequentlj, if 

we fii^, by the reasoning of § 23*21, that A, is a solution of the differential 
equation 

<o» + d) (6* + 0) (c* + $) A," (0) 

+ i {3 (** + ^) (c* + ^) + (c* + ff) (a* + 0) + (a* + 0)(If + ff)] A,' {0) 

» {m{tn + + iC,} A*(^), 

where C, is a constant to be determined. 

If now we write A,(tf) = A(0)l>J{a*-^0), we find that A (fi) is a solution 
of the differential equation 

* V((a* + 0) (6» + tf) (<J* + 0)\ ^ |^V((a* + ^) (6* + ^ (c» + ^)} 

- |(2m + 1) (2m + 2)0 + C}A (0), 
where <7 - (7, + i* + c’. 

It will be observed that the last differential equati«m is of the same type 
as the equation derived in § 23-21, the constant n being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1, 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differentia] equation. In the case of 
harmonics of the first type the solutions are requir^ to be polynomials in 
0 multiplied by V(a* + 0) ; the corresponding factors for harmonics of the 
second and third types are -t- 0) and V(c* + 0) respectively. It will be 
shewn subsequently that precisely m + 1 values of (7 can be imwvint ed with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m + 1 are obtained. 

23*23. Etlipaoidal harmonica o/the third apadea. 

m 

We take ya as a typical harmonic of the third species of degree 

2m + 2. The result of applying Laplace's operator to it is 

r ? 9n (0) f 2 . 6 6 ) 

^*U-x \a* + 0p b‘ + 0p'*'d+0,\ 

. ^ yn(e ) ( 8^ ^ 8y . Ar* )l 

30,30, 1 ( 0 ^ + 0,) (a* + 0,) (h^ + 0,)il^ + 0,) + 0p) (c* + 0,)] J ’ 

and this has to vanish. Consequently, if 
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we find, by the reasoning of § 28*21, that A, (d) is a eolation of the differmtial 
equation 

(a^ + d)(4* + d)(o* + tf)A.*(d) 

+ H(^ + ^) («* + ^) + 3 (C* + d) (a? + d) + 8 (o* + 9) (b* + 6)] A,' (d) 

- {m (t» + 1) d + i A, (S), 

where C* is a constant to be determined. 

If now we write A, (^ = A (d)/V((i>* + d) (c* + 6)\, 
we find that A (d) is a solution of the differential equation 

4 ^/K»’ + («»* + ^ [vK®* + ^) (6* + 6) (c* + d)} 

- {(2m + 2) (2m + 8) d + C} A {$), 
where C7 * Ca + 4a* -f + c*. 

It will be observed that the last equation is of the same type as .the 
equation derived in § 28*21, the constant n being still equal to the degree 
of the harmonic, ^hich, in the case now under consideration, is 2m + 2. 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lame's differential equation. In the case of 
harmonics of the fii*8t type, the solutions are required to be polynomials in 0 
multiplied by \/{(^* -f tf) (c* -f 0)\ ; the corresponding factors for harmonics of 
the second and third types are V{(<5* + 0) (a* + 0)] and \/((a* -h (6* + ^)} 
respectively. It will be shewn subsequently that precisely m 4* 1 values of G 
can be associated with each of the three types, so that, in all, 3m + 8 harmonics 
of the third species of degree 2m + 2 are obtained. 

23*24. Ellipsoidal harmonics of the fourth species. 

The harmonic of the fourth species of degree 2m 4* 8 is expressible in the 
form xyz 11 (0p). The result of applying Laplace s operator to it is 

5 8n(e) [ 6 I « I Q 

p«i + ¥^0p c*4-^p 



and this has to vanish. Consequently, if 

we find by the reasoning of §23*21 that A^(0) is a solution of the equation 
(a» + ^) (fc* + e) (c» + d) A," (0) + J 2 ^ (6* + ^) (c* + ^) J A,' {0) 

-{m(m + i)d + i(74}A4(^). 

where (74 is a constant to be determined. 
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If now we write 

A,(tf) s A (^)/V{(a» + #)(f + «)(c* + 0}}, 
we find that A {0) is a solution of the differential equation 

♦ VRtt* + d) (6* + 0)(i? + d)} ^ + d) (4* + d) (c* + d)} 

- {(2m + 3) (2m + 4) ^ + C} A (0), 
whore C» C 4 + 4 (a* -h fc* + c*). 

It will be observed that the last equation is of the same type as the 
equation derived in §23*21^ the constant n being still equal to the degree 
of the harmonic which, in the case now under consideration, is 2in 4 * 3. 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lamd's differential equation. The solutions are 
required to be polynomials in 0 multiplied by VK®* + (t* + ^) (C* + ^)}. It 

will be shewn subsequently that precisely m + 1 values of 0 can be associated 
with solutions of this type, so that m + 1 harmonics of tlie fourth species of 
degree 2m -f 3 are obtained. 


23*25. Niven^s expressions for ellipsoidal harmonics tn terms of homo- 
genecms harmonics. 

If On («, y, s) denotes any of the harmonics of degree n which have just 
been tentatively constructed, then 6r„ (a?, y, z) consists of a finite number of 
terms of degrees n, n — 2, n - 4, in y, z. If y, z) denotes the 

aggregate of terms of degree n, it follows from the homogeneity of Laplace’s 
operator that Hn (^* y, e) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from On (^> y, z) by replacing the Actors 0^, which 
occur in the expression of On y, a product, by the factors Kp. 

It has been shewn by Niven {loc, ctf., pp. 243-246) that On (so, y, z) may 
be derived from Hn (so, y, z) by applying to the latter function the differential 
operator 

1 ^1 ^ _+ 

2(2n-l) 2.4.(2n-l)(2n-8) 2.4.6(2n-l)(2n-3)(2n-6) ^ ’ 


where D* stands for 


“a? a?’ 


and terms containing powers of D higher than the nth may be omitted from 
the operator. 

We shall now give a proof of this result for any harmonic of the first species^. 


* The proofB for hsrmonies of the other thrim speoiee are left to the reader aa examples. 
A proof applioable to funotioos of all four speoiee has been piveo by Hobson, Proe, London 
Math. Sac. xxiy. (1898), pp. 6(M)4. Xn eonetraoting the proof given in the text, several moditf- 

*.44^. # 
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For Buck harmooiofl tke degree is even and we write 

(^» y> ^ ** t (-®jp 1) 

P-1 pml 

■“ — ^1*—* + 4 “"•••* 

where jS„, Sn- 4 » • • • homogeneous functions of degrees n, n — 2, n — 4, . . . , 

respectively, and 

Sn ■* Hn («♦ y, -r) =s tl 

P»1 

The function Sn^tr is evidently the sum of the products of Ki, ... 
taken Jn — r at a time. 

If ••• ^ regarded as an auxiliary system of variables, then, by 

the ordinary formula of partial differentiation 

dx dKp dx 

Br , 

p^i dKp a* + ^ 

and, if we differentiate again, 

y^n-«8r ^ ^ ^^n—2r 2 ^ d^Sn^^r 

3d5® pal 0-ffp a* + ffp p4^ dKpdKq (a® -+■ ^p) (a* + 

The terms in d^Sn^^jdKp^ can be omitted because each of the functions 
Kp does not occur in to a degree higher than the first. 

It follows that 


D^S, 


^ a^n-si 


pti dKp 


2a* 
a* + ^ 


2i* 


2c» ] 


f 8aV 86«y 8c»^ ) 

t(a* + 0 ,) (o* + tf,) (6* + 0 ,) (6* + 0,) (c* + 0 ,) (c* + tf,)J ' 

It will now be shewn that the expression on the right is a constant multiple 
of Sn—tr-f 


We first observe that 


a*»* 


0,Kp-0,K^ 


^x, (®* + 0p) (®* + ^«) ~ 

and that, by the differential equation of § 23*21, 


2 

«,6,c“* + ^p 




* 8 + ^» 


^-1 
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k* ^+8 1 r^l 

OAp p^i 0Ap {qmlUp^Uq) 


+ 8 1 




0pKp - 0q Kq 
Bp-^0q • 


Now dSf^fr/SKp is the sum of the products of the expressions Ki, 

. . . {Kp being omitted) taken — r — 1 at a time ; and K^i^Sn^^ldEpdKq 
consists of those terms of this sum which contain Kg as a &ctor. 


Hence 


38'n— 4r ir 

dKp ^^dKpdKg 


is equal to the sum of the products of the expressions K^, K^, . . . (Kp and 
Kq both being omitted) taken Jn — r — 1 at a time; and therefore^ by sym- 
metry, we have 

^^n-tr rr ^*^n— 9r ^ Br rr 3*<Sft-ar 

dKp ^^dKpdKq BKq ^^dKpdKq^ 


SO that 


dKpdK 


j' 

)Kq I 


dKp dKq 


(Kq-Kp). 


On substituting by this formula for the second differential coefficients, it 
is found that 

D‘S^ = ^ [e + se, r - s f' 


OAp L q^lJ^p“^AqJ 

4«-2) 2 jlT, 

P«1 i 


.(4«-2) 2 5^-8 2 

P«i p^q 


<■ dSn^tr s 

^ dK, “ « az. 




Now we may write fi^n-ar in the form 




-f- KqSf^,^^^ + KpKqSfi 


n— ir ar— 3 t" ®r— a “T Ji^pJXqKjfi-^^r-^i 


where S^m denotes the sum of the products of the expressions Kit K^^ ... K^^ 
(Kp and Kg both being omitted) taken m at a time ; and we then see that 

IT 9Sn-ar kt dSn^tr _ / 2r IT \ S 
Ap Aq *r— a* 


Hence - (4n - 2) S ^^-8 2 Sn 

pml VAp p^ 


Now it is clear that the expression on the right is a homogeneous sym- 
metric function of Ki, K^t ***-^^ nf degree Jn — r — 1, and it contains no 
power of any of the expressions Kit K^, ••• ifju to a degree higher than the 
first. It is therefore a multiple of To determine the multiple we 


W. M. A. 
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obaerre thiA when is written oat at length it contains ^^Or+i terms 

while the neumher of terms in 

(4«-2) S&2r_8 2 

ji-l jmh 

is 2) . 8 . j„C». j„_ 20 ,wi. 

The multiple is consequently 

(4n — 2) . — 8 . _^r-i 

iJ'T+l 

and this is equal to (2r + 2) (2n — 2r — IX 
It has consequently been proved that 

D‘8n^ — (2r + 2) (2n - 2r - 1) Sn-tr-a- 
It follows at once by induction that 

2 . 4 ... 2r . (2» - l)(2n - 3) ..:(2n - 2r + 1)’ 

and the formula 

[ ** (—YD^ 1 

r5o ^ 4 . .. 2r . (2n - l)X2n^ 3) . . . (2n‘^r+r)J 

is now obvious when On Ift is an ellipsoidal harmonic of the first species. 

Example 1. Prove Niven's formula when 0^{ps^ y, z) is an ellipsoidal harmonic of the 
second, third or fourth species. 

Example 2. Obtain the symbolic formula 

y, *)-r(i-«). (ii))"+i/_„.j(i)). iir,(4:, y, t). 

23*26. Ellipsoidal harmonics of degree n. 

The results obtained and stated in §§ 23*21-23*24 shew that when n is 
even, there are + 1 harmonics of the first species and |a harmonics of the 
third species; when n is odd there are f(7i + l) harmonics of the second 
species and ^ (n — 1) harmonics of the fourth species, so that, in either case, 
there are 2n + 1 harmonics in all. It follows from § 18*3 that, if the terms of 
degree n in these harmonics are linearly independent, they form a funda- 
mental system of harmonics of degree n ; and any homogeneous harmonic of 
degree n is expressible as a linear combination of the homogeneous harmonics 
which are obtained by selecting the terms of degree n from the 27i + 1 ellip- 
soidal harmonics. 

In order to prove the results concerning the number of harmonics of 
degree n and to establish their linear independence, it is necessary to make 
an intensive study of Lamp's equation ; but before we pursue this investigation 
we shall study the construction of ellipsoidal harmonics in terms of confocal 
coordinates. 
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Tbesa azpreBaions for ellipaoidal hartnonics ara of hivtoricol Importance in view of 
Lam^s investigations, but the expressions which have just been obtained by Niven’s 
method are, in some respects, more suitable for physical applioatious. 

For applications of ellipsoidal harmonics to the investigation of the Figure of the Earth, 
and for the reduction of the harmonics to forms adapted for numerical computation, the 
reader is referred to the memoir by G. H. Darwin, PAiL Trans, 197 a (1901), pp. 461-537. 

23*3. Confocal coordinates. 

If {Xy Yy Z) denote current coordinates in three-dimensional space, and if 
a, by c are positive (a > 6 > c), the equation 

^ , 

6* ■*" c» 

represents an ellipsoid ; the equation of any confocal quadric is 

F* Z» , 

and 0 is called the parameter of this quadric. 

The quadric passes through a particular point {x, 3/, 2) if 0 is chosen 
so that 

Whether 0 satisfies this equation or not, it is convenient to write 

1 ^ y” - f{0) 

a*-hd 6* + ^ c* -h ^ ” (a» -h (6» + 8) (c* -f- 0) ' 

and, since f{0) is a cubic function of 0, it is clear that, in general, three 
quadrics of the confocal system pass through any particular point {xy y, 2). 

To determine the species of these three quadrics, we construct the following 
Table : 


6 

m 

— CD 

— 00 

-■a* 

- (a* -6») (««-«*) 


y*(a*-6*)(6«-c») 



+ 00 

+® 


It is evident from this Table that the equation * 0 has three real 
roots \y Vy and if they are arranged so that \ then 

X > - c* > 6* > 1/ > — a* ; 

and also /(0) s - x) ()? - 

From the values of X, py v it vs clear that the surfaces, on which 8 has 
the respective values X, /a, w, are an ellipsoid, an hyperboloid isf one sheet and 
an hjrperboloid of two sheets. 


35—2 
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Now take the identity is B, 

, «* S(* 

+ + C»+«“(o* + d)(i* + «)(C + ^)’ 

and multiply it, in turn, by a* -4- 5* + d, c* + ; and after bo doing, replace 

by — a*, — 6*, — <? respectively. It is thus found that 
_ (o* + X)(o* + m) (a* + v) 

(o*-6*)(o*-c*) * 

,A (5* ^^X) (5« + ^)(fe*+ v) 

^ “ (o*-6*)(5*-c*) 

(c« + X)(e»+M)(c* + ») 

(o*-c»)(5*-c*) 

From these equations it is clear that, if {x, y, z) be any point of space and 
if X, fz, V denote the parameters of the quadrics confooal with 


Y* Z* 
o* c* 


1 


which pass through the point, then are uniquely determinate in 

terms of (X, /i, v) and vice versa. 

The parameters (\ /a, p) are called the confocal coordinates of the point 
{x, y, z) relative to the fundamental ellipsoid 


Z* F» - 

—T + -|V -h ”7 ’ ' 

a* 6* c* 


It is easy to shew that confocal coordinates form an orthogonal system ; 
for consider the direction cosines of the tangent to the curve of intersection 
of the surfietces (^) and (p) ; these direction cosines are proportional to 


sx’ ax’ axr 


and since 


^ da ^ ^ dz ^ 

ax d/A d\ d/A^ ax d/A 


it is evident that the directions 


i 2 


a*H- 1/ 

(a*-6>)(a»-c*) 


*0, 


/to ^ to\ /to ^ to\ 

V^’ ax/’ \a;i' 3/4’ a/i/ 

are perpendicular ; and, similarly, each of these directions is perpendicular to 

/to ^ to\ 

\dp' dp* dp)' 

It has therefore been shewn that the three systems of surfaces, on which 
X, /A, p respectively are constant, form a triply orthogonal system. 

Hence the square of the line-element, namely 

(to)* + (Sy)* -f (to)*, 

is expressible in the form 

(ir,ax)*+(H.S/A)*-f(j5r,Si^)*, 



2381] 


ELIJPSOlDAt HABMONIC8 


549 


where 



with similar expressions in n and v for and Hf. 
To evaluate in terms of (X, v), observe that 




But, if we express 


j_ j_ /^» j_ 

4a? \Z\) 4y* KSk) 4a? Vax/ 

1 s (g* + M) («*+»>) 

*«, 1 0 («*+ M ‘ 

i\ — n)(\ — v) 

(a* + \)(6» + X)(C‘ + X)’ 


qua function of X, as a sum of partial fractions, we see that it is {weoisely 
equal to 

S («* + m) (o* + v) 

«,».«{o* + X)(o*-6»)(o*-c*)* 

The values of and are obtained from this expression by cyclical 
interchanges of (\, v). 

Formulae equivalent to those of this section were obtained by Lani^, Journal da Math, 
II. (1837), pp. 147-183, 

ExampU 1. With the notation of this section, shew that 
-f-y* h* 4-c* + X +fi+ V. 

Example 2. Shew that 

(a»+X)-* ^ (6»+X)* (c>+X)*’ 


2S‘81. Uniformising variables associated with confocal coordinates. 

It has been seen in § 23'3 that when the Cartesian coordinates (x, y, z) 
are expressed in terms of the confocal coordinates (X, /a, v\ the expressions so 
obtained are not one- valued functions of (X, p, v). To avoid the inconvenience 
thereby produced, we express (X, fXy v) in terms of three new variables (u, v, w) 
respectively by writing 

p(v) + + 

fg{w)^v + 

the invariants g^ and g^ of the Weierstrassian elliptic functions being defined 
by the identity 

4 (a* + X) (6» + X) (c* -b X) s 4 jfi* (w) - jr, jp (v) 
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The diforiminaQt aseooia^ with the elliptic functions (cf. § 20*38, 
example 3) is 

16 (a* - 6 *)* (&» - c*)* (c* - a*)», 

and so it ia positive ; and, therefore*, of the periods 2 o>„ 2 «« and 2 ««, 2 a>, is 
positive while 2 «»« is a pure imaginary ; and 2 ci>, has its real part negative, 
since Wj + Wi 4 - ■■ 0 ; the imaginary part of cu, is positive since I (o«/w]) > 0 . 

In these circumstances «> > e, > Sa, and so we have 

Se, — o* + fc*- 2 c*, 3«, — c*+ a*- 26*, 3«, — 6 * + e* — 2 o*. 


Next we express {m, y, z) in terms of (u, v, w ) ; we have 
(g* + X) (g* + f*) (g* + p) 
(o*- 6 *)(o»-c*) 


{fi (u) - e^] (y (v) e,] {p (w) - g,} 

^ <r»^(u)a,^(v)aB^(w) (a>i) a* (o),) 

or* (u) cr* (v) <r* (w) ‘ <r,* (<Oi) cTg* (ci)*) * 
by § 20*53, example 4. Therefore, by § 20*421, we have 

^ (u) ar^ (v) cr* (w) 


and similarly 


® = ± (0*3) 

± or* (o)*) 
X* ± 0 "’>••• O'® (©,) 


or (u) a (v) cr (w) 
( r^(u) (v)a-2(w) 

or (t^) <r (v) a (iv) 

^i(y) <ri(v) (rj(w) 
a (u) O’ (v) a {w) * 


The effect of increasing each of v, w by 2a>s is to change the sign of the 
expression given for x while the expressions for y and z remain unaltered ; 
and similar statements hold for increases by and 2 a)] ; and again each of 
the three expressions is changed in sign by changing the signs of u, Vy w. 
Hence, if the upper signs be taken in the ambiguities, there is a unique 
correspondence between all sets of values of (^, y, x), real or complex, and all 
the sets of values of (u, v, w) whose three representative points lie in any 
given cell. 

The uniformisation is consequently effected by taking 


X 


e”’*»"»<r*(a)8) 


o’.-i (u) o-a (v) (yj) 

<7 (a) O’ (v) a {w) ' 




g, (it) or, (v ) (T, { w) 
O’ (u) o (y) O’ (w) ' 


z 


<7* (o),) 


(T] (u) g| (v) 0 -] ( w) 
a (u) O’ (v) a (w) 


Formulae which differ from these only by the interchange of the suffixes 
1 and 3 were given by Halphen, Fonctions ElliptiqueSy II. (1888), p. 459 . 


* Cf. § 20*82, example 1. 
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28 ' 32 . Laplace^ $ equation referred to confocal coordinedee, 

Xt has been shewn by Lain4 and by W. Thomson* that Laplace's equation 
when referred to any system of orthogonal coordinates (X, p,, v) assumes the 
form 

d \H,H, 8F) 8 {H.H^ dV\ . 3 dV] . 

3X \ ^fi * 0X j ' dp) dv\ iil * j *" ' 

where (ITi, are to be determined from the consideration that 

is to be the square of the line-element Although W. Thomson’s proof of tliis 
result, based on arguments of a ph}^ical character, is extremely simple, all 
the analytical proo& are either very long or else severely compressed. 

It has, however, been shewn by Lam^t that, in the special case in which 
(\, /4, i') represent confocal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis ; when the uniformising variables 
(n, Vy w\ of § 23*31 are adopted as coordinates, the form of Laplace’s equation 
becomes still simpler. 


By straightforward differentiation it may be proved that, when any three 
independent functions (X, /i, p) of (x, y, e) are taken as independent variables, 
then 


transforms into 


^ ^ 
da^ ^ df ^ ds^ 


X 

A, #4, V 

+ 2 2 
A, M. V 

1 

A, M. P 


dp dv dp dp'} 3* V 
dx^ dydy^ dz dzj dpdv 


In order to reduce this expression, we observe that X satisfies the equation 

ar* 1 

«*-f x'^5*Tx'^c» + x“ ’ 


and so, by differentiation with x^y, z bs independent variables, 

ix ( x^ y« g* ] 3X 

a»H-X ((a* + xy'^(6* + X)* (c» + X)^J 3a?“ ’ 


4ur dX 


a* -f- X (a* xy dx 




y* 


waxy 
] a*x 

X)* (6* + X)* (c* + xyj a** ' 


x)» (a*+x)*‘^(c* + x)* 
. .V* . 


* Of. the footnote on p. 401. 

t ^ouriMt <l< itfatX !▼. (leSO), pp. 188-180. 
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*^HeQOe 


a* + \ 


2iK* 


>4i5r,' 


a**’ 


a* + X (o* + \y Hy 2Hy (a* + \y ,v (o* + \y 
vrith similar equations ia fi,v and y, z. 

giTT 

From equations of the first type it is seen that the coefficient of is 

dX® 

1 3*F 

and the coefficient of is zero; and if we add up equations of the 
second type obtained by interchanging a?, y, z cyclically, it is found that 


‘ taa:* ^ ^ ds*) «,6.aO* + X ’ 


with similar equations in fi and v. 

If, for brevity, we write 

V{(a* + X)(6® + X)(c* + X)}HAx, 
with similar meanings for and A,,, we see that 

2 2 


^ ^ ^ _ 

3a!» ay* az» “ (X 


-At)(X-i») (a* 


4A* 


-4-X 6*4'X c*+Xj 


(X — fi)(K — v) dX ’ 

and 80 Laplace’s equation assumes the form 

4 


S ,c 


> 0 . 


,a»F ^ dAx3in_„ 

* dx axj“®’ 

that is to say 

(M-.)Axg^|Ax|r|+(„-X)A,l|A,|?| + (X-M)A.l{A. 

The equivalent equation with {u, «, w) as independent variables is simply 

{j» («)-!> 

or, more briefly. 


dT 

dv 


{*» («) - («')) {f> (w) - f? («)} ^ + {p («) - («)} ^“0, 


a*F a*F a*F 

(/*-v)|^4-(.-X)^ + (X-,.)|^-0. 

The last three equations will be regarded as canonical forms of Laplace’s 
equation in the subsequent analysis. 

23*83. Ellipsoidal harmonics referrsd to confocal coordinates. 

When Niven’s function 0^, defined as 

4?* . V* _ Z* 
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ia expressed in terms of the omifooal coordinates (\, v) of the point (*■, 
it assames the form 

- dp) -<?,)(!>><?,) 

(o* + d,)(ft* + dp)(C + dp)’ 
and consequently, when constant fiwstors of the form 

— (o* + dp) (6* + dp) (c* + dp) 
are omitted, ellipsoidal harmonics assume the form 
w, yx 

1, y, tx, xyz n (X-dp) fi (a* - dp) S (»--dp). 

P*1 P*1 

p, xy 

If now we replace x, y, % by their viilues in terms of X, fi, v, we see that 
any ellipsoidal harmonic is expressible in the form of a constant multiple of 
AMN, where A is a function of X only, and M and N are the same functions 
of p and V respectively as A is of X. Further A is a poljmomial of degree m 
in X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions -v/(a* X), + X), V(c* + X). 

Since the polynomial involved in A is 11 (X - it follows jfrom a con- 

p-i 

sideration of §§ 23*21-23*24 that A is a solution of Lamp's differential equation 
4 V{(a* + X) (6* + X) (c* + X)} ^ |^V{(a» + X) (i* + X) (c* + X)} 

« {n(a + l)X + (7} A, 

where n is the degree of the harmonic in («?, y, z). 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

AMN, 

where A, M, N are functions only of X, /a, v respectively. 

For if we substitute this expression in Laplace’s equation, as transformed 
in § 23*32, on division by F, we find that 

ip{v)-p{w) d^A y(tfy)-y(u) d»M jp(ti)-p(y) cPN 
A dtt* M N ^ 

The last two terms, qua functions of u, are linear functions of p (u), and 

so must be a linear function of jp(u),* since it is independent of the 

coordinates t; and w, we have 

where K and B are constants. 

* A harmonio whioh is the product of three fanotions, eiush of which depends on one ooordi* 
nate only, is sometimes called a normal aolutiou of Laplace's equation^ Thus normal solntions 
with polar coordinates are (§ 18*81) 
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If we nu^e this eubatitution in the differential equation, we get a linear 
function of |p (u) equated (identically) to zero, and so the coefficients in this 
linear function must vanish ; that is to say 




i. ^4. I ^ n 

M dr* N 




f7(w) d*M g) (i>) 
M de* “IT 


d^ 

dttf* 


■• 0 , 


and on solving these with the observation that |> («) — (p (w) is not identically 
zero, we obtain the three equations 


d»A 

itt* 


{Jirf»(«)+5}A, 


^^..{irp(v)+J51M, 


When X is taken as independent variable, the first equation becomes 

4A* ^|ax^| = {^rx + 5 + i (a« + f + c*)) a, 

and this is the equation already obtained for A, the degree n of the harmonic 
being given by the formula 

n (n + 1) = if. 

We have now progressed so far with the study of ellipsoidal harmonics as 
is convenient without making use of properties of Lamp’s equation. 

We now proceed to the detailed consideration of this equation. 


23’4. Various forms of Lamd*s differential equation. 

We have already encountered two forms of Lamp’s equation, namely 


and this may also be written 

cPA f J ^ ^ ) dA (w(n4-l)X + (7} A 

dX» (a» + X ■' 6* + X c* + Xj dX “ 4(a»H-X)Tt^^) (c* + X) ’ 

which may be termed the algebraic form ; and 
d»A 

_ = {n(,i + 1 )|>(m) + S} A, 


which, since it contains the Weierstrassian elliptic function jp(u), may be 
termed the Weierstrassian form ; the constants B and G are connected by the 
relation 


i5 4 (n + 1) (a* + fc* 4 - c®) s* C, 
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If we take f(u) as a new variable, which will be called we obtain the 
slightly modified algebraic form {cf. § 10*6) 

d-A f J ^ i )dA_ {n(n+l)i + B}A 
rff* (f-«. 4(f-e.)(f-e,)(^-e,)’ 

This differential equation has singularities at e 2 , e^, at which the 
exponents are 0, ^ in each case ; and a singularity at infinity^ at which the 
exponents are — |(n + 1). 

The Weierstrassian form of the equation has been studied by Halphen, Fonction$ 
FUiptiqueSf ii. (Paris, 1888), pp. 457>531. 

The algehraio forms have be«i studied hy Btieltjes, Aeta Math, vi. (1885), pp. 321-326, 
Klein, VoHetmjgtn Uber lineare />4jf«renrte/^'^eibAt4n^ea(lithographed, Gottingen, 1894), and 
BCoher, [fber die ReihenmtwicheluTigen der PotmtiaUkeorie (Leipzig, 1894). 

The more general differential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sum of all the exponents at all the singularities is 2) 
has been discussed by Heun, Mcuk, Ann, xxxiii. (1889), pp. 161-179 ; the gain in generality 
by taking the singularities arbitrary is only apparent, because by a homographto change 
of the independent variable one of them can be transferred to the point at infinity, and 
then a change of origin is sufficient to make the sum of the complex coordinates of the 
three finite singularities equal to zero. 

Another important form of Lamp’s equation is obtained by using the 
notation of Jacobian elliptic functions; if we write 

z, = « V(«i - «.), 

the Weierstrassian form becomes 


d»A^ 

(Oi* 




and putting — tA'', where 2iK* is the imaginary period of snxj, we 

obtain the simple form 

« {n (n +1) A®8n*a + Aj A, 


where A is a constant connected with B by the relation 
£ + (n H- 1) « A («i — e^). 

The Jacobian fonu has been studied by Hermits, Sur guelquee appUcatione dee fonctione 
elliptiqueey Compiee Rendue^ Lxxxv. (1877), published separately, Paris, 1885. 

In studjdng the properties of Lamp’s equation, it is best not to use one 
form only, but to take the form best fitted for the purpose in hand. For 
practical applications the Jacobian form, leading to the Theta functions, is 
the most suitable. For obtaining the properties of the solutions of the 
equation, the best form to use is^ in general, the second algebraic form, 
though in some problems analysis is simpler with the Weierstrassian form. 
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28‘41. SolttUtma in s«riea of LanU'a oquation. 

Let us ndw assume a solution of Lamp’s equation, which may be written 

4 (f - «,)(f - s,)(f - s.) + (6f* - isr.) ^ - {n (a + 1) f + 21) A - 0. 

in the form 

A - I 6, (f 

r-0 

The series on the right, if it is a isolation, will converge (§ lO'Sl) for 
sufficiently small values of ] f - «* | ; but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of f is minus the 
series 

4 % — r + i)6y- {3eg(in — r-f !)•— l)sa — 

r«0 

+ (si - e,) (Ca - Ca) (4n - r + 2) (in - r + f) 
in which the coefficients br with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 

r (n - r + i) 6^ » (Sca (in - r + 1)* - in (n 4- 1) Ca - i-B} 6r-i 

- («i - «i) (^2 - «*) (in - r + 2) (in - r + f) br^, 
and (n — i) = {f n®Ca — in (n -f 1) Ca — i-®} 6©- 

If we take 6o » 1, as we may do without loss of generality, the coefficients 
br are seen to be functions of B with the following properties : 

(i) br is a polynomial in B of degree r. 

(ii) The sign of the coefficient of B^ in br is that of (—)'■, provided that 
r^n; the actual coefficient of B'^ is 

irl 

2. 4 ... 2r (2n — l)(2n — 3) ... (2n — 2r + 1)' 

(iii) If ^ 1 ,^ 9 , eg and B are real and > e, > e,, then, if 0, the values 
of br and 5^ are opposite in sign, provided that r < i (n -h 3) and r < n. 

Now suppose that n is even and that we choose B in such a way that 

If this choice is made, the recurrence formula shews that 

^*11 + 2 * 0 , 
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by putting + 2 in the formula in question; and if both and 

2 ^ aubaequefU recurrmioe formulae are MUjied by taking 

Hence the condition that Lamp's equation should have a solution which 
is a polynomial in f is that B should be a root of a certain algebraic equation 
of degree Jn + 1, when n is even. 

When n is odd, we take 5^(r+i) to vanish and then &j(n+8) vanishes, 
and so do the subsequent coefficients ; so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree 1). 

It is easy to shew that, when Si > these algebraic equations have 

all their roots real. For the properties (ii) and (iii) shew that, qua functions 
of Bt the expressions (o» bi,b^, ...br form a set of Sturm’s ffinctions* when 
r < J (w + 3), and so the equation 

has all its roots realf and unequal. 

Hence, when the constants S], Ca, Cs are real (which is the case of practical 
importance, as was seen in § 23*31), there are + 1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 

‘f 

r -0 

when n is even; and there are ^(n + 1) real and distinct values of B for 
which Lamp’s equation has a solution of the type 

r -0 

when n is odd. 

When the constauts e|, are not all real, it is possible for the equation satisfied 
by £ to have equal roots ; the solutions of Lamp’s equation in such oases have been 
discussed by Cohn in a KCnigsberg dissertation (18SS). 

Example 1. Discuss solutions of Lamp’s equation of the types 

(i) * V 

r »0 

(ii) («-«»)* a 

r «*0 

(iii) I *,'"(f-*,)**‘’”\ 


• Mim, pritentis par kt Saeant itranger$, yu (1886), pp, 871-818. 
t This procedure is doe to XdouviUe, Jawmal de Math, xi. (18|I6), p. 881. 
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obtahking the teounenoe relatimiB 

(i) r(«-r+i)V •»{8e|(Jn-r+i)*+(e|-«j)(Jn-r+j)-in(«+l)«,-ii?}6',_i 

- («i -«j) («»-«») (i« - r+l) (i«-r+ 1) 4'r_i, 

(ii) r(«-»>4-i)6,"-{3«,(i«-r+i)«-(e,-e,)(i«-r+J)_i»(«+l)«,-iiJ}i'V_i 

- («i - «j) (ei-es) (i» - *•+!) (i«-r + 1) 6",.*, 

(iii) r(»-r+i)V"-{3«,(*«-r+4)»-J^(i»*+»+l)-iF}6"',_, 

- («i - «*) (H-ti) (4» - r+ 1) (4« - r+i) 

Example S. With the notation of example 1 shew that the numbers of real distinct 
values of B for which Lamd’s equation is satisfied by terminating series of the several 
species are 

(i) 4(»i-l) or 4 (m- 2); (ii) 4(tt-l) or 4(»-2); (iii) i(n-2) or 4(n-3). 
2S'42. The definition of Lame functions. 

When we collect the results which have been obtained in § 23'41, it is 
clear that, given the equation 

n being a positive integer, there are 2n + 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 23*21-23*24. 

If, when such a solution is expanded in descending powers of f, the 
coefficient of the leading term is taken to be unity, as was done in § 23*41, 
the function so obtained is called a Lami function of degree w, of the first 
kind, of the first (second, third or fourth) species. The 2n -H 1 functions so 
obtained are denoted by the symbol 

(m=l, 2, ...2n + l). 

and, when we have to deal with only one such function, it may be denoted by 
the symbol 

Enii). 

Tables of the expressions representing Lamd functions tor n=l, 2, 10 have been 

compiled by Guerritore, Qiomale di Mat. (2) xvi. (1909), pp. 164-172. 

Example 1. Obtain the five LawS functions of degree 2, namely 
X + JSa*±4V{2a<-S6*c*}, 

v'(\+t')V(x+«*). V(x+c*)V(^+«*), ./(\+«*)V(x+J='). 

Example 2. Obtain the seven Lame functions of degree 3, namely 

V{(X+«*)(X+6»)(\+c>=)}, 

(Uid six functions obtained by interchanges of a, b, e in the expressions 

+a^) . [X+ J (a*+26*+ 2c») ±4 J{a<+46«+4c<- 76»c*- c»a*-a«6*}]. 

23-43. The non-repetition of factors in Larni functions. 

It will now be shewn that all the rational linear &ctors of are 

unequal. This result follows most simply from the differential equation which 
(f) satisfies ; for, if f — be any factor of where fi is not one of 
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the numbers Sg or eg, then f i is a regular point of the equation (§ 10*3X 
and any solution of the equation which, when expanded in powers of f 
does not begin with a term in (f or (f — must be identically zero. 

Again, if were one of the numbers ei, eg or eg, the ihdicial equation 
appropriate to would have the roots 0 and and so the expansion of 

(f) in ascending powers of f , would begin with a term in (f — fi)® or 

(f-ft)*. 

Hence, in no circumstances has qua function of a repeated 

factor. 

The detennination of the numbers 0i, 0g, ... 0^ introduced in §§ 23*21- 
23‘24 may now be regarded as complete ; for it has been seen that solutions 
of Lam4*8 equation can be constructed with non-repeated factors, and the 
values of d,. d*, ... which correspond to the roots of satisfy the 

equations which are requisite to ensure that Niven’s products are solutions of 
Laplace’s equation. 

It still remains to be shewn that the 2 n + 1 ellipsoidal harmonics con- 
structed in this way form a ^ndamenta) system of solutions of degree n of 
Laplace’s equation. 

23*44. The linear independence of Lami functions. 

It will now be shewn that the 2 « 1 Lam 6 functions En^(^) which are 

of degree n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of 

In the first place, if such a linear relation existed in which functions of 
dififerent species were involved, it is obvious that by suitable changes of signs 
of the radici^ls V(f — «i)> V(f — V(f - ^ 3 ) could obtain other relations 
which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which involved 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 

En^ (f) = 0 (ttfli ^ 0) 

and let this relation involve r of the functions. 

Operate on this identity r — 1 times with the operator 

The results of the successive operations are 

0 (s« 1 , 2 , ... r- 1 ), 

where is the particular value of B which is associated with E^^ (f). 
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Eliminate Oi, Oi, from the r equations now obtained; and it is found 
that 


1 

1 

1 , 1 > 0 . 


Bn* 

Bn*. ... Bn^ 


(Bn*y-\ 

{Bnr 


Now the only factors of the determinant on the left are differences of the 
numbers and these differences cannot vanish, by § 23'41. Hence the 
determinant cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n + 1 Lame functions of degree n is 
therefore established. 

23 * 46 . The linear independence of eUipaoidal harmonics. 

Let (a?, y, z) be the ellipsoidal harmonic of degree n associated with 
Ef!^ (f ), and let (a?, y, z) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the + 1 harmonics of the type 

(a?, y, z) linearly independent, but also the 2n -f 1 harmonics of the type 

(a?, y, z) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type (?n”* (ar, y, z). then, when we expressed these harmonics in terms of con- 
focal coordinates fi, v), we should obtain a linear relation between Lame 
functions of the ty^ (f ) where f = X + J (®* ft* + c*), and it has been 

seen that no such relation exists. 

Again, if a linear relation existed between homogeneous harmonics of the 
type (w, y, z), by operating on the relation with Niven’s operator 
(§ 23*25), 

^ 2 (2n - 1 ) " 2 . 4 (2w - 1 ) (2n - 8) ’ " ’ 

we should obtain a linear relation connecting functions of the t 3 rpe GfJ^ (a?, y, z% 
and since it has just been seen that no such relation exists, it follows that the 
homogeneous harmonics of degree n are linearly independent. 

23 * 46 . Stieltjes' theorem on the zeros of Lami functions^ 

It has been seen that any Lam4 function of degree n is expressible in the 
form 

{0 + a*)** {0 + {0 -h . n (^ - 0p\ 

p-i 

where ki, Kz are equal to 0 or ^ and the numbers 0i, 0^, ... 0^^, are real and 
unequal both to each other and to — a*, — b*, — c* ; and ^ » m -f -H 4^2 -4- 
When fci, xs, Kz are given the number of Lam^ functions of this degree and 
type is m + 1. 
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The remarkable result has been proved by Stieltj^s* that these m + 1 
functions can be arranged in order in such a way that the rth function of the 
set has r — 1 of its zerosf between —a* and -5* and the remaining m — r + 1 
of its zeros between - 6* and — c“, and, incidentally, that, for tdl the w + 1 
functions, ••• li« between — a* and — c®. 

To prove this result, let be any real variables such that 

r+1, ...m) 

and consider the product 

n - n [|(^, + a«) |“+J . 1 (^, + 6 *) r*i . I (^, + C) r* 4 ] n 1 (^ - ^,) |. 

p*=l 

This product is zero u^hen all the variables have their least values and 
also when all have their greatest values ; when the variables are unequal 
both to each other and to — a®, — 6®, — c®, then 11 is positive and it is obviously 
a continuous bounded function of the variables. 


Hence there is a set of values of the variables for which 11 attains its 
upper bound, which is positive and not zero (cf. § 3*62). 

For this set of values of the variables the conditions for a maximum give 
0 log 11 _ 0 log n _ 

that is to say 

^1 + 4 

L ^ 1 4. V' 2 5 = 0, 

<^p + U* <^p+6® ^p + C* 

where p assumes in turn the values 1, 2, ... w. 

Now this system of equations is precisely the system by which 0^, 0^, ... dp 
are determined (cf. §§ 23*21-23’24) ; and so the system of equations determining 
dm has a solution for which 

j--a*<^p<-6®, (p» 1, 2, ... r- 1) 

l-6®< $p< — c\ r+1, ... wi) 

Hence, if r has any of the values 1,2, . . . m -H 1, a Lam4 function exists 
with r — 1 of its zeros between — o® and — 5® and the remaining m — r + 1 
zeros between — 5* and — c®. 


Since there are m -h 1 Lamd functions of the specified type, they are all 
obtained when r is given in turn the values 1, 2. ... m + 1 ; and this is the 
theorem due to Stieltjes. 


* Aeta Mathematicu^ vi. (I 880 ), pp. 821-^26. 

t The zeros -a‘^, - b®, - c® are to be omitted f^om this emimeratioD. ^ 1 . ... only being 

taken into aooonnt. 


W. M. A. 


36 
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An intmml^ng atati^ interpretatioii of the ^eorem wbm given by Stieltjes, namely 
that if fii-f 3 partiolee which attmot one another according to the law of the inveiee diatanoe 

aie placed on a line» and three of these particles, whose masses are «ei-f j 

fixed at points with coordinates — the remainder being of unit mass and fkee 

to move on the line, then log n is the gravitational potential of the system ; and the 
positions of equilibrium of the system are those in which the coordinates of the moveable 
particles are dt, ... dm, i.e. the values of d for which a certain one of the Lamd fimctions 
of degree 2 (m + xi + Kt+ies) vanishes. 


ExampU, Discuss the positions of the seros of polynomials which satisfy an equation 
of the type 

• l-a,rfA ^r-2(d) . . 

where ^.|(d) is a polynomial of degree r— 2 in d in which the coefficient of d*"'* is 


-OT{m+r-l— S a,}, 

m being a positive integer, and the remaining coefficients in are determined from 

the consideration that the equation has a polynomial solution. 

(Stieltjes.) 

23*47. Lami functions of the second kind. 

The functions (f ), hitherto discussed, are known as Lam6 functions 

of the first kind. It is easy to verify that an independent solution of Lamp's 
equation 

^-{n(n + l)f + 5„"} A 


is the function Fn^ (f) defined by the equation* 

and Fn”^ ({) is termed a Lam6 function of the second kind. 

From this formula it is clear that, near « = 0, 

® (2n + + 0(«)j f u"* {1 + 0 (w)) dw = {1 + 0 (u)}, 

JQ 

and we obviously have 

It is clear from these results that F^ (f) can never be a Lam4 function of 
the first kind, awd so there is no value of for which Lamfs equation is 
satisfied hy two Lami functions of the first kind of different species or types. 

It is possible to obtain an expression for F^{1^) which is free from 
quadratures, analogous to Christoffers formula for Qn(^), given on p. 333, 
example 29. We shall give the analysis in the case when E^ (^) is of the 
first species. The only irreducible poles of l/(^tt”(f)}“, function of u, are 
at a set of points ... Un which are none of them periods or half periods. 


* This definition of the function ($) is due to Heine, Journal fUr Math. zxxx. (1846), 
p. 194. 
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Near any one of these points we have an expansion of the form 

if«"* (f) - (»- Mr) + A,(« - «r)* + ^ ~ , 

and, by substitution of this series in the differential equation', it is found that 
is zero* 

Hence the principal part of l/{^n"*(f)}* near Ur is 

1 

Ar,*(u - tig.)** 

and the residue is zero. 

Hence we can find constants Ar such that 


^ Arf(u^ Ur) 
r«l 

has no poles at any points congruent to any of the points tig. ; it is therefore 
a constant A, by Liouville’s theorem, since it is a doubly periodic function 
of tt. 

w, r* du » 

Now the points Ur can be grouped in pairs whose sum is zero, since 
(f ) is an even function of u. 


If we take = — tir+i, we have 

Au--^ -dr (f(tt-tir) + {r(tt4-tir)} 


f* du 

Jo 


r-1 


and therefore 


. Au - 2r(M) *2 Ar - *2 : , 


r«l 


Fn- ({)~(2n + l) {Au - 2f («) 2 Ar] (f) + p' (a) , (f), 

r*»l 


where ti;j„ i (f) is a polynomial in f of degree — 1. 

Example, Obtain formulae analogous to this expression for when E^^d) is of 

the second, third or fourth species. 


28*5. Lamp's equation in association with Jojcohian elliptic functions. 

All the results which have so far been obtained in connexion with Lam4 
functions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf. § 23*71), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lamp's equation has 
produced extremely interesting results. 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss of symmetry. 


36—2 
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The symmetrical formulae may be obtained by taking new variables 
a, 7 defliied by the equations 

/• « - 1 JT' + tt V(»i - »»), 

■ fi «• iK' + V V(ei — «i). 

1.7 » iK' + to - «.), 
and then Uie formulae of § 23*31 are equivalent to 

^ V(o* — c*).8n aon/9sn7, 

■ y — — (i*/iO V(o* — c*) . on a cn y9 on 7 , 

=■ (t/k') ^/^a* — c*) , dn « dn /8 dn 7 , 

the modulns of the elliptic functions being 


The equation of the quadric of the confocal system on which a is con- 
stant is 




(a*— 6*) sn* a (a* — 6*)cn*a (a*— c*)dn-a™ 

This is an ellipsoid if a lies between iK' and K + iK * ; the quadric on which 
is constant is an hyperboloid of one sheet if /8 lies between K iK^ and 
K ; and the quadric on which 7 is constant is an hyperboloid of twp sheets if 
7 lies between 0 and K ; and with this determination of (a, /8, 7) the point 
(x, y, z) lies in the positive octant. 

It has already been seen (§ 23*4) that, with this notation, Lamp’s equation 
assumes the form 

{n(n-|- l)i®8n*a + i4} A, 


and the solutions expressible as periodic functions of a will be called* 

The first species of Lam^ function is then a polynomial in sn’a, and generally 
the species may be defined by a scheme analogous to that of § 23*2, 
sn a, cn a dn a, 

[1, cna, dnasna, snacnadna! H (8n®a — sn*ap). 

p 

dn (X, an a cn a. 


23*6. The integral equation eatiefied by Lame functions of the first and 
second species f. 

We shall now shew that, if is any Lamd function of the first 

species (ti being even) or of the second species {n being odd) with sn a as a 

* There ie no risk of oonfasing^ these with the eorresponding fanotions ((). 
t This integral equation and the corresponding fonnnlae of § 28*63 assooiated with ellipsoidal 
harmonics were given hy Whittaker, Proc, Ltmdon Math. Soe. (2) xxv. (1915), pp. 260-268. 
Proofs of the formulae involving fanotions of the third and fourth sp^ea have not been 
previoosljr pnblished. 
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baboc, then (a) is a solution of the integral equation 

JFn’"(a)-=xf*^ Pn(kmamff)En^(0)d0; 

J -£jr 

where X. is one of the * characteristic numbers’ (§ 11*23). 

To establish this result we need the lemma that J^n(^snam0) is 
annihilated by the partial differential operator 

^-^-”(n + l)k‘(Bn>‘a-Bn>e). 


To prove the lemma, observe that, when is written for brevity in place 
of A? sn a sn we have 


{ao* 

= Ar* {cn*adn*a8n*^ — ca*d dn®^sn*tt} P%'{ji) 

+ 2A^ sn a sn 0 (sn* a — sn* ff) Pn (ji) 

« (sn* a « sn* 6) [(m* - 1) Pn" (ji) + 2fiPn' 0*)3 
as ^** (sn* tt - sn* tf)n (a + 1) PnM, 

when we use Legendre's differential equation (§ 1513). And the lemma is 
established. 

The result of applying the operator 

— n(n-f 1) A;*8n*a - 

to the integral 

fiK 

I Pn (k sn a sn 0) JP„"* (0) d0 
J -tx 

is now seen to be 


j 1^ — n(n+ l)A:*sn‘’o-^„"*|p«(Asno8n^)^***(6)(i^ 


and when we integrate twice by parts this becomes 

dEn'^(0y ]*^ 
d0 




t dPnifcen(3Len0) „ 

■ gg iP„"‘(^)-P„(*sno8n6)- 

+ J P„(k an a sn 0) — » (n + 1) sn* — 4«"*| J?**" (0),d0**‘ 0. 

Hence it follows that the integral 

fiX 

I Pn(k ana an 0) En”* (0) dd 
J — £jsr 

is annihilated by the operator 


d» 
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and it is evidently a pcdynomial of degree » in sn* a. Since Lamp’s equation 
has only om integral of this type*, it follows that the integral is a multiple 
of (a) if it is not zero ; and the result is established. 

It appeaiB that evary oharaoteriatic number associated with the equation 

/(a)»X 

J -2jr 

yields a solution of Lamp’s equation; of. Ince, Proe, Rof/al 8oc. Edm, ZLii. (1922), pp. 43-53. 

EacampU 1. Shew that the nucleus of an integral equation satisfied by Lam5 functions 
of the first species (n being even) or of the second species {n being odd) with cn a as a 
fsctor, may be taken to be 

P^ ^ cn a cn . 

Example 2. Shew that the nucleus of an integral equation satisfied by Lam^ functions 
of the first species (n being even) or of the second species (n being odd) with dn a as a 
factor, may be taken to be 

dn a dn . 

28 * 61 . The integral equation satisfied hy Lame functions of the third and 
fourth species. 

The theorem analogous to that of § 23*6, in the case of Lam^ functions of 
the third and fourth species, is that any Lamd function of the fourth species 
(n being odd) or of the third species (n being even) with cn a dn a as a factor* 
satisfies the integral equation 

/ 2K 

cn a dn a cn ^ dn dP.^ {k sn a sn 6) (0) d6. 

-SA 

The preliminary lemma is that the nucleus 

cn a dn a cn 0 dn {k sn a sn 0), 
like the nucleus of § 23*6, is annihilated by the operator 

To verify the lemma observe that 
^ {cna dn aPn" (k sn a sn ^)} 

= Jfc* cn® a dn® a sn* BPn"' — 3A; sn a cn a dn a sn 0 (dn* a + cn* a) Pn " (fi) 

- cn a dn o (dn* a + fc* cn* a - 4i* sn* o) Pn" (p), 

and so 

— ~|. . {cn a dn a cn dn 0Pn' {k sn a sn ^)) 

■» Ar cn a dn a cn dn ^ (sn® a — sn* 0) {(m® — 1 ) Pn (p) + 6pP n" (p) + 6P n' (f^)} 
w fc» cn a dn a cn d dn ^ (sn* a - sn® 0) ^ ((/ia® - 1 ) Pn (m)} 

* (n + 1) cn a dn a cn ^ dn 0 (sn* a - sn® 0) Pn' (m)» 

* The other eolation when expanded in deeoending powers of ena begins with a term in 
(sn 
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28 - 61 , 28 * 62 ] 

and the lemma its established* The proof that (a) satisfies the mtegral 
equation now follows precisely as in the case of the integral equation of § 286. 

Example 1. Shew that the nucleus of an integral equation which is satisfied by Lamd 
functions of the fourth species (n being odd) or of the third species (a being even) with 
an adn a as a f&ctor, may be taken to be 

snadnasnddnd cn a cn . 

Example 2. Shew that the nucleus of an integral equation which is satisfied by Lamd 
functions of the fourth species {n being odd) or of the third species (n being even) with 
sn a cn a as a factor, may bo taken to be 

SD a cn a sn d on d dn a dn d^ * 

Example 3. Obtain the following three integral equations satisfied by Lam^ functions 
of the fourth species (w being odd) and of the third species (n being even) : 

(i) ^ („) - X cn a dn « J P, (* sn . «n d) ^ {sOTd 

(ii) -^c«*<.P.«(o)=XP“snad» P, (’^cn a end) ^ dd. 

(iii) ^»dn»«P,»(„)=XP»sn«cn«j'^^P, (^dn«dnd)^{j^^^^(^>}dd; 

in the case of functions of even order, the functions of the different types each satisfy one 
of those equations only. 


2362 . Integral formulae for ellipsoidal harmonics. 

The integral equations just considered make it possible to obtain elegant 
representations of the ellipsoidal harmonic 0^ (a?, y, z) and of the corre- 
sponding homogeneous harmonic (x, y, z) in terms of definite integrals. 

From the general equation formula of § 186, it is evident that Jft z) 

is expressible in the form 

— cos t -h 1/ sin f -h iz)^f (t) dt, 


where f{t) is a periodic function to be determined. 

Now the result of applying Niven's operator D* to (a? cos < + y sin f is 
/I (n — 1 ) (a* cos® f + 6® sin® t — c®) (a? cos f + y sin ^ 

and so, by Niven's formula (§ 23’25) we find that Gn”^ (4?, y, z) is expressible 
in the form 




_ J?i!^ 11 g(»-2 

?i(n-l )(ffl-2)(n-3) 
^ 274(2n-l)(2n-3) 




S68 

where 

so that 


Tax TBiLNQGXNDBKTAL FONCTIONS 
31.S cooet + ysint + ir, 

© s VKo* — c*) cos* < + (6* — c*) sin* t}, 


[chap, xxni 




Now write sin t h od the modulus of the elliptic functions being, as 
usual, given by the equation 




The new limits of integration are - and K, but they maj^ be replaced 
by — 2K and 2.K on account of the periodicity of the integrand. 

It is thus found that 

rr«a/ ^ f1(!xsnd + yon0-¥izdn0\ ^ 

GJ- {w, y, z) - J P« J * (^) 

where ^ (0) is a periodic function of 0, independent of x, y, z, which is, as yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam 4 
functions, with the aid of the formulae of § 23*5 we find that 

riK 

ErT (a) En^ (0) En^ (y)^C Pn {fz) 0 {9) d0, 

J -IK 

where C7 is a known constant and 


= A*8nasn)9sny sn^ — (A*/fc'*)cnacni 8 cnycn 0 

— (1/A'®) dn a dn )8 dn 7 dn 

If the ellipsoidal harmonic is of the first species or of the second species 
and first type, we now give and 7 the special values 

y^K + iK\ 

and we see that 

c[ Pn (Asn ot sn tf) ^ {9) d0 


is a solution of Lamp's equation, and so, by § 23*6, ^ (0) is a solution of Lamp’s 
equation which can be no other* than a multiple of En^ ( 0 ). 

Hence it follows that 


(«?» y. ® X 

where X. is a cohstant. 




k'w and + ycn0-t-izdn0 


)En^{e)de, 


It ^(e) invalved the second solution, the integral would not converge. 
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we ^ «*“ type 

^-0. ^^K-^iK', 

/ 8 - 0 . Y-jr 

respectively, and we obtain anew the same formula 

■“ 

<?»“ (^. y,z)^\ p„ (^) (^) 

(2n)! /'■’/,/ 

_ ct)*n ^ + y cn ^ + tf dn 9)» (y) 


(«, y,z)Ta\. 

where 


2* («!)•{*• 

/* = (A'jr sn 9 + ycn9 + wdn 9)/V(h*-c*), 

^^ 68 . Integral formvlas for ellipsoidat karmontce of the third and fourth 

fo„ expressions for harmonics of the third and 

lourth species, we turn to the equation of § 23-62, namely 

(a) (^) ^„m (,y) = cr‘ (^) ^ ((?) 

where -mt 

^ H **en a sn ^ sn 7 sn 9 - (A;*/*'.) cn « cn ^ cn 7 cn 9 - dn a dn /3 dn y dn 6 • 

his equation is satisfied by harmonics of ony speciea ' 

th, f mT* ^■" »r of tLe 6»t type of 

third species so that it has cn a dn a as a factor. 

/9 AT equation with respect to y8 and 7, and then put 

It is thus found that 




Now 
so that 


pfn(Al) ] 

L ^ Jy-ir+or' 


.cj‘f r? 

•' - 2 iir L ^ 


3*-Pn(M) ] 


S^Sy Jw-jr.y-x+iiC') 
■ - (»■/*') dn « dn dn 9P„' (^). 




f 


Jw-A',,-r+a:-, “-*®“«dn«cn9dn9P."(i8n«sn6). 

MAP 


« cn 6 dn 0P„" (* sn « sn 6 ) ^ ( 6 ) d9 

cn«dn« as a factor; and so. by § 28-61 
9 (0) can be none other than a conetant multiple of ^ 
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We have l^as found tiiat the equation 

(«, y. *) - X f“ P, (/*) ($) dS 

J -tK 

is satisfied by any ellipsoidal harmonic which has cn a dn « as a factor ; the 
corresponding formula for the homogeneous luurmonic is 

(«. y, «) ■“ X 1, f (i('a!8nd+ycnd + Mdnd)"P»"‘(d)dd. 

2" (n ])• (6'' - c*)*’ J -tK 

Esample» Shew that the equation of this section is satisfied by the ellipeoidal 
harmonics which have sn a dn a or sn a on a as a factor. 


23*7. OenercUisationa of Lamina aqvxUion, 

Two obvious generalisations of Lamp's equation at once suggest them- 
selves. In the first, the constant B has not one of the characteristic values 
for which a solution is expressible as an algebraic function of ^ {u)\ and 
in the second, the degree w is no longer supposed to be an integer. The first 
generalisation has been fully dealt with by Hermite* and Halphenf. but the 
only case of the second which has received any attention is that in which n is 
half of an odd integer; this has been discussed by Brioschi^, Halphen§ and 
Crawford II . 

We shall now examine the solution of the equation 

{n(« + l)p(«) + P}A, 


where B is arbitrary and n is a positive integer, by the method of Lindemann- 
Stieltjes already explained in connexion with Mathieu's equation (§§ 19*5- 
19*52). 

' The product of any pair of solutions of this equation is a solution of 
^ - 4 {« (n + 1) jf> (u) + P] ^ - 2n (n + 1) jf>' (w) Z = 0, 
by § 19*52. The algebraic form of this equation is 
4 (f - O (f - c,) (f - «.) ^ + 3 (df* - 

-4{(n* + n-3)f+P}^-2n(n + l)X = 0. 

If a solution of this in descending powers of f — St be taken to be 


Jr (c.= l) 

r»0 

* Comptu JRendm, lxxxv. (1877), pp. B89-696, 728-782. 821-826. 
t Fouctiotii EUiptiqueUf ii. (Paris, 1888), pp. 494-502. 

X Comptes Rendui, lzxxvi. (1878), pp. 818-315. 

§ Fonetiona Elliptiquen, ii. (Paris, 1888), pp. 471-478. 

II Quarterly Journal, xxvxi. (1895), pp. 93-98. 
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the recurrence formula for the ooe6Scients Ct is 
4r(n-r + 4)(2»-r+ 1) 

»* (w — r + 1) {126* (n — r) (n - r -f 2) - 4^ (»• -f n — 3) — 4J?} Cr^i 
- 2 (w - r -h 1 ) (n - r + 2) (6i - 6*) (6i - 6,) (2n - 2r + 8) Or-#. 
Write r ss n + 1, and it is seen that c„+, « 0 ; then write r *■ n + 2 and (Vw ■» 0 ; 
and the recurrence formulae with r > n + 2 are all satisfied by taking 

Cn+B ■« Cn-M * • • • “ 0. 

Hence Lame* a generaliaed eqiuition always hcLs two solutions whose product 
is ofihe form 

r-O 

This pol 3 momial may be written in the form 

n {p(M)-jp(ar)}. 

r»l 

where a,, a*, ... are, as yet, undetermined as to their signs ; and the two 
solutions of Lamp's equation will be called A,, A,. 

Two cases arise, (I) when Ai/A* is constant, (II) when Ai/Aj is not 
constant. 


(I) The first case is easily disposed of; for unless the polynomial 

n {f-F(«r)} 

r=l 

is a perfect square in f, multiplied possibly by expressions of the type f — Sir 
f then the algebraic form of Lamp’s equation has an indicial 

equation, one of whose roots is J , at one or more of the points f — p (ar) ; and 
this is not the case (§ 23*43). 

Hence the polynomial must be a square multiplied possibly by one or 
more of f — Si, f — e** f — and then A, is a Lam6 function, so that B has 
one of the characteristic values ; and this is the case which has been 
discussed at length in §§ 23*1-23*47. 


(II) In the second case we have (§ 19*58) 


where € is a constant which is not zero. Then 

d log A, d log A, _ 
du d« ” X ’ 

d log A« d log Ai 1 ^ 
du du IC du * 

dlog Ai 1 dlogA* l^dX (S 

du ** 2^ du ^ * du 2X d/u . X ’ 


so that 
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On integration, we see that we may take 

Ai •» exp I” ® J • 

Again, if we differentiate the equation 

1 dA, JL ^ ® 

Ai du 2X du X ’ 

we find that 

1 ^ ^ _ JL /'^Y + 

A, du* |Ai duj “2X du* 2X*\duJ 

and hence, with the aid of Lamp’s equation, we obtain the interesting 
formula 

n(n + l)ip(«) + B-^ du* (2X duj "‘'X** 

if now (r = g> (Or), we find from this formula (when multiplied by X*), 
that, if u be given the special value Or, then 

46* 

P'*(Or)' 

We now fix the signs of Ui, a„ ... On by taking 
/dX\ 2® 


/dX\ ^ 2® 

V'3FA=fr“ + *>'(«r)' 


And then, if we pot 2®/X, qua function of f, into partial fractions, it is seen 
that 

¥ ” ^ ^ - «r) - ?(« + ar) + 2?(a,)}. 

and therefore 

A, » l^jn [(^ (u) - ff (o,)} j * 

X exp 2 (log o- (a, + «) - log tr (a, — u) — 2uf (o,)} J , 
whence it follows that (§ 20’63, example 1) 

The complete solution has therefore been obtained for arbitrary values of the 
constant B. 
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28 ' 71 . Ths Jcuxbianform of the generaUeed LamS equation. 
We shall now constnict the solution of the equation 

A 

^ * {n (n + 1) A* sn* « + A, 

for general values of A, in a form resembling that of § 23‘6. 

The solution which corresponds to that of § 23*6 is seen to be* 

where p, «„ a,, ... On are constants to be determined. 

On differentiating this equation it is seen that 

i f H^(« + ar) e^(a) | . 

Ada ^_i|H(a4-Ar) 0(«)) ^ 

S {Z (a + Or + — Z (a)] + p + Jnwi/JST, 


and therefore, since A is a solution of Lamp’s equation, the constants />, aj , 
Og, . . . «n ftre to be determined from the consideration that the equation 

»(n + l)A;*8n*a + A=a 2 {dn* (a + c^. + tJC') — dn* a} 

r»l 

+ 2^ {Z (a 4- a,, -f- t£r') — Z (a)} + p + 

is to be an identity ; that is to say 


n 

n*A*sn*a + n + -4 + 2 cs*(a4'ar) 

r«l 

— ^ 2^ {Z (a + Of + — Z (a)} + p + ^nirilK 

Now both sides of the proposed identity are doubly periodic functions of 
a with periods 2K, 2tK\ and their singularities are double poles at points 
congruent to — ijfiT', — «!, Oni the dominant terms near — i^^and 

— Or are respectively 

n» 1 

{a-hiKy (a + Or^ 

in the ca^ of each of the expressions under consideration. 

The residues of the expression on the left are all zero and so, if we choose 
p, ai, 0 ^, ... Q(n so that the residues of the expression on the right are zero, 

* This solQtion wm published in 1879 in Hennite’s lithograpbsd notes of bis leolures delivered 
at ibe dipole polyteobnique. 
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it will follow from LiooTille'f theorem thet the two expreaeioDs diffbr by a 
oonstant which caa be made to vanish by proper choice of A. 

We thus obtain « + 2 equations connecting p, Ui, Og, ... with A, but 
these equations are not all independent. 

It is easy to prove that, near ~ etr, 

2 {Z (a + + tie') — Z (a)} + p + ^TiTn/JSr 

r«“ 

= — —+ 2' Z(et — a, + iAr') + »Z(ar)+> + i(n-l)irt/jr+0(a + ar), 

« + p«l 

where the prime denotes that the term for which p » r is omitted ; and, near 
2 {Z (a + a, + iK') — Z (a)} + p + iniri/K 

r»l 

* - + 2,Z(a,) + p + 0(a + iK'). 

Hence the residues of 

^2 {Z(a+a, + ii^')~Z(a)} +p + jn9n7irj 
will all vanish if p, a,, Oi, ... an are chosen so that the equations 
2' Z (ap — a, + iX"') + nZ (or) + p + ^ (n — 1) wt’/X * 0, 

p-i 

2 Z(a,) + p = 0 
Vr-l 

are all satisfied. 

The last equation merely gives the value of p, namely 

- i Z(ttrX 

r*! 

and, when we substitute this value in the first system, we find that 


I' [Z(ap-ar-hiK')^Z(ar)-Z(ap) + i7n/Jir]^0, 

where r = 1, 2, ... n. By § 22735, example 2, the sum of the left-hand sides 
of these equations is zero, so they are equivalent to n — 1 equations at most ; 
and, when Ui, otgi •••«** “y values which satisfy them, the difference 


|^n*i®sn®a + n + il + 2 C8*(a-far)^ 

- 1^ 2 {Z (a + a, + tX') - Z (a) - Z (a,) + 
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lamp’s »)t7A«I0N 


is constant. By taking a « 0, it is seen that the constant is sere if 

n + il+ i 08 *«,- [ i {Z(a, + i:ir')-Z(Br) + Jon/JSnT. 
r«X Lr- 1 J 

* ’j* ( 

x-6- if <2 cna^dsari- — 2 

V»«l j r«l 

We now reduoe the sjrstem of n equations ; with the notation of g 22% if Amotions of 
Or be denoted bj the suffixes 1 and 2, it is eai^ to see that' 

Z (i^ “• Or 4* (®r) 2 

»« Z (op — Or + xiT") + Z (or) - 2 (op 4- tjBT') 4-0|dfi/#j 
■Bit* an (flp4-*ir') an Or an {op-^^iK* -ar)'¥Cidil9i 

Consequently a solution of Lamd’s equation 

{n (n 4- l)**en*a + il} A 


“ ^ " 5t ’ 

provided that Oi, Og, ••• ofn bo chosen to satisfy the n independent equations 
comprised in the system 

1 2 ' OP Op dn 4- sn ar cn otr dn Oy ^ ^ 

p.i 8n*fl^ — sn'Or ** * 

2 cn Or da oTr J — 2 ns* Or « A ; 

and if this solution of Lamp’s equation is not doubly periodic, a second 
solution is 

The existence of a solution of the system of n + 1 equations follows from 
§ 23-7. 
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Miscellaneous Examples. 


1. Obtain the formiila 




2. Shew that 


// (I 1 

cy* ds) ij(:c*+y*+**) 


d”*c^tt.ir„(j?,y, z). 

(Niven, PhU. Trans. 182 a (1891), p. 245.) 

(-)*>. (2n)! Hn{x,y,z) 


2**.n! (x*+y*+««)*‘+i‘ 

(Hobson, Proc. London Math. Soc. xxiv.) 

3. Shew that the ‘ external ellipsoidal harmonic * (() EtF (»?) Fh^ (C) is a constant 

multiple of 

B 1 8Ui, -P* , ^ , ^__L_ 

a.A 2-(2»+3) 2.4(2» + 3)(2»+6)^”7V(**+y*+j;*)’ 

(Niven ; and Hobson, Proc. London Math. Soc. xxiv.) 

4. Discuss the confluent form of Lam4*8 equation when the invariants yg and of the 
Weierstrassian elliptic function are made to tend to zero ; express the solution in terms of 
Bessel functions. 

(Haentzschel, Zeitschrift fUr Math, und Phys. xxxl) 

6. If V denotes ^ exp [{X - Z (ji)} o], where X and fi are constants, shew that 

0 (o) 

Lam4*s equation has a solution which is expressible as a linear combination of 

cP~^v 

where X* and sn^ p are algebraic functions of the constant A. 

6. Obtain solutions of 

1 d^w 


(Hermite.) 


I2ifc« sna X - 4 (1 +Ir») ± 6 V(1 

(Stenberg, Acta Math, x.) 


w d^ 

7. Discuss the solution of the equation 

z (x- l)(x-a)^ + [(a 4*i9+l) x*-{o+/9-3*f l + (y+3)a} z +ay] ^+a^(«-y)y“0 
in the form of the series 

l + afl X <yi»(g)W* 

where ^^(^)“o^g^+{(o+^— l)+(y+^)®}j”®y» 

<»^H+i(^)=*[» {(a+/3-3+n)^(y+3-i*«- !)«} + 

-(a+»-l)(^+»- !)(>+«- l)wa(?„.,(j?), 

(Heun, Math, Ann. xxxiii.) 
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8, Shew that the expcmeote at the eii^fiilaritiee 0, t, a, oo of Heuti^e equation are 

(0,1 -y), (0,1 -a), ((^l-fX (e,^), 
where y<fa+€-»a-l-/94’l. 

(Heun, MaHh, Am> xxxni) 

9. Obtain the following group of variables for Heun’s equation, corresponding to the 
group 


,11* *-l 

*• »’ r=T 


for the hypergeometric equation : 



1-*, 

1 1 * 

*’ 1-*’ *-!♦ 

*-l 

* 

a — * 

a a t 

z-^a 


a 

* ** a—** *— a 


z — a 

*— 1 

1 — a a — l *■ 

-a *- 1 


a-r 

*-a* *-1* Z 

*-a' 

*-a (a- 

1)^ 

a(*-l) a(*-l) 

*-a (1-a)* 

a(*-l)^ a(g- 

= 1)’ 

*-a ’ (a-1)*’ 

(1-a)*' *-a 


(Heun, Math. Ann, xxuil.) 

10. If the series of example 7 be called 

/*(<», j; a, Ay, d; *), 

obtain 192 eolutions of the differential equation in the form of powers of *, *- 1 and *-a 
multiplied by functions of the type /I 

[Heun gives 46 of these solutions.] 


11. If ii»2v, shew that Lamp’s equation 




may be transformed into 


by the substitution 

A-{P'(v)}-»X. 

12. If f «(P (v), shew that a formal solution of the equation of example 11 is 

i- * ^ 


provided that (o— 2«)(a— n+i)»0 

and that 

4(a-r-2») (a-r-«+i) 6r4*[12*a(e-r+l)(o-r-2»+l) + 4*j« (2«- l)-4i?]&,.«i 

-4(*i-«^{ea-*8) (o-f+2) (a- 0. 
(Briosohi, Oamptes Hendut, Lxxxvi. (1878), pp. 313-315 and Halphen.) 

13. Shew that, if n is half of an odd positive integer, a solution of the equation of 
example 11 expressible in finite form is 

r«0 


W* M. A. 
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providtd tiubt 

+4 (<! - *i) (^- «») (8» - *•+8) (» - r+t) fc,.,-0, 


and iB u M detonined that 




(Briosohl and Halphen.) 

14 Shew lihat, if a is half of ao odd integer, a solution of the equatim of esample 11 
ezpreaaible in finite form is' 

i'-,x V(f-«i)* 

f-O 

{HOTided that 

^ (»+P +i) V - (a -p+i) (» +/) - i) - 4«,tt (2» - 1) + 45] 

+4 («i-«i) («*-«»)(» -p+f) (P- 1) 

•nd the equation which determines B. 

(Crawford.) 

16. With the notation of examples 13 and 14 shew that, if 

the equations which determine Co, Ci, j ^ identical with those which determine 
69 , 6 |, aod deduce that, if one of the solutions of Lamp’s equaticm (in which n is 

half of an odd integer) is expressible as an algebraic function of f>(v), so also is the other. 

(Crawford.) 

10 . Prove that the valuee of B determined in example 13 are real when Sj and 63 
are real 

17. Shew that the complete solution of 

1 (Pa < n , . 

WJPW 

» A-(ra»)r*Mi’a»)+j|. 

where A and 5 are arbitraiy constants. 

(Halphen, JfAn. par divert lavanti, xzviu. (i), (1880), p. 106.) 

18 . Shew that the complete solution of 

|^-|ii*sn»n-i(l+i») 

is A» {sn i {C- a) on i (C-a) dn j {0- a)}'* {A + B sn*} (C- o)} , 

where A and B are arbitrary constants and CmiK+iK'. 


(Jamet, Oomptet Rmdui, cxi.) 



APPENDIX 

THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 

Al, On certain renUU aeiumed in Chaptere /-/F. 

It waa ooQveuient, in the tot four ohaptera of this work, to asaume aome of the 
properties of the elementary tranaoendental funotiona, namely the eaponential, logarithmic 
and droular functiona ; it was also convenient to make uae of a number of reaolta which 
the reader would be prepared to aooept intuitively by reaaon of hia familiarity with the 
geometrical representation of complex numbers by means of points in a plane. 

To take two instances, (i) it was assumed (§ 2*7) that Urn (exp x)= exp (lima), and 
(ii) the geometrical concept of an angle in the Argand diagram made it appear plausible 
that the argument of a complex number was a many-valued function, possessing the 
property that any two of its values differed by an integer multiple of 2fr. 

The assumption of results of the tot type was clearly illogical ; it wm also illogical to 
base arithmetical results on geometrical reasoning. For, in order to put the foundations 
of geometry on a satisfactory basis, it is not only desirable to employ the axioms of 
arithmetic, but it is also necessary to utilise a further set of axioms of a more definitely 
geometrical character, concerning properties of points, straight lines and planes*. And, 
further, the arithmetical theory of the logarithm of a complex number appears to be 
a necessary preliminary to the development of a lexical theory of angles. 

Apart from this, it seems unsatisfactory to the aesthetic taste of the mathematician to 
employ one branch of mathematics as an essential constituent in the structure of another ; 
particularly when the former has, to some extent, a material basis whereas the latter is of 
a purely abstract nature f. 

The reasons for pursuing the somewhat illogical and unaesthetic procedure, adopted in 
the earlier part of this work, were, firstly, that the properties of the elementary transcen- 
dental functions were required gradually in the course of Chapter u, and it seemed 
undesirable that the course of a general development of the various infinite processes 
should be frequently interrupted in order to prove theorems (with which the re^er was, 
in all probability, already familiar) concerning a single particular function ; and, secondly, 
that (in connexion with the assumption of results based on geometrical considerations) 
a purely arithmetical mode of development of Chapters i-iv, deriving no help or illus- 
trations from geometrical processes, would have very greatly increased the diJGficulties of 
the reader unacquainted with the methods and ^e spirit of the analyst 

* It is not our object to give any account of the foundations of geometry in this work. They 
are investigated by various writers, such as Whitehead, Asiom of Prqjtetive Oeomtry (Cambridge 
Math. Tracts, no. 4, 1906) and Mathews, Prqfsettve Oeomtry (London, 1914}i A perusal of 
Chapters i, xx, xxn and xxt of the latter work will oonvinoe the reader that it is even more 
laborious to develop geometry in a logical manner, from tibe minimum number of axioms, than 
St is to evolve the theory of the oiroulsr functions by purely analytical methods. A complete 
account of the elements both of orithmetio and of geometiy has been given by Whitehead and 
Bussell, PHneipia Maihmatiea (1910-1916). 

f Of. Mem, Hietory qf European Thought in the Hinetemth Contiay^ n. (London, 1908), pp. 661 
(note 9) and 707 (note 1), where m letter from Weierstrass to Sohwam is quoted, to also 
Sylvester, Phil. Mag. (6), ii. (1676), p. 607 [Jfotk. Fajperi, m. (1909), p. 60]. 
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A*ll^ Summary of tAe AppmdiiP. 

The geneiel eenree of the Appeodiz is ss follows : 

In §g A'2-A*22, the exponential fonotion is defined by a power series. From this 
definition, oombined with results eontained in Chapter xx, are derived the elementary 
properties (apart from the periodic properties) of this function. It is then easy to deduce 
oorresponding properties of logarithms of positive numbers (§§ A*3-A*33}. 

Next, the sine and cosine are defined by power aeries from which follows the connexion 
of these functions with the exponential function. A brief sketch of the manner in which 
the formulae elementary trigonometry may be derived is then given (g§ A*4-A*4fi}. 

The results thus obtained render it possible to discuss the periodicity of the exponential 
and circular functions by pwreltf arithmetioal methods (§§ A*5, A*51). 

In §§ A'53-A‘522, we consider, substantially, the continiiity of the inverse circular 
functiona When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A*6) presents no further difficulty. 

Finally, in § A *7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our experience of the material world. 

It will be obvious to the reader that we do not profess to give a complete account of 
the elementaiy transcendental functions, but we have confined ourselves to a brief sketch 
of the logical foundations of the theory*. The developments have been given by writers 
of various treatises, such as Hobson, Plane Trigovometry ; Hardy, A course of Pure 
Mathematics ; and Bromwich, Theory of Infinite Series, 

A*12, A logical order of development of the elements of Analysis. 

The reader will find it instructive to read Chapters i-iv and the Appendix a second 
time in the following older : 

Chapter i (omitting + all of § 1'5 except the first two paragrajihs). 

Chapter ii to the end of § 2*61 (omitting the examples in §§ 2*31 -2'61). 

Chapter in to the end of g 3*34 and §g 3*5--3'73. 

The Appendix, §§ A*2-A'6 (omitting ^ A*32, A-33). 

Chapter ix, the examples of §§ 2‘31-2*61. 

Chapter iii, g§ 3*341-3*4. 

Chapter iv, inserting §g A*32, A*33, A*7 after § 4-13. 

Chapter ii, §§ 2*7-2*82. 

He should try thus to convince himself that (in that order) it is possible to elaborate 
a purely arithmetical development of the subject, in which the graphic and familiar 
language of geometry { is to bo regarded as merely conventional. 

* In writing the Appendix, frequent reference bas been made to the article on Algebraic 
Analysis in the Eneyklop&die der Math, Wissensehaften by Pringsheim and Faber, to the same 
article translated and revised by Molk for the Ewycloyidie des Sciences Math,, and to Tannery, 
Introduction h la ThiCrie des Fonetions d*une Variahle (Paris, 1964). 

t The properties of the argument (or phase) of a complex number are not required in the 
text before Chapter v. 

t E.g. *a point’ for ^an ordered number>pair,' *the circle of unit radius with centre at the 
origin* for 'the set of ordered number-pairs (x, y) which satisfy the condition ’the 

points of a straight line* for ’the set of ordered number-pairs {x, y) which satisfy a relation of 
the type il« Bp -i-CsO,’ and so on 
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A*% The esBpeuential function exp j; 

The exponential fhnotiou, of a complex variable is defined by the series* 

This series converges absolutely for all values of t (real and complex) by D'Alembert’s 
ratio test (§ 2*36) since lim | («/») |«0<1 ; so the definition is valid for all values of z, 

«-^«o 

, K 

Further, the series converges unifbrmly throughout any bounded domain of values of s; 
fhr, if the domain be such that | s | ^ when s is in the domain, then 

|(s•/n!)|<i^/n^, 

and the uniformity of the convergence is a consequence of the test of Weierstraae (§ 8*84), 

* 

by reason of the convergence of the series 1 -f S (R^fn !), in which the terms are indepen- 
dent of z. 

Moreover, since, for any fixed value of n, 1 is a continuous function of £, it foUows 
from § 3'32 that the exponential function is continuous for all values of $ ; and hence 
(cf. § 3*2), if 2 be a variable which tends to the limit C* have 

lim exp 2 »exp f*. 

A‘21. The addition-tkeorem for the exponential function^ and ite eoneequence$» 

From Cauchy’s theorem on multiplication of absolutely convergent series (§ 2*53), it 
follows thatf 

(exp X,) (expi*)= (l ) (l + ^*+ ...) 

^ 1! ^ 2! 

=exp (*,+*,), 

so that exp («] + z^) can be expressed in terms of exponential functions of and of z^ by 
the formula 

exp (expxi) (expig). 

This result is known as the addition-theorem for the exponential function. From it, 
we see by induction that 

(expxi) (expxj) ... (exp«„)-exp(xi+«a+...+x«), 

and, in particular, 

{exp z) {exp ( - z)} —exp 0=» 1. 

From the last equation, it is apparent that there is no value of z for which expx^O ; 
for, if there were such a value of x, since exp(— x) would exist for this value of x, we 
should have 0— 1. 

It also follows that, when oris real, exp or >0 ; for, from the series definition, exp a* ^ 1 
when x^O; and, when expa» 1/exp ( - a)>0. 

♦ It was formerlyoustomary to define exp£ as lim { ) ,cf. Cauchy, €<nir$ d^Analyie, x. 

n-^oo \ u/ 

p. 167. Gattohy {ibid, pp. 166, 309) also derived the properties of the function from tlie series, 
but his investigation when z is not rational is incomplete. See also Bohldmiloh, Handbueh der 
alg. Analyeis (1689), pp. 29, 178, 246. Hardy has pointed out {UeAh, Gazette, ui. p. 264} that 
the limit definition hae many disadvantages. 

t The reader will at once verify that the general term in the product series is 

{*1* + « c, »,»-•*! + . «-•*,*+ . . . + *,•)/» !=.(*,+ *>/« ! . 
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Fiirthor^ aip^r is an incrmuing function of tho roal variable for, if k>0^ 

" ^ exp(«+it)— 6xpjrii*6xpf .{ezpit— 1}>0, 

beoauee exp ss>0 and exp k>h 

Also, einoe {expA-ll/A-l+(A/2!)+(^*/3 0+..., 

and the aeriee on the right is seen (by the methods of § A*2} to be continuous for all 
valuesof A, we have 

lim {expA’-'l}/A«>l, 

S-H) 


and so 


— P * - Um ”P(»+*)-”P* . 


A*22. Various properties of the exponentiod function. 

Returning to the formula (expO(«xp*») (®^PO = ®xp(^i+«2+--4**H)t we see that, 

when n is a positive integer, 

(expj6)*»exp(n«), 

and (exp f )-*• « 1 /(exp «)** = 1/exp {m) =* exp ( - nr). 

In particular, taking and writing e in place of exp 2*71828..., we see that, 
when m is an integer, positive or negative, 

Also, if ^ be any rational number where p and q are integers, q being positive) 

(exp /*)« « exp pq = exp p * «»», 

so that the ^h power of exp pin e^; that is to say, exp /a is a value of and it is 

obviously (§ A*2l} the real positive value. 

If .r be an irrational-real number (defined by a section in which and are typical 
members of the X-class and the f2-clas8 respectively), the irrational power is most 
simply defined as exp x ; we thus have, for all real values of rational and in*ational, 




an equation first given by Newton*. 


It is, therefore, legitimate to write eF for exp x when x is real, and it is customaiyr to 
write «• for expr when « is complex. The function e* (which, of course, must not bo 
regarded as being a power of e), thus defined, is subject to the ordinary laws of indices, viz. 




[Note. Tannery, Lemons dAlghbre et d Analyse (1906), i. p. 46, practically defines s*, 
when X is irrational, as the only number X such that c®* ^ for evexy ai and oj. 

From the definition we have given it is easily seen that such a unique number exists. 
For expx?( — jir) satisfies the inequality, and if JT' (4= JT) also did so, then 


exp Os - exp Oi s®* > | JT' - X|, 


so that, since the exponential function is continuous, cannot be chosen arbitrarily 

small, and so (oi, a^ does not define a section.] 


* iJt Analysi per aequat. nuitt. term, inf. (written before 1669, but not published till 1711) ; 
it was also given both by Newton and by Leibnts in letters to Oldenburg in 1676 ; it was first 
published by Wallis in 1686 in his Treatise on Algebra^ p. 848. The equation when x is irrational 

was explicitly stated by SohlAmileh, Handhuch der aig. Analysis (1889), p. 182. 
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▲*3.. Loffar%thm$ of poiiiiv 0 numberi^^ 

It has been seen (§§ A% A*21) that, when ^ is real, ezpar is a positive continaous 
inoreasing function of s, and obviously exp 47^+00 as sr oc , while 

expd;«-l/exp(— as 4 ?-*-- 00 . 

If, then, a be any positive number, it follows from § 3*63 that the equatioPL in x, 

expxwa, 

has one real root and only one. This root (which is, of course, a function of 4) will be 
written t Log, a or simply Log a ; it is called the Logartthm of the pontive number a. 

Since a one-one correspondence has been established between x and a, and since a is 
an increasing function of x, x must be an inoreasing fhnotion of a ; that is to say, the 
Logarithm is an iimreasing fhnction. 

Example. Deduce from § A*21 that Loga+Log6«Loga5. 

A *31. The omUinuity of the Logarithm, 

It will now be shewn that, when a is positive, Logo is a continuous frinction of a. 

Let Loga«>47, ljOg{a-^h)^x^k^ 

so that l + (A/a)»s*. 

First suppose that A>0, so that A>0, and then 

1 + ( A / a )« 5 l + ..,>1 + 1 *, 

and so 0<A<A/a, 

that is to say 0<Log (a + A) Log a<A/a. 

Hence, A being positive, Log (a -h A) -Log a can be made arbitrarily small by taking A 
sufficiently small. 

Next, suppose that A<0, so that A<0, and then a/(a+h)^e“K 
Hence (taking 0< -A<Ja, as is obviously permissible) we get 
a/(a + A)«l -H(-A)-i-iA*-|-...>l-A, 
and so — A<- H-a/(a+A)« — A/(a-|-A)< — 2A/a* 

Therefore, whether A be positive or negative, if f be an arbitrary positive number and 
if I A I be taken less than both }a and we have 

|Log(a+A)-Logo) <#, 

and so the condition for continuity (§3*2) is satisfied. 


A'32. Diferentiation of the Logarithm, 

Retaining the notation of § A*31, we see, from results thei*e proved, that, if A-^0 


(a being fixed), then also k^O, Therefore, when a>0, 

cTLoga A 1 

da *-s* «* 

Since Log 1 *0, we liave, by § 4*13 example 3, 


Loga«> 


t-^dt. 


* Many mathsmatioians define the Logarithm by the integral formula given in § A*82. The 
reader should consult a memoir by Hnrwits {Math. ^nu. lxx. (1911), pp. 33-47) on the founda- 
tions of the theory of the logarithm. 

t This is in agreement with the notation of most text-books, in which Log denotes tlie 
principal value (see f A*6) of the logarithm of a complex number. 
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▲*31. ThtKqMfuion of Log (1 +«} in pomn of a. 
txtm § A-SB w« hare 


Li(»g(H-a)«« J*(l +«)-«<*< 

- J*{1 )*r‘ (1 +*)->} <* 

where 

Now, if - l<a<l, we have 

-►Oas«-^ao. 

Hence, when •-l<a<l, Log(l + a) can be expanded into the convergent series* 
Log(l4-a)=a-ia*+ Ja*- 2 (-)**“*a*7w* 

na*l 

If o« +1, 

|i2«l- JV{1 +<)"*«* <JVrf«»(»+l)-»-^0 as n-*. 00 , 

SO the expansion is valid when a^+l ; it is not valid when a«i 1. 

Example. Shew that lim ^1 4* 

[We have nlog (l + 1)= Jim (l - ^ + - ...) 

= 1» 

and the result required follows from the result of § A‘2 that lim 
A*4. The definition of the aine and cosine. 

The functions t sin z and cos s are defined analytically by moans of power series, thus 

sma-=«- 4 2 

31 51 n«o(2n + l)!’ 

1* * r - 

+ — = (2n)! ’ 

these series converge absolutely for all values of * (real and complex) by § 2*36, and so the 
definitions are valid for all values of g. 

On comparing these series with the exponential series, it is apparent that the sine and 
cosine are not essentially new functions, but they can be expressed in terms of exponential 
functions by the equations I 

2i sin exp (iz) ~ exp ( - w), 2 cos 2 « exp {ig) + exp ( - iz). 


* This method of obtaining the Logarithmic expansion is, in effect, due to Wallis, Phil. 
Tram. u. (1668), p. 754. 

t These series were given by Kewton, De AnalyH... (1711), see § A*22 footnote. The other 
trigonometrical functions are defined in the manner with which the reader is familiar, as 
quotients and reciprocals of sines and cosines. 

t These equations were derived by Euler [they were given in a letter to Johann Bernoulli In 
1740 and published in the Hist. Acad. Berlin, v. (1742), p. 270] from the geometrical definitions 
of the sine and cosine, upon which the theory of the circular functions was then universally 
based. 
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It is obvious that sin i and oos;r are odd and even fhnotions of t respectively ; that is 
to say 

sin (--3)* -sins, oos(-s)wcobs. 

A*41. J%e fundamental propertm o/sin z and oos a 

It may be proved, just as in the case of the exponential function (§ A‘2), that the series 
for sins and cos^t; converge uniformly in any bounded domain of values of z^ and con- 
sequently that sin z and cos z are continuous functions of s for all values of a 

Further, it may be proved in a similar manner that the series 

srsi '*• 

defines a oontinuous function of z for all values of z, and, in particular, this function 
is continuous a,t z^O^ and so it follows that 

lim (jf^sins)*!. 

The addition^theorems for sin z and cos z. 

By using Euler^s equations (§ A *4), it is easy to prove from properties of the exponential 
function that 

sin (Zi + 2 ^ 4 * oos Zi sin z^ 

and cos (^ 1 4- zj) '= 008 - 31 008*2 — sin sin ; 

these results are known as the oddition-theorefM for sin* and cos*. 

It may also be proved, by using Euler's equations, that 

sin2*4oos**«l. 

By means of this result, 8in(*i + * 2 ) ^ expressed as an algebraic function of 8in*i 

and 8 in* 2 ),v^hile cos (* 14 * 2 ) similarly be expressed as an algebraic function of oo8*i 
and cos * 2 ; so the addition- formulae may be regarded as addition-theorems in the strict 
sense (cf. §§ 20'3, 22'732 note). 

By differentiating Eulei*’s equations, it is obvious that 

cfsin* dcoaz 

— T — =oos z, — T — = - sm*. 

dz ’ dz 

Example, Shew that 

sin2zs28inzcosz, cob2*s2cos^z* 1 ; 
these results are known as the duplication-formulae. 

A*5. The periodicity of the exponential function. 

If zi and *2 Buoh that exp Zi^exp then, multiplying both sides of the equation by 
exp ( - «a), we got exp («i - **)« I ; and writing y for *1 - Sg, we see tbat, for all values of * 
and all integral values of n, 

exp (z 4 ny) = exp z . (exp y)" -sexp z. 

The exponential function is then said to have period y, since the eifiMst of inoreasi%ig 
z by y, or by an integral multiple thereof, does not afifect the value of the function. 

It will now be shewn that such numbers y (other than seru) actually exist, and that aXL 
the numbers y, possessing the property just described, are comprised in the expression 

2niri, (w=±l, ±2, ±3,...) 

where it is a certain positive number* which happens to be greater than 2 ^^2 and less 
than 4. 

* The foot that w is an irrational number, whoee value is 8*14159... , is hrreieyant to the 
present investigation. For an aooount of attempte at detennining the value of r, oonoluding 
with a proof of the theorem that w natisfies no algebraic equation with rational ooeffioients, see 
Hobson'e monograph Squaring the Circle (1918). 



586 


APPIBNDIX 


A*51. 7% 9duiMn 0 / th$ equation expy«»l. 

Let where a and j9 are real ; then the pr(A>lem of eolving the equation 

exp ym 1 iB identical with that of solving the equation 

expa.expti9»l. 

Compariug the real and imaginary parts of each side of this equation, we have 
expa.coB^«l, expa.Bm3«0. 

Squaring and adding these equations, and using the identity oos^/S+sin^^a 1, we get 

exp2a«l. 

Now if a were positive, exp 2a would be greater than 1, and if a were negative, exp 2a 
would be less than 1 ; and to the only pomble value for a is zero. 

It follows that cob/9«], siniSaO. 

Now the equation Bwfi=0 is a necessary consequence of the equation cos0>»l, on 
account of the identity cos* )9+sin^ /Sail. It is therefore sufficient to consider solutions 
(if such solutions exist) of the equation cosi9«l. 

Instead, however, of considering the equation cosj9«l, it is more convenient to 
consider the equation* ooa4?»04 

It will now be shewn that the equation co9a:»0 has one root, and only one, lying 
between 0 and 2, and that this root exceeds ^2; to prove these statements, we make use 
of the following considerations ; 


(I) The function cos .r is certainly continuous in the range 0 < x ^ 2. 

(II) When 0 ^ iF < ^2, we have + 




4! "61^°’ 


8 ! 10 !^ 


and BO, when 0 ^ ^2, cos a: > 0. 

(Ill) The value of 00 s 2 is 


(IV) Wherj0<.r^2, 


sin a : 




and BO, when 0 ^ x < 2, sin ^ 

It follows from (II) and (III) combined with the results of (I) and of § 3'63 that the 
equation cosi?=0 has at leaet one root in the range ^2<x<% and it has no root in the 
range 0<i7<iv^2. 


Further, there is not more than one root in the range ^2<x?<2; for, suppose that 
there were two, and then 0<4?2-xri<2-^/2<l, and 

sin (4?2-4?i)»sin ^jC 08 X?i -sinxi cos jtj-iO, 
and this is incompatible with (lY) which shews that sin (^s-^i) > (^8-<ri). 

The equation cosxwO therefore hae one and only one root lying between 0 and 2. This 
root lies between ^2 and 2, and it is called ^ir ; and, as stated in the footnote to § A‘5, its 
actual value happens to be 1*57079.... 


* If oo8«s0, it is an immediate oontequenoe of the doplioation-fommlae that oosX^n 
and thence that cos 4^; si, so, if x is a solution of cos xssO, ien solution of cos /}■>!. 

t The symbol > may be replaced by > except when in the first place where it occurs, 

and except when xsO in the other places. 
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Fiom the additien-formulae, it may be proved at once by indtioticni that 
ooaafr->(-l)”, BiAair«BO, 

where a is any integer. 

In particular, cos Siiir>»l, where n is any integer. 

Moreover, there is no value of jS, other than those values which are of the form 2n«r, 
for which oob/ 9~1 ; for if there were such a value, it must be real*, and so we can 
choose the integer m so that 

— tr < 2mfr — /3< w. 

We then have 

sin I our - I ± sin (wir - J/5) « ± sin ± 2“^ (1 - oos /5)i —O, 

and this is inconsistent f with sin | mir - mir - 1 unless ^«2mir. 

Cofue^nUy the numbers 2nfr, (awO, ±1, ±2, ...), and no others^ have their cosines 
equal to unity. 

It follows that a positive number ir exists such that exps has period 2vi and that 
expr has no period Jiindamentally distinct from 2srt‘. 

The formulae of elementary trigonometry oonoeming the periodicity of the circular 
functions, with which the reader is already acquainted, can now be proved by analytical 
methods without any difficulty. 

Example 1. Shew that sin ^ is equal to 1, not to - 1. 

Example 2. Shew that tan x>x when 0<x<lir. 

[For oos4?>0 and 

« ^4»i 

sin;r— xcosjp-B 2 — 

and eveiy term in the senes is positive.] 

Example 3. Shew that 1 ^ ^ ^ ^ is positive when 4?« and that 1 - ^ ^ 

vanishes when a* » (6 - 2 ^/3)^ ■■ 1 -5924. . . ; and deduce that | 

3125 <jr <3*186. 

A'52. The solution of a pair of trigonometrical equations. 

Let X, p be a pair of real numbers such that X*+p*nl. 

Then, if X 4= - 1, the equations 

cos^raBX, sinj^es^ 

have an infinity of solutions of which one and only one lies between § * tt and it. 

First, let X and g. be not negative ; then (§ 3*63) the equation ooso^vX has at least one 
solution xx such that since oos0<«], oos|fr*-0. The equation has not two 

solutions in this range, for if xx and x^ were distinct solutions we could prove (cf. § A‘51) 
that 8in(a:i-d7j)»*0, and this would contradict § A *51 (IV), since 

0<|jc*-si|<itr<2. 

Further, 8ina7i« +^(1 — co8*j?i)« +^(1— X*)*/*, so Xx is a solution of both eqtiationa. 

* The equation oo8/3«l implies that exp i/Sssl, and we have seen that this equation has no 
complex roots. 

t The inequality is troe by (IV) since 0 ^ j sit - 1 ^ iT<3. 

I Bee De Morgan, A Budget of Paradoxes (London, 1878), pp. 816 et seq„ for reasons fox 
proving that T> Si . 

§ If \s - 1, db T are solutions and there are no others In the range ( - t, t). 
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The equetiona hare no aolutiona iu the ranges 0) and w) siuoe, in these 
ranges, either sin4; or cos 47 is negative. Thus the equations hare one solution, and only 
one, in the range ( - ir, ir). 

If X or /i (or both) is negative, we may investigate the equations in a similar manner ; 
the details are left to the reader. 

It is obvious that, if sti is a solution of the equations, so alsd is 4?i+2nir, where n is 
any integer, and therefore the equations hare an infinity of real solutions. 

A*62L The principal solution of the trigonomatrical eq^iations. 

The unique solution of the equations 009 (where which lies 

between - w and v is called the principal solution^ ^ and any other solution differs from it 
by an integer multiple of 2fr. 

The principal valued of the argument of a complex number s (4=0) can now be defined 
analytically as the principal solution of the equations 

|cos«^»»if(«), |r I sin ^ ■=/(;?), 
and then, if 2 = 1 2 1 . (cos $+i sin 

we must hare ^—<^ 4 2 nfr, and 3 is called a value of the argument of 2 , and is written 
arg* (cf. § 1*5). 


A *622. The continuity of the argument of a complex variable. 

It will now be shewn that it is possible to choose such a value of the argument 3 ( 2 ), of 
a complex variable 2 , that it is a continuous function of 2 , provided that 2 does not pass 
through the value zero. 

I«t 2 o be a given value of 2 and let 3^ be any value of its ax^iiment ; then, to prove that 
3 ( 2 ) is continuous at 2 g, it is sufficient to shew that a number 3i exists such that di»arg 2 x 
and that | di — dg | can be made less than an arbitrary positive number i by giving 1 2 ^ - zg | 
any value less than some positive number 17. 

Let 3 g>°>a.'g + lyg, 2 | = 2 ?! + lyi . 

Also let 1 2 i - 2 ^ I be chosen to be so small that the following inequalities are satisfied X : 

(I) 1 - 2 :g I < J 1 2 ?g 1 , provided that 2 rg 4 0 , 

( II ) |yi -yo I < J lyo I, provided that yo 40 , 

(III) lyi-yo|<iH«b|. 

From (I) and (II) it follows that x^Xi and ygyi are not negative, and 

2 ?o 2 ?i ygyi ^ iy®*’ 

so that xqXi +ygyi > } 1 2 g | > 

Now let that 'v^alue of 3i be taken which differs from ^g by less than n ; then, since 
27g and Xi have not opposite signs and yg and yi have not opposite signs §, it follows fix>m 
the solution of the equations of g A *52 that 3^ and 3^ differ by lees than 


2?o2?l4-ygyi 


* If Xss - 1, we take +W as the principal solution ; cf. p. 9. 

t The term principal value was introduced in 1846 by Bjdrling ; eee the Archiv der Math, 
und Phye, ix. (1847)» p. 408. 

X (I) or (II) respeotively is simply to be suppressed in the ease when (i) XgsO, or when 
(U)yo«0. 

§ The geometrical interpretation of these conditions is merely that Zq and 2 } are not in 
different quadrants of the plane. 
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and BO (g A‘61 example S), 


l«i-do|< 


L^oyi-^iyol 

^0^1^ mi 


^ ko(yi-yo)-yo(gi"j?6)l 

< 2 1 1 - * {1 I . I y 1 - jfo 1 + 1 yo 1 . 1 JPi - 4Jb t}. 

But and also |yo|<l^l ; therefore 


I ^i-^oj<2|so|”^{|yi— yo(+|^i-«oi}<«« 


Further, if we take \ti-Zo\ 1®*» than J(4^|, (if a? 04=O) andH^ol* (ifyo*4^0) and ft |«ol» 
the inequalities (1), (II), (III) above are satisfied ; so that, if 17 be the smallest of the 
three numbers * i | a© t , i | y© I > i* I ^ 1 , by taking 1 «i - «b I <^^ we have | - d© | < f ; and this 

is the oondition that S (i) should be a continuous function of the complex variable a 


A*6. Lofforitkmi of eompUa namben. 

The number { is said to be a logarithm of z if 

To solve this equation in f, write f +n7, where f and i; are real ; and then we have 

(cos tf + i sin If). 

Taking the modulus of each side, we see that so that (§ A‘3), Log \z\ - and 

then 

i:«»|2;|(co8 9+»sin 7), 

so that fj must be a value of argr. 

The logarithm of a complex number is consequently a many-valu^ function, and it 
cau be expressed in terms of more elementary functions by the equation 

log z Log I f I + 1 arg X. 

The continuity of log z (when z^O) follows from § A-31 and § A’522, since | « | is a 
continuous function of z. 

The difierential coefficient of any particular branch of logj» (§57) may be determined 
as in § A*32 ; and the expansion of § A'33 may be established for Ipg (1 +a) when | a | < 1. 

Corollary, If a* be defined to mean ««'«««, a' is a continuous function of z and of a 
when tt#=0. 


A'7, The analytical definition of an angle, 

Letxi, 22, 23 be three complex numbers represented by the points jP|, P,, Pa in the 
Argand diagram. Then the angle between the lines (§ A'12, footnote) P1P2 and P1P3 is 
defined to be any value of arg (25 - 21) - arg {z% — 21). 

It will now be shewn t that the area (defined as an integral), which is bounded by two 
radii of a given circle and the arc of the circle terminated by the radii, is proportional to 
one of the values of the angle between the radii, so that an angle (in the analytical sense) 
possesses the property which is given at the beginning of all text-books on Trigonometry 

* If any of these numbers is zero, it is to be omitted. 

t The proof here given applies only to acute angles ; the reader should have no daffioulty in 
extending the result to angles greater than and to the case when OX is not one of the 
bounding radii. 

X Euclid's definition of an angle does not, in itself, afford a measure of an angle ; it is shewn 
in treatises on Trigonometry (of. Hobson, Plane Trigonometry (1918), Gh. 1) that an angle is 
measured by twice the area of ^e sector which the angle cute off from a upit oirele whose oentre 
is at the vertex of the angle* 
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^ (^i> ^i) ^ (both of whose coordinstes are positive) of the oiiole 

4P*+y*-*<»^(«>0). Let B be the principal value of arg(xi+tyi), so that 0<:d<|ir. 
Then the area bounded hj OX and the line joining (0, 0) to (47], ^i) and the arc of the 

oirde joining (4?], yi) to (o, 0) is J /(4?) cte, where* 

/(47)«i4rtand (0<47<acosd), 

/(4?)—(a*-«*)^ (uoostf <4r<a}, 

if an area be defined as meaning a suitably chosen integral (of. p. 61). 

It remains to be proved that j f{x) dx is proportional to d. 

Now I f{x)dx«=f xUnBdx+ f (a*-x^)i(ix 
Jo Jo J ac(M$ 

» sin does d+i j |a*(a*-4;*)"i + ^4:(a*-4?*)iJ-flL: 

(a*— 4?*)~^rf4r 

J acoi# 

on writing x^at and using the example worked out on p. 64. 

That is to say, the area of the sector is proportional to the angle of the sector. To 
this extent, we have shewn that the popular oonception of an angle is consistent with 
the analytical definition. 

* The reader will easily see the geometrical interpretation of the integral by drawing a 
figure. 
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GENERAL INDEX 


\Th€ numbers refer to the p<tges, Meferencee to theorems contained in a few of 
tlw more important examples are given by numbers in itidies] 

AM*ft diBooveiy of elUptio functioxis, 429, 512 ; inequality, 16 ; integral equation, 211, 229, itSO; 
method of establiwing addition theorems, 442, 496, 497, 530, 534 ; special form, ^ (r), of 
the confluent hypergeometrio function, 858 ; test for convergence, 17 ; theorem on continuity 
of power series, 57 ; theorem on multiplication of convergent series, 58, 59 
Ateldged notation for products of Theta-functions, 468, 4/69 ; for quotients and reciprocals of 
elliptic functions, 494, 498 

AlMOilnte oemvergenoe, 18, 28; Cauchy's test lor, 21; D'Alembert's ratio test for, 22; De 
Morgan’s test for, 28 

Aheomte valne, see Modulna 

Abeolateiy onnvergent double aeries, 28; inflnite products, 82; series, 18, (fundamental 
property of) 25, (multiplication of) 29 

Addition formula for Bessel functions, 357, 380 ; for Gegenbaner's function, 335 ; for Legendre 
polynomials, 826, 895; for Legendre functions, 828; for the Sigma-function, 45i; for 
Theta-funotions, 467 ; for the Jacobian Zeta-function and for 518, 554 ; for the 

third kind of elliptic integral, 593 ; tor the Weierstrasslan Zeta-f unction, 446 
Additloii fOnnulae, distinguished from addition theorems, 519 

Addltloii theorem for circular functions, 585 ; for the exponential function, 581 ; for Jaoobian 
elliptic functions, 494, 497, 530; tor the Weierstrasslan elliptic function, 440, 457; proofs 
of, by Abel’s method, 442, 496, 497, 530, 534 

AAx, 9 

Air in a sphere, vibrations of, 899 
AmpUtnde, 9 

Analytio ooatlnuattoa, 96, (not always possible) 98; and Borel's integral, 141 ; of the hyper- 
geometric function, 288. See also Asymptotio eiqiMuulomi 
Analytio AmcUons, 82-110 (Chapter v) ; defined, 88 ; derivates of, 69, (inequality satisfied by) 91 ; 
distinguished from monogenic functions, 99 ; represented by integials, 92 ; Biemann’s 
equations connected with, 84 ; values of, at points inside a contour, 86; uniformly convergent 
series of, 91 

Angle, analytical definition of, 569 ; and popular conception of an angle, 589, 590 

Angle, modular, 492 

Area represented by an integral, 61, 589 

Argmnd diagram, 9 

Irgument, 9, 588 ; principal value of, 9, 588 ; continuity of, 588 

Aeaoeiated function of Borel, 141 ; of Biemann, 183 ; of Legendre [Pn"* (s) and («)], 828-826 
Auymptotlo expansions, 150-159 (Chapter vm) ; differentiation of, 168 ; integration of, 158 ; 
multiplication of, 162; of Bessel functions, 868, 869, 871, 875, 874; of confluent hyper- 
geometrio functions, 842, 848; of Gamma-functions, 251, 276; of parabolic cylinder functions, 
847, 848 ; uniqueness of, 158, 154 

Asymptotic Inequality for parabolic cylinder functions of large order, 354 

Asymptotic solutions of Mathien’s equation, 425 

Auto-fUnctlons, 226 

Antomcotphlo fUnothms, 455 

Axioms of arithmetic and geometry, 579 

Barnes* contour Integmls for the hypergrometrio function, 286, 289 ; for the confluent hyper- 
geometrio function, 848-845 
Barnes’ Q-fUnction, 964, 978 
Barnes’ lomma, 289 
Baaio numhart, 462 

BamonlMan numbers, 125 ; polynomials, 126, 127 
Bertrand’s test for convergence of infinite integrals, 71 

Bessel ooeffiolanta [«7H(s)]t JOl, 855; addition formulae for, 357; Bessel’s integral f<Vi 862; 
differential equatton mtisfied by, 857; expanuon of, as power series, 855; expansion of 
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iunetioDB i» series of (by Neamenn), d7i, 87d, 384^ (bj Sohldmilob)i 877 ; expansion of 
in aeries of, 874, 875, 376 \ expressible as a confluent form of Legendre fanotions, 
867 ; expressible as confluent bjper^metrio functions, 858 ; inequality satisfled by, 379 ; 
Keumann’s function 0^(t) oonneoted with, see Hsumann's ftmoIlM; mer of, 856; recur- 
rence formulae for, 859; special case of oonflueut hypeigeometric funotions, 368. See dUo 
Uessel lUnoHoiis 

flessSl functtons, 855-885 (Chapter xvii), (s) defined, 358-860 ; addition formulae for, 380 ; 
asymptotic expansion of, 808, 869, 871, 878, 874 ; expansion of, as an ascending series, 858, 
871 ; expansion of funotions in series of, 874, 875, 877, 331 ; first kind of, 859 ; HankePs 
integral for, 866 ; integral connecting Legendre funotions with, 864, 401 ; Integral properties 
of, 380 1 381, 384, 385 \ integrals involving products ofi 380t 383, 386 ; notations for, 856, 
872, 873 ; order of, 856 ; products of, 379, 380, 383, 386, 498 ; recurrence formulae for, 859, 
373, 374; relations between, 860, 371, 379; relation between Gegenbauer^s function and, 
378; Schlifli’s form of BessePs integral for, 862, 372; second kind of, Y»(x) (Hanlml), 870; 
Yi*) (z) (Neumann), 872 ; (e) (Weber-Schlkdi), 870 ; second kind of modified, (x), 878 ; 

solution of Laplace's equation by, 895; solution of the wave-motion equation by, 897; 
tabulation of, 878 ; whose order is large, 868, 383 ; whose order is half an odd integer, 8M ; 
with imaginary argument, In(x), 872, 378, 364; aeros of, 861, 367, 878, 381. See 

aho Bessel coefficients and Bessel's equation 

Bessel’e equatioin, 204, 857, 878 ; fundamental system of solutions of (when n is not an integer), 
859, 872 ; second solution when n is an integer, 870, 873. See also BessOi functions 
Binet's integrals for log F (z), 246-251 
Binomial theorem, 95 

Bdcher's theorem on linear differential equations with five singularities, 208 

Bolsano's theorem on limit points, 12 

Bonnet's form of the second mean value tfaeprem, 66 

Borol’s associated function, 141 ; integral, 140 ; integral and analytic continuation, 141 ; method 
of * summing ' series, 154 ; theorem (the modifi^ Heine-Borel theorem), 58 

Boundary, 44 

Boundary conditions, 887 ; and Laplace's equation, 398 
Bounds of continuous funotions, 55 
Branch of a function, 106 
Branch-point, 106 

Biiimann’i theorem, 128 ; extended by Teixeira, 181 
Cantor*a Lemma, 183 

Cauohy’a condition for the existence of a limit, 13 ; discontinuous factor, 123 ; formula for the 
remainder in Taylor’s series, 96; inequality for derivatives of an analytic function, 91; 
integral, 119; integral representing F (z), 243 ; numbers, 379 ; tests for convergence of series 
and integrals, 21, 71 

CauChy's theorem, 86 ; extension to curves on a cone, 87 ; Morera's converse of, 87, 110 
Cell, 430 

Ceakro'a method of ' summing * sorlos, 156 ; generalised, 166 

Change of order of terms in a series, 26 ; in an infinite determinant, 87 ; in an infinite product, 88 
Change of parameter (method of solution of Mathieu’s equation), 424 

Characteristic functions, 226; numbers, 219; numbers associated with symmetric nuclei are 
real, 226 

Chartler's test for convergence of infinite integrals, 72 
Circle, area of sector of, 689 ; limiting, 98 ; of convergence, 30 

Clrottlar functions, 435, 684 ; addition theorems for, 686 ; continuity of, 686 ; differentiation 
of, 686 ; duplication formulae, 685 ; periodicity of, 687 ; relation with Gamma-functions, 
239 

Clronlar membrane, vibrations of, 366, 396 
Class, left (L), 4 ; right (if), 4 
Closed, 44 
Cluster-point, 13 

Coefficients, equating, 59 ; in Fourier series, nature of, 167, 174 ; in trigonometrical series, values 
of, 163, 165 

Coeffidents of BossOl, see Bossol coefficients 

Comparison thoorom for convergence of integrals, 71 ; for convergence of series, 20 
ComplsmentBiy moduli, 479, 493; elliptic integrals with, 479, 501, 520 

Complete OU^itlo integrals [i?, K, E', K*] (first and second kinds), 498, 499, 518; Lcaendre's re- 
lation between, 520; properties of \qya functions of the modalns), 484, 498, 499, 501, 521; 
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series fort B99 ; tables of, 518 ; the Gauaeian translomiation, 558 ; values for small values 
of tA;|, 521 ; values (as Gamma-fmiotions) lor speoial values of it, 524>-527; with oomile* 
mentary moduli, 479, 501, 520 
Oomi^leK latsfimls, 77 ; upper limit to value of, 78 
Oomplez intefntlini, fundamental theorem of, 78 

OompleK&nmiwrs, 8-10 (Chapter i), defined, 6 ; amplitude of, 9 ; argument of, 9, 588 ; dependenee 
of one on another, 41 ; imaginary part of (I), 9 ; logarittun of, 589 ; modulus of, 8 ; real part 
of (Ji)t 9 ; representative point (j, 9 
Oomplez variable, oontinuous function of a, 44 

Oompatatlo& of elliptie functions, 485 ; of solutions of integral equations, 211 
Ooadltlonal oonvargenee of series, 18 ; of infinite determinants, 415. S^e also Oonvergeinee and 
Absolute eoftvaigeiioe 
Oondltlon of SntegrabiUty (Biemann^s), 63 
OondltUms, Dirichlet’s, 161, 168, 164, 176 
Oouduotlon of Heat, equation of, 387 
Oonflueuce, 202, 337 
Confluent fbrm, 208, 837 

Confluent hypergeometrlc fnnotion \yi\ ^ (r)], 387<-d54 (Chapter zv) ; equation for, 337 ; general 
asymptotic expansion of, 842, 345; integral defining, 389; integi^a of Barnes’ type for, 
843-845 ; Rummer’s formulae for, 338 ; recurrence formulae for, S$2 ; relations with Bessel 
functions, 860 ; the functions (^)* 837-839; the relations between functions 

of these types, 346 ; various functions expressed in terms of (s), 840, 358, 353, 860. See 
also Bessel functions and Parabolic cylinder functions 
Oonfocal coordinates. 405, 547; form a triply orthogonal system, 548; in association with 
ellipsoidal harmonics, 552 ; Jjaplaoe’s aquation J^erred to, 551 ; uniformising variables 
associated with, 549 

Oongraanee of points in the Axgand diagram, 480 
Constant. Buler’s or Mascberoni’s, [y], 285v, 246, 848 

Constants <* 1 , 443; E, E\ 518, 620; of Fourier, 164; i^i, 172 , 446, (relation b^^tween 171 

and Vi) 446 ; O, 469. 472 ; K, 484, 498, 499 ; K\ 484, 501, 508 
Construction of elliptic functions. 433, 476, 492; of Mathieu functions, 409, (second method) 
420 

Contiguous bypergeometric functions, 294 
Contlnua, 48 
Continuants, 36 

Continuation, analytio, 96, (not always possible) 98 ; and Borel’s integral, 141 ; of the hyper< 
geometric function, 288. See also Asymptotic ezpanitons 
Continuity, 41 ; of power series, 57, (Abel’s theorem) 57 ; of the argument of a complex variable, 
588 ; of the circular functions, 585 ; of the exponential function, 561 ; of the logaritlimio 
function, 583, 589 ; uniformity of, 54 

Continuous Amotions, 41-60 (Chapter 111 ), defined, 41; bounds of, 55 ; integrability of, 63; of a 
complex variable, 44 ; of two variables, 67 
Contour, 85 ; rooto of an equation in the interior of a, 119, 183 

Contour Integrals, 85 ; evaluation of definite integrals by, 112-124 ; the Mellin-Barnes type of, 
286, 348 ; ace also undrr the special function rep^reaented hy the intcpral 
Oonver^nce, 11-40 (Chapter n), defined, 13, 15 ; circle of, 80 ; conditional, 18 ; of a double 
series, 27 ; of an infinite determinant, 36 ; of an infinite product, 32 ; of an infinite integral, 
70, (tests for) 71, 72 ; of a series 15, (Abel’s test for) 17, (Dlrichlet’s test for) 17 ; of Fourier 
series, 174-179 ; of the geometric series, 19 ; of the hypergeoinctric series, 24 ; of the series 
Zn’'*, 19 ; of the series occurring in Mathieu functions, 4^ ; of trigonometrical series, 161 ; 
principle of, 13 ; radius of, 30 ; theorem on (Hardy’s), 156. See also Abaolnte convergence. 
Non-uniform convergence and Uniformly of oonveiNenoe 
Coordinates, confooal, 405, 547 ; orthogonal, 401, 548 
Ooseoant, series for, 185 
Cosine, see droular fsnotlons 

Cosine-integral [Ot (r)], 358 ; -series (Fourier series), 165 
Cotangents, expansion of a function in series of, 189 
Cnblo Amotion, integration problem connected with, 452, 512 
Cunningham’s Amotion [wM,m (^)]t 

Curve, simple, 43 ; on a oone, extension of Cauchy’s theorem to, 87 ; on a sphere (Seiflert’s 
spiral), 527 
Cut. 281 

€!ytindrloal AmotlonB, 855. See Bessel Amottons 
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D'Aliittbtft’i fiHo tMt for oonvergonoe of Mtios^ 88 
BttflMnuc* ftnniViU. 185 

DiOMiliiff Mq^BOO, 12 

liadqicl]id*i thoorj of Irnttoiial niunlMn, 4 

Biftoioiioy of a piano curve, 455 

Ooflnite IntofXils, evaluation of, 111-124 (Chapter vi) 

Dogroo of Legendre functions, 802, 807, 824 

Xto la Yalldo Potuslii's tost for uniformity of convergence of an infinite integral, 72 
Do Morgan's tost for convergence of series, 28 
Dopendonoo of one complex number on another, 41 

Derangomont of convergent series, 25 ; of double series, 28 ; of infinite determinants, 87 ; of 
infinite products, 88, 84 

Dsrlvatos of an aaalytlo ftmotion, 80 ; Cauchy's inequality for, 91 ; integrals for, 89 
Doilvates of elliptic functions, 430 
Dotonnlnant, Hadamard’s, 212 

Dotormlnants, Infinite, 86 ; convergence of, 86, (conditional) 415 ; discussed by Hill, 86, 415 ; 

evaluated by Hill in a particular case, 415 ; rearrangement of, 87 
DUforenco equation satisfied by the Gamma-function, 287 

DUfsrential eqiutlons satisfied by elliptic functions and quotients of Theta-functions, 486, 477, 
492 ; (partial) satisfied by Theta-functions, 470 ; Weierstiass' theorem on Gamma-functions 
and, 286. See algo Linear differential equations and Partial dlflbrentlal equations 
Differentiation of an asymptotic expansion, 158 ; of a Fourier series, 168 ; of an infinite 
integral, 74 ; of an integral, 67 ; of a series, 79, 91 ; of elliptic functions, 480, 498 ; of the 
circular functions, 585 ; of the exponential function, 582 ; of the logarithmic function, 588, 
589 

DlrlChlet’s conditions, 161, 163, 164, 176; form of Fourier's theorem, 161, 163, 176; formula 
connecting repeat^ integrals, 75, 76, 77 ; integral, 252 ; integral for ^(i), 247 ; integral for 
Legendre functions, 314 ; test for convergence, 17 
Discontinuities, 42; and non-uniform convergence, 47 ; of Fourier series, 167, 169; ordinary, 42; 

regular distribution of, 212 ; removable, 42 
Dlsoontinuons fhotor, Cauchy’s, 128 

Discriminant associated with Weierstrassian elliptic functions, 444, 550 
Divergence of a series, 15 ; of infinite products, 88 

Domain, 44 

Double droult integrals, 256, 298 
Double Integrals, 68, 254 

Doable aerlee, 26; absolute convergence of, 28; convergence of (Stolz’ condition), 27; methods 
of summing, 27 ; a particular form of, 51 ; rearrangement of, 28 
Doubly periodic functions, 429-585. See also Jacobian eillptle fbnotions, Theta-fbnetlons and 
Weierstrassian elliptic functions 

DnpUoation fonnnla for the circular functions, 585; for the Gamma-function, 240; for the 
Jacobian elliptic functions, 498 ; for the Sigma-function, 459, 400 ; for the Theta-functions,. 
488 ; for the Weierstrassian elliptic function, 441 ; for the Weierstrassian Zeta-funetion, 469 


Bleotroniagnetio waves, equations for, 404 

Elementary funotlons, 82 

Elementary traneoendentel funotlone, 579-590 (Appendix). See aUo (Mronlar functions. 
Exponential function and Logarithm 

hannonloi, 586-578 (Ohspter xxiii); associated with oonfooal eoordinatee, 652; 
derived from Lame’s equation, 588-548, 552-554; external, 576; Integral equations con- 
nected with, 567 ; linear independence of, 560; number of, when the degree is given, 546; 
physical applications of, 547; species of, 587; types of, 587. See alto Lamd's equation 
and Lam4 functions 

SlUptlo qyllBder functions, gee Mathleu functions 

Elliptic functions, 429-535 (Chapters xx-xxn) ; computation of, 485 ; construction of, 488, 478 ; 
derivate of, 430; discovery of, by Abel, Gauss and Jacobi, 429, 512, 524; expressed by 
means of Theta-functions, 473 ; expressed by means of Weierstrassian functions, 446-451 ; 
genera] addition formula, 457; number of zeros (or poles) in a cell, 481, 482; order oft 
482; periodicity of, 429, 479, 500, 502, 508; period parallelogram of, 480; ration be- 
tween zeros and poles of, 488; residues of, 481, 504; transformations of, 508; with no 
poles (are constant), 481 ; with one double pole, 482, 484 ; with the same periods (relations 
between), 452; with two simple poles, 482, 491. See alto Jaoobian eUlptte fiuiotions, 
Theta-lUncttoas and Welmtfasalan auiptlo functtons 
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BlUvMo 4d9f 512 ; first Idnd of, 515 ; tnnoticm E (») and, 517 ; fnnddon Z {u) and, 

518 ; inversion of, 420, 452, 454, 480, 484, 5l2, 524 ; second kind of, 517, (addition formulae 
for) 518, 510, 534, (imaginary transformation of) 510 ; third kind of, 522, 53$, (dynamical 
ai^ioation of) 528, (parameter of) 522 ; three kinds of, 514. See aUo OomitiiiU eltipite 
Integrals 

BUlpftId mamtaraae, vibrations of, 404 
Sqnattitir ooelBole&te, 59, 186 
Bqtuatton of degree m has m roots, 120 

Bquatlnns, indicial, 198 ; number of roots inside a contour, 119, 133 \ of Mathematical Physios, 
208, 886-408; with periodic ooefhoients, 412. See aleo PUTerenoe eqaatlon, tategral 
eqaatiUme, Mnear dlflbrentlal eonatioas, and under the namet of epeeicU eqwatione 
Bqnivaleaoe of ourviUnear Integrals, 88 
Brror-ftuiotion [Erf (;r) and Erfc (j*)], 841 
Bssentlal elngnUrlty, 102 ; at infinity, 104 
Bta-ftiBOttOB [H(u)], 479, 480 

Bnleilan Integn^, first kind of [P (m, n)], 258 ; expressed by Oamma-funotions, 264 ; ^tended 
by Poohhammer, 256 

Bnlerian Integrals, second kind of, 241 ; see Oamma-Pmotloii 

Bn]er*s constant [y], 285, 246, 348 ; expansion (Maclaurin^s), 127 ; method of * summing ’ series, 
156 ; product for the Oamma-funotion, 287 ; product for the Zeta-fnnotion of Riemann, 271 
Evaluation of definite Integrals and of infinite Integrals, 111-124 (Chapter vi) 

Evaluation of Bill*s infinite determinant, 415 

Even fUnotioas, 115, 165; of Mathieu [ee^{z, ^)1, 407 

Bxlstenoe of derivatives of analytic function, 89 ; ^theorems, 888 

EacpaneUms of functions, 125-149 (Chapter vn) ; by Burmann, 128, 181 ; by Darboux, 126 ; by 
Euler and Maclanrin, 127; by Fourier, eee Fourier eerlee; by Fourier (the Fourier-Beeeel 
expansion), 381 ; by Lagrange, 182, 149 \ by Laurent, 100; by Maclaurin, 94; by Pinoherle, 
149 : by Plana, 145 ; ^ Taylor, 98 ; by Wronski, 147 ; in infinite products, 186 ; in aeries of 
Bessel ooefilcients or Bessel functions, 874, 875, 381, 384; in senes of ootang^ts, 189; in 
series of inverse factorials, l42; in series of Iiegendra polynomials or Legendre functions, 
810, 322, 330, 331, 385; in series of Neumann functions, 874, 875, 384; in aeries of parabolic 
cylinder f unctious, 351 ; in series of rational functions, 184. See also Asymptotlo oziMUislons, 
Series, arid wider the names of special functions 

Exponential function, 561 ; addition theorem for, 561 ; continuity of, 581 ; differentiation of, 
582 ; periodicity of, 585 
Exponential-integral [Ei (z)], 353 

Exponents at a regular point of a linear differential equation, 198 
Exterior, 44 

External liannonlcs, (ellipsoidal) 576, (spheroidal) 408 

Factor, Cauchy’s discontinuous, 133 ; periodicity*, 468 
Factorials, expansion in a series of inverse, 142 
Factor-theorem of Weierstrass, 137 

FflJ4r*s theorem on the summability of Fourier series, 169, 178 
Ferren' aasodated Legendre functions {z) and (z)], 828 

Flxpt kind, Bessel functions of, 359; elliptic integrals of, 515, (complete) 518, (integration of) 
515 ; Eulerian integ^ of, 253, (expressed by (iamma-f unctions) 254 ; integial equation of, 
221 ; Legendre functions of, 807 

First moan«valtto theorem, 65, 96 

First spaolet of ellipsoidal harmonic, 537, (construction of) 588 

FloqueVs solution of differential equations with periodic coefficients, 412 

Fluotnation, 56 ; total, 57 

Foundations of arithmetic and geometry, 579 

Fonrier-Bsssel expansion, 381 ; integral, 385 

Fourier oonstants, 164 

Fourier ssrlaa, 160-198 (Chapter ix) ; ooefiloients in, 167, 174; convergence of, 174-179; differ- 
entiation of, 168; discontinuities of, 167, 169; distinction between any trigonometrical 
series and, 160, 1^ ; expansions of a function iUt 168, 165, 175, 176; expansions of Jacobian 
elliptic functions in, 510, 511 ; expansion of Mathieu functions in, 409, 411, 414, 420; Fejdr’s 
theorem on, 169; Hurwits-Liapounoff theorem on, 180; Parsevad's theorem on, 182; series 
of sines and series of oosinea, 165 ; summaldlity of, 169, 178 ; uniformity of convergcmoe of, 
168, 179. See also Trlgoaomstrleal ssries 
Fonxlsr*s thsorsm, Dirichlet’s statement of, 161, 168, 176 
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finals 188, fill 

WwMol Mjfitdm Ol ellipBoidftl hummiio, 587, (oonitrootioxi of) 048 
lnt«gn^ equation, 818-217, 228 
Fusettenilltgr, eonoept of, 41 

TttDflttau, braaieheB of, 186 ; identity of two, 98 ; limits of, 42 ; principal parts of, 102 ; without 
essential singularities, 105; which cannot be continue, 98. See auo under the namee of 
epeekU fun^ione or epecial typee of functioned e.g. Legendre ftonotlens, Analjrtlc Amotions 
ynndsanental fUmnlae of JaeoW connecting Theta-functions, 467, 488 
Fundamental inriod parallelogram, 480 ; polygon (of automorphlc functions), 455 
Fandaniental qjystem of solutions of a linear differential equation, 197, 200, 889, 559. See aleo 
under the names of epecial equations 

OaataiarfnBOtleiL [r(z)], 285-264 (Chapter xn); asymptotic expansion of, 251, 276; circular 
functions and, 289; complete elliptic integrals and, 524-^527, 586 ; contour integral (Hankel’s) 
for, 244 ; difference equation satisOed W, 287 ; differential equations and, 286 ; duplication 
formula, 240 ; Euler's integral of the first kind and, 254 ; Euler’s integral of the second 
kind, 241, (modified by Cauchy and Saalschtttz) 248, (modified by Hankel) 244; Euler’s 
product, ^7; incomplete form of, 841; integrals for, (Binet’s) 248-251, (Euler’s) 241; 
minimum value of, 253; multiplication formula, 240; series, (Kummer’s) 250^ (Stirling’s) 
251 ; tabuktion of, 253 ; trigonometrical integrals and, 256 ; Weierstrassian prcduot, 285, 
286. See also Bolerlon integrals and LogarltlmBlc derlvate of the Oanuna-ftmctlon 
Geiiss* discoveiy of elliptic functions, 429, 512, 524; integral for r'{z)IV(z)d 246; lemniscate 
functions, see Lemalacate functions ; transformation of elliptic integrals, 533 
Oegenbaner's function [Ctf (;;)], 829 ; addition formula, 335 ; differential equation for, 329 ; 
recurrence formulae, 880 ; relation with Legendre functions, 829 ; relation involving Bessel 
functions and, 885; Rodrigues’ formula (analogue), 829; Schlkfli’s integral (analogue), 829 
Genus of a plane curve, 455 
Geometric eeriee, 19 

Olaieherie notation for quotients and reciprocals of elliptic functions, 494, 498 
Groateet of the limits, 18 
Green’s fnaottone, 895 

Hadanuord’s lemma, 212 

Half-periods of Weierstrassian elliptic functions, 444 

Henkol's Bessel function of the second kind, Y^{z)d 870 ; contour integral for F (?), 244 ; integral 
toTJ^{z)d 865 

Hardy’s convergence theorem, 156 ; test for uniform convergence, 60 

Harmonloe, solid and surface, 392; spheroidal, 403; tesseml, 892, 586; zonal, 802, 392, 536; 

Sylvester’s theorem conceming integrals of, 400. See also ElUpsoidal harmonics 
Heat, equation of conduction of, 387 
Helne-Borel theorem (modified), 58 

Heine’s expansion of (t - z)~^ in series of Legendre polynomials, 321 
Hermito’s equation, 204, 809, 842, 847. See also Farabolio cylinder functions 
Hermite’S formula for the generalised Zeta>f unction a), 269 

Hermite’s solution of I^am^’s equation, 578-575 
Heun's equation, <5/5, 57r 

Hill’s equation, 406, 418-417 ; Hill’s method of solution, 418 
Hill’s infinite determinant, 36, 40, 415 ; evaluation of, 415 
Hobson’s associated Legendre functions, 825 
88 

Homogeneity of Weieratrossian elliptic functions, 439 

Homogeneous harmonics (associated with ellipsoid), 543, 5r5 ; ellipsoidal harmonics derived 
from (Niven’s formula), 543 ; linear independence of, 560 

Homogoneotts integral eqnatlone, 217, 219 

Hurwits* definition of the generalised Zeta-function ^(m, a), 265; formula for f(s, a), 268; 
theorem ooncerning Fourier constants, 180 

^rpergeometrlo equation, see Hyporgeomotrlc Amotions 

Hy p srgeomstric Amotions, 281-301 (Chapter xiv) ; Barnes’ integrals, 286, 289 ; contiguous, 294 ; 
continuation of, 288; contour integrals for, 291; differential equation for, 202, 207, 288; 
functions expressed in terms of, 281, 811; of two variables (Appell’s), 800 \ relations between 
twenty-four expressions involving, 284, 285, 290; Biemann’s F-^uation and, 208, 288; 
series for (convergence of), 24, 281; squares and products of, 898; valiie of F {a, b; e; 1), 
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d81i $93; values of special forms of hypergeometrio fonetionst Set aUo BiMe1 

fhui^ons, Ckmflueiit ttypargaomolaclo fnaottons and X^gandra fgBoUoiia 
Qypargaomatrto awlas, eet Hypargaomatelo ftmottaiia 
Hypotlia^ti of Elamaan on seros of f («)> 272, $80 

Idaatioally nmlaliliig power series, 58 
Xgantttgr of two iunetioos, 80 

Xmagliutry argnmaat, Bessel functions with and AT,, (z)], 872, 873, 384 
Imagliiaiy part (2) of a complex number, 9 

Xniagliiary transfonaatloii (Jacobi's) of elliptic functions, 506, 606, 335 ; of Theta-functions, 284, 
474 ; of E (u) and Z (u), 619 
Zmpropar integrals, 76 
moomplete Oamma-fUnotioni [7 (n, r)], 841 
InoreasUig seqnenoe, 13 
mdlolal egnatlon, 198 

InequaUty (Abel's), 16 ; (Hadamard's), 212 ; satisfied by Bessel coefBoienta, 379 ; satisfied by 
Legendre polynomials, 303; satisfied by parabolic cylinder functions, 354; satisfied by 
f(s, a), 274, 276 

Infinite determinants, see Determinants 

Infinite integrals, 69; convergence of, 70, 71, 72; differentiation of, 74; evaluation of, 111-124; 
functions represented by, eee under the names 0 / special functions ; representing anAlytio 
functions, 92; theorems concerning, 78; uniform convergence of, 70, 72, 78. See dUo 

Integrals and Integration 

Infinite products, 82 ; absolute convergence of, 82 ; convergence of, 82 ; diveigence to zero, 88; 
expansions of functions as, 136, 187 {see also under the names of special functions) ; expressed 
by means of Theta-functions, 473, 488 ; uniform convergence of, 49 

Infinite series, see Beries 

Infinity, 11» 103 ; essential singularity at, 104 ; point at, 108 ; pole at, 104 ; zero at, 104 
Integers, positive, 8 ; signless, 3 

Xntegrability of continuous functions, 63 ; Biemann's condition of, 68 
Integral, Borel's, 140 ; and analytic continuation, 141 
Integral, Caucbys, 119 
Integral, Diriolilet'e, 268 

Integral equatione, 211-281 (Chapter xi); Abel’s, 211, 229, $30; Fredholm's, 213-217, 228; 
homogeneous, 217, 219; kernel of, 213; Liouville-Neumann method of solution of, 221; 
nucleus of, 213 ; numbers (characteristic) associated with, 219 ; numerical solutions of, 211 ; 
of the first and second kinds, 218, 221 ; satisfied by Lam4 functions, 664-667 ; satisfied by 
Mathieu functions, 407 ; satisfied by parabolic cylinder functions, $31 ; Schldmilch’a, 229 , 
solutions in series, 228; Volterra's, 221 ; with variable upper limit, 218, 221 
Integral formulae for ellipsoidal harmonics, 887 ; for the Jacobian elliptic functions, 492, 494 ; 

for the Weierstrassian elliptic function, 437 
Integral functions, 106 ; and Lamp's equation, 671 ; and Mathieu's equation, 418 
Integral properties of Bessel functions, 380, 381, 385; of Legendre functions, $$5, 805, 824; of 
Mathieu functions, 411 ; of Neumann's function, 385 ; of parabolic cylinder functions, ^ 
Integrals, 61-81 (Chapter if) ; along curves (equivalence of), 87 ; complex, 77, 78; differentiatioii 
of, 67; double, 68, 256; double-circuit, 256, 298; evaluation of, 111-124; for derivates of an 
analytic function, 89 ; functions represented by, see under the names of the special functions ; 
improper, 75; lower, 61; of harmonics (Sylvester’s theorem), 400; of irrational functions, 
452, 612 ; of periodic functions, 113 ; principal values of, 75, 117 ; regular, 201 ; repeated, 
68, 76 ; representing analytic functions. 92 ; representing areas, 61, 589 ; round a contour, 
85 ; upper, 61. See also BlUptio Integrals, Infinite integrals, and Integration 
Integral theorem, Fourier's, 188, 211 ; of Fourier-Bessel, 385 

Integration, 61 ; complex, 77 ; contour-, 77 ; general theorem on, 63 ; general ^ theorem on 
complex, 78 ; of asymptotic expansions, 158 ; of integrals, 68, 74, 76 ; of series, 78 ; pro- 
blem connected with cubios or quartics and elliptic functions, 452, 512. See also Infinite 
integrals atui tntegrala 
Interior, 44 

Internal spheroidal harmonloa, 408 

Invariants of Weierstrassian elliptic functions, 487 

Inverse factorials, expansions in series of, 142 

Inversion of elliptic integrals, 429, 452, 454, 480, 484, 512, 524 

Irratlottal ffinotlons, integration of, 452, 512 

Irrational-reBl numbers, 5 
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tfViAtttillkto mH of BoroB or poles, 480 

toefOlaar potets (eingnlaritiee) of differentiAl eqimtioiie, 197, 909 
timtad fkiBolioBB, 992 

JaeelilMi eUlpIto ftuietloiis [en u, en u, dn til 489, 476, 491-885 (Chapter zxu) ; addition theoreme 
for, 494, 497, 530, 635 ; connexion with Weieretroeeian functions, 805 ; Munitions of am u, 
A^, sn ti (sin am «), on u, dn «, 478, 492, 494 ; differential equations satisfied bv, 477, 499 ; 
differentiation of, 498 ; duplication formulae for, 498 ; Fourier series for, 510, 511, 535 ; 
geometrical illustration of, 524, 527; general description of, 504; Olaisher’s notation for 
quotients and reciprocals of, 494 ; infinite products for, 508, 533 ; integral formulae for, 499, 
494 ; Jacobi's imaf^naxy transformation of, 505, 506; Lam4 functions expressed in terms of, 
564, 573 ; Landen's transformation of, 507 ; modular angle of, 492 ; mMulus of, 479, 492, 
(complementary) 479, 498 ; parametric representation of points on curves by, 524, 587, 527, 
533 ; periodicity of, 479, 500, 502, 508 ; poles of, 482, 508, 504 ; quarter periods, K, iK\ of, 
479, 498, 499, 501 ; relations between, 492 ; residues of, 504 ; Seiffert's sphericsJ spiral and, 
527 ; trij^ioation formulae, 580, 534, 535; values of, when u is ^K, ^iK' or 500, 

506, 507; values of, when the modulus is small, 538. See al$o BUlptic functloiis, SUlptlo 
UrUjfTals, Lemnlaoate fnxiotioiis, Theta-ftmotionB, and Welerstrasslan elliptic functions 
JacoU's discovery of elliptic functions, 429, 512; earlier notation for Theta-functions, 479; 
fundamental Theta-function formulae, 467, 488 : imaginary transformations, 184, 474, 505, 
506, 519, 535 ; Zeta-f unction, aee undet‘ Zeta-funotton of Jacobi 
Jordan's lemma, 115 

Kernel, 218 

Kleln'U theorem on linear differential equations with five singularities, 208 
Xunnier's formulae for confluent hypergeometric functions, 838 ; series for logP (z), 850 

Lacnnary function, 98 

Lagrange's expansion, 182, 149 ; form for the remainder in Taylor’s series, 96 
Lam4 functions, defined, 558; expressed as alMbraic functions, 556, 577; expressed by Jacobian 
elliptic functions, 578-675; expressed by Weierstrassian elliptic functions, 570-572 ; Integral 
equations satisfied by, 564-567 ; linear independence of, 559 ; reality and distinctness of 
zeros of, 557, 558, 578; second kind of, 562; values of, 558; zeros of (Stieltjes’ theorem), 
560. See oho Lam4’s ^nation and BUlpsoidal harmonlos 
Lamd’s eqoatloa, 204, 536-578 (Chapter xxiii) ; derived from theory of ellipsoidal hannonios, 
588-548, 552-554; different forms of. 554, 573; generalised, 204, 570, 573, 576, 577; 
series solutions of, 556, 577, 578; solutions express^ in finite form, 459, 556, 576, 577, 678 ; 
BolutioDS of a generalised equation in finite form, 570, 578. See also Lsm4 functions and 
Ellipsoidal harmonlos 

Laadsu’s transfomiatloii of Jacobian elliptic functions, 476, 507, 533 

Laplaco's aquation, 886 ; its general solution, 888 ; normal solutions of, 558 ; solutions involving 
functions of Legendre and Bessel, 891, $95; solution with given ^undary conditions, 898; 
symmetrical solution of, 899; transformations of, 401, 407, 551, 553 
Laplace's integrals for Legendre polynomials and fanotions, 312, 818, 814, 819, 826, 337 

lanroht's ospanston, 100 
Lsast of Umlts, 18 
LohosgiM’s lomma, 172 
Loft (L-) Olass, 4 

Logottdro'B oqnatlon, 204, 804 ; for associated functions, 824 ; second solution of, 816. See aUo 

Logondro fuBotloaa and Logondro polsmonxlals 

Ligondro fUnottans, 802-836 (Chapter xv) ; (x), (x), (x), (x) defined, 806, 816, 828, 

825 ; addition form\ilae for, 828, 895 ; Bessel fimctions and, 364, 867, 401 ; degree of, 807, 
824; differential equation for, 204, 806, 824; distinguished from Legendre polynomials, 
806; expansions in ascending series, 311, 826; expansions In descending series, 802, 817, 
826, 334 ; expansion of a function as a series of, 334 ; expressed by Murphy as hypergeometric 
functions, 811, 318 ; expression of Q,, ( 5 ) in terms of Legendre polynomials, 319, 320, 333 ; 
Ferrers’ functions associated with, 828, 824; first kind of, 807; Oegenhauer’s function, 
C/ (x), associated with, aee Osgu&bausr’s funotioii ; Heine’s expansion of (t - x)"^ as a series 
of, 821 ; Hobson’s functions associated with, 825 ; integral connecting Bessel functions with, 
364 ; integral properties of, 824 ; Laplace's intefj^ls for, 812, 818, 819, 826, 334 ; Mebler- 
Diriohlet integral for, 814; or^r of, 826; recurrence formulae for, 807, 818; Sohl&fli’s 
integral for, S?4, 806; second kind of, 816-820, 825, 826; summation of Sk'*P,^(x) and 
Ih* Q^(t), 902, 881 ; zeros of, 303, 316, 385. See aUo Lsgundre polynomials and Lsgondro's 
equation 

Logondro polynowlalB [P. (x)], 95, 802 ; addition formula for, 826, 887 ; degree of, 802 ; differ- 
ential equaUon for, 204, 804 ; expansion in ascending series, 811 ; expansion in descending 
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802, S84; expaiudon of a fnnotion as a sariss of, 810, 829, 880, 88J, 888, 888; 
expressed by Morphy as a hypergeometrlQ ftmofioii, 811, 828 ; Heine’s expansion of (t -s)-** 
as a series of, 821 ; integifJ eonneeting Bessel fnnetions with, 88#; intc^^ propemes of, 
885, 808 ; Laplaoe’s equation and, 891 ; Laplaee’s integmls for, 812, 314 ; Mefaler-Diriohlet 
integral for, 814 ; Neumann’s expansion in series of, 892 ; numerioal inequality satisfied by, 
808; recurrenoe formulae for, 807, 309; Bodiigues* formula for, 885, 808; Sohlftfll’s integxal 
for, 808, 304 ; summation of (s), 809 ; zeros of, 808, 816. See aUo heffendrw ftmelloiis 

Ingendre’s relatioii between complete ellipido integrals, 820 
Lemnlsoate fUnotloiis [sin lemn ^ and cos lemn ^], 824 
Itapounoirs tlienrem conoeming Fourier constants, 180 
Limit, condition for existence of, 18 

Umit of a function, 42 ; of a sequence, 11, 12 ; -point (the Bolzano- Weierstraas theorem), 12 

limiting circle, 98 

limltz, greatest of and Isast of, 18 

Limit to the value of a complex integral, 78 

Lindemann’s theory of Mathieu’s equation, 417 ; the similar theory of Lamp’s equation, 570 
Linear dlfllnrentlal eqnatioiis, 194-210 (Ohapter x), 886-408 (Chapter xvxn) ; exponents of, 198 ; 
fundamental system of solutions of, 197, 200 ; inregulaor similarities of, 197, 202 ; ordinary 
point of, 194 ; regular integral of, 201 ; regular point of, 197 ; singular points of, 194, 197, 
(confluence of) 202 ; solution of, 194, 107, (uniqueness of) 196 ; special types of equations ; 
— Besaers for circular cylinder functions, 204, 842, 887, 888, 878; Canss’ for hypergeo- 
metric functions, 802, 807, 283 ; Oegenbauer’s, 820 ; Hermite’s, 204, 200, 342, 847 ; Hilrs, 
406. 413; Jacobi’s for Theta-functions, 468; Lamd’s, 204, 840-848, 884-558, 570-575; 
Laplace’s, 886, 868, 536, 551 ; Legendre’s for zonal and surface harmonics, 204, 804, 824 ; 
Mathieu’s for elliptic cylinder functions, 204, 406; Neumann’s, 555; Blemann’s for 
P-f unctions, 206, 283, 291, 294; Stokes’, 204; Webb’s for parabolic cylinder functions, 
204, 809, 842, 847 ; T^ittaker’s for confluent hypexgeometrio funotions, 887 ; equation for 
conduction of Heat, 387 ; equation of Tel^^mpby, 887 ; equation of wave motions, 886, 397, 
408; equations with flve singularities (the &lein-Bdcher theorem), 208 ; equations with three 
singularities, 206; equations with two singnlarities, 208; equations with r singularities, 
809 ; equation of the third order with regular integrals, 810 
LtouvUle's method of solving integral equations, 221 
Ilouvllle’s theormn, 105, 481 

Logarithm, 588 ; continuity of, 588, 589 ; differentiation of, 566, 569 ; expansion of, 584, 569 ; 
of complex numbers, 589 

Logarlthmio derlvate of the, Oamma-f unction [^(^)], 240, 241; Binet’s integrals for, 246-251; 

circular functions and, 240 ; Diriohlet’s intej^y for, 247 ; Gauss’ integral for, 246 
Logarithmic derlvate of the Biemann Zeta-function, 879 
Logarlthmio-lntegral ftmetlon [Liz], 841 
Lower integral, 61 

Lunar perigee and node, motions of, 406 

Maolaurln’s (and Euler’s) expansion, 127 ; teat for oonvergenoe of infinite integrals, 71 ; series, 
94, (failure of) 104, 110 
Many-valned functions, 106 
Maaohiroiil’s constant [>], 285, 246, 848 

Xathomatloal Phyaloa, equations of, 208, 866-408 (Chapter xvm). See aUo under Linear dif- 
ferential oquatlona and the namee of apecial equatione 
Hathlen fdnetlona [cc„(z, q), q), q)j, 404-428 (Chapter xix); construction of, 409, 

420; convergence of series in, 422; even and odd, 407; expansions as Fourier series, 409, 
4Ji, 420; Integral equations satisfied by, 407, 409; integral formulae, 411 ; order of, 420; 
second kind of, 427 

Mathieu*a equatloa, 204, 404-426 (Chapter xxx); general form, solutions by Floquet, 412, by 
Lindemann and Btielties, 417, by the method of change of parameter, 424 ; second solution 
of, 418, 420, 487; solutions in asymptotic series, 4^; solutions which are peiiodic, aee 
Mathleu flinetloiii ; tlie integral function associated with, 418. See alao Bill’s squatlim 
Moan-value thooroms, 65, 66, 96 
Mahler’s integral for Legendre functions, 814 
Mellin’s (and Barnes’) type of oontonr integral, 286, 848 
Mamtwmaos, vibrations of, 856, 896, 404, 405 
HOah, 480 

Hethoda of ’ Bumming ’ MriM, 154-156 
Mtndlng’i fimnula, 119 
Mtaimum valuo of r(r), 258 
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JlQdllltd tbamm, SB 

ModiUftr ao^e, 492 ; fnnotion, 481 » (eqaatioti connected with) 482; •anrlaoe, 41 
ModnlnJii 480 ; of a complex nnmber, 8 ; of Jacobian elliptic functione, 479/492, (complementary) 
479, 498 ; periods ox elliptic functions regarded as functions of the, 484, 498, 499, 601, 521 
Konoffento, 88 ; distinguished from analytic, 99 
Monotoiito, 67 

Morera’s tneerem (converse of Cauchy’s theorem), 87, 110 
Mottons of lunar perigee and node, 406 
M-test for uniformity of convergence, 49 

Koltlpilloatlon fionnula for P (s), 240 ; for the Sigma-function, 460 

Multipl i ca t ion of absolutely convergent series, 29 ; of asymptotic expansions, 152 ; of convergent 
series (Abel’s theorem), 58, 69 
Multipliers of Theta-funotions, 468 

Murphy's fsqrmulae for Legendre functions and polynomials, 811, 319 

Neumann’s definition of Bessel functions of the second kind, 872 ; expansions in series of 
Legendre and Bessel functions, 822, 874; (F. E. Neumann’s) integral for the Legendre 
function of the second kind, 820 ; method of solving integral equations, 221 
Neumann’s ifunction [0,^ (r)], 874 ; differential equation satisfied by, 38 $ ; expansion of, 874 ; 
expansion of functions in series of, 876, 364; integral for, 375; integral properties of, 
385 ; recurrence formulae for, 376 
Non-unifona convergence, 44 ; and discontinuity, 47 
Nermal funstions, 224 
Nomial solutions of LapUboe’e equation, 558 

Notations, for Bessel functions, 856, 872, 878 ; for Lmndre functions, 825, 826 ; for quotients 
and reciprocals of elliptic functions, 494, 498 ; for Theta-functions, 464, 479, 487 
Nucleus of an integral equation, 218 ; symmetric, 223, 228 

Numbers, 3-10 (Chapter i); basic, 462; Bernoulli’s, 125; Cauchy’s, 879; characteristic, 219, 
(reality of) 226 ; complex, 6 ; irrational, 6 ; irrational-real, 5 ; pairs of, 6 ; rational, 8, 4 ; 
rational-real, 5 ; real, 5 

Odd functions, 115, 166; of Mathieu, g)]. 407 

Open, 44 

Order (O and o), 11; of Bemoullian polynomials, 126; of Bessel functions, 856; of elliptic 
functions, 432; of Legendre functions, 824; of Mathieu functions, 410; of poles of a 
function, 102 ; of terms in a series, 25 ; of the factors of a product, 88 ; of zeros of a 
function, 94 

Ordlnsxy discontinuity, 42 

Ordinary point of a linear differential equation, 194 
Orthogonal coordinates, 994 ; functions, 224 
OscillatioB, 11 

Parabolic cylinder functions (x)], 347 ; contour integral for, 849 ; differential equation for, 
204, 909* 847 ; expansion in a ^wer series, 847 ; expansion of a function as a series of, 851 ; 
general asymptotic expansion of, 348 ; inequalities satisfied by, 364 ; integral equation 
satisfied by, 931 ; integral properties, 850 ; integrals involving, 363 ; integrals representing, 
363 ; properties when n is an integer, 850, 363* 364 ; recurrenoe formulae, 850 ; relations 
between different kinds of [D^(z) and 348; zeros of, 854. See aUo Weber’s 

equatioft 

ParallelogTam of periods, 430 

Parameter, change of (method of solving Mathieu’s equation), 424; connected with Theta- 
functions, 463, 464 ; of a point on a curve, 442, 496* 497* 597* 630* 633 ; of members of 
confocal systems of quadrics, 547 ; of third kind of elliptic integral, 522 ; thermomctrio, 405 
Parseval’e theorem, 182 

Partial dlflereutlal equatione, property of, 890, 391. See also Linear dillire&tial equations 
Partition ftmction, 462 
Parta, real and imaginary, 9 
Psarion’e foncticm (^)l 363 

P-squation, Blemann’s, 206, 387 ; connexion with the hypergeometric equation, 208, 288 ; solu- 
tions of, 288, 291, (relations between) 294 ; transformations of, 207 
Periodic ooeMoients, equations with (Floquet’s theory of), 412 

Periodic functions, integrals involving, 112, 256. See aleo Fourier sorlss and Doubly periodic 
flinotione 
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fkofem, 468 

Peiioatolty of oinmlar and oxponential fnnetions, 688<-587; .of eUiptio fnnotionB, 428, 484, 479, 
500, 602, 508 ; of Theta-fcmettoiia, 408 
Fiflodio wauttoni of MatfaionV eqttttlion, 407 
taio4^pua]lBlOfrft]ii, 480 ; fundamontaJ, 480 

FortoOs of ^iitto foaottona. 429 ; qua fuaotioiig of the modalos, 464, 496, 499, 501, 521 
PlUMO, 9 

Plnohexlo's fhaotlom (modified Legendre funetions), 3SS 
fUaM,*9 expufton, 146 

Pochhammer*! extenaion of Eulerian integrals, 256 

Point, at infinity, 108 ; limit-, 12; representative, 9; singular, 194, 202 

Polaa of a ftmotioii, 102 ; at infinity, 104 ; irreducible set of, 480; number in a cell, 481 ; relations 
between zeros of elliptic functions and, 488 ; residues at, 482, 504 ; simple, 102 
Polygon, (fundamental) of automorphic functions, 455 

Polynomials, expressed as series of IfOgendre polynomials, 810 ; of Abel, 353 ; of Bernoulli, 126, 
127 ; of Le^ndre, tee Logiindre polynomials ; of Bonine, 352 
Popular oonoeptlon of an angle, 569 ; of continuity, 41 
PosltlTo integers, 8 

Power serlea, 29 ; circle of oonvergence of, 80 ; continuity of, 57, (Abel’s theorem) 57 ; expan- 
sions of Innctions in, tee under the namet of special functions; identically vanishing, 58; 
Maolaurin’s expansion in, 94 ; radina of convergence of, 80, 82 ; series derived from, 81 ; 
Taylor’s expansion in, 08 ; uniformity of convergence of, 57 
Prinoi|MLl part of a function, 102 ; solution of a certain equation, 462 ; value of an integral, 75, 
117 ; value of the argument of a complex number, 9, 588 
Priaeiple of convargaBM, 18 

Prlngshelm’s tliaoram on summation of double series, 28 

Products of Bessel functions, 579, 550, 555, 555, 428; of hypergeometric functions, 298. See 
also Infinite products 

tluarter periods K, ilC, 479, 498, 499, 501. See alto Elliptic integrmla 
tpiartlo, canonical form of, 518 ; integration problem connected with, 452, 512 
Quaai-pexiodloity, 445, 447, 463 

Quottonts of elliptic functions (GlaUher’s notation), 494, 511 ; of Theta-functions, 477 

Radius of eonvergenoe of power series, 80, 82 

BatUmal Ihnctiona, 105 ; expansions in series of, 184 

Rational numbers, 3, 4 ; -real numbers, 5 

Real functions of real variables, 56 

Reality of oharaoteriatio numbers, 226 

Real numbers, rational and irrational, 5 

Real part {R) of a complex number, 9 

Rearrangement of convergent series, 25; of double series, 28; of infinite determinants, 87; of 
infinite products, 88 
Reciprocal functions, Volterra’s, 218 

Reciprocals of elliptic functions (Glaisher’s notation), 494, 511 

Reourrenee formulae, for Bessel functions, 859, 873, 374 ; for confluent hypergeometric funotions, 
559.4 for Gegenbauer’g function, 880 ; for L^endm funotions, 807, 809, 818 ; for Neumann’s 
function, 875 ; for parabolic cylinder functions, 850. See also Conttipiotts bypergeometrlo 
fUncttons 
Region, 44 

Regular, 83 ; distribution of discontinuities, 212 ; integrals of linear difierential equations, 201, 
(of the third order) 210 ; points (singularities) of linear differential equations, 197 
RelationB between Bessel funotions, 860, 371; between confluent hypergeometric functions 
^±k,m between contiguous bypergeometoio functions, 294; be- 
tween elliptic functions, 452 ; between parabolic cylinder functions D. ( db r) and ^ i«)i 

348 ; between ^les and zeros of elliptic functions, 488 ; between Kiemann Zeta-funotions 
f* (s) and ^*(1 - 269. See alto Recurzeuce formula* 

Remainder after n terms of a series, 15 ; in Taylor’s series, 95 
Removable dlsoontlAttlliy, 42 
Repeated Integrals, 68, 75 
Representative point, 9 

Residues, 111-124 (Chapter vi), defined, 111 ; of elliptic funotions, 425, 497 
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omssLAju mtmji 


»*■ MueUted foaotiMi, IW, U4, 186; wwdition of lirtasiilillity, wnitliMw aaUtAtt 

1 AA . 1 *, AamS . 


, m, »eo; impBm, Vt 
(mid Hitt ' 


\/y m«Mio ]imoilMi&9 donoen^iag tM, 

P-eqummji 206, 265, t»l, 2M^ (ftcmstmoiatiion of) 207, , , 

208, 9ee lOto gy porgowBotito Imollmi; thooi 7 of 
fonotion, m Ma-fnsottm (of Itmima) 
method of * aumming ' oi^M, 160 


184« 166; 
eqiiAtioa) 
,, 162-188; Zete- 


mrlKt(i2*)oi6«, 4 

Boditgaoa* Mmnla for Lagondre poljnomiols, 805 ; modified, for O«gottbmfir*8 faoolioii, 829 
Boola of an aquation, number of, iilO, (inaide a contour) 119, i95; of Waieratmaaian alUptic 
funotlona (ei, « 2 * « 9 )t 448 


Baalfehflti* istagral for the Qamma-funotion, 248 
fldilfifil'B fiaaael function of the aeooiid kind, (f)3, 870 

iohlilHIa intagfml for Besael functiona, 862, S72 ; for Ijegandra polynomiala and functiona, 808, 
804, 806 ; modified, for Qaganbauer’a function, 829 
8dilflmi1eii*a expansion in aeriaa of Beaael ooeffioienta, 877 ; function, 852; integral equalion, 229 
2ahinldt*a thaorein, 223 
fiahwan* lamina, 186 

fiaaonifi kind, Beeael function of, (Hankd’a) 870, (Nauipann*s) 872, (Webar-SohlfilU), 870, 
(modified) 878 ; elUptio integiai of [fi? (a), Z M], 817, (complete) 618 ; Eulerian inte^l of, 
241, (extended) 244 ; integral aquation of, 218, 221 ; Laa^ functions of, 662 ; Legendre 
functions of, 816*820, 826, 826 
Second maan-naue thaoram, 66 

Saooad adhitton of Bessel’s equation, 870, 872, (modified) 878 ; of Legendre’s equation, 816 ; of 
BCathieu’s equation, 418, 487 ; of the hypergeometric equation, 286, (confluent form) 848 ; of 
Weber’s equation, 847 

Second spedas of ellipsoidal harmonics, 687, (construction of) 540 
Section, 4 

Setlfeit’a apheiioal apmi, 627 

Soquanoea, 11 ; decreasing, 12 ; increasing, 12 

SaileB (infinite series), 15 : absolutely convergent, 18 ; change of order of terms in, 26 ; oon> 
dittonally convergent, 18; convergence of, 16; differentiation of, 81, 79, 92 ; divergence of, 
16; geometric, 19; integmtion of, 82, 78; methods of summing, 164->166; multiidiaation 
of, 29, 68, 59 ; of analytic functions, 91 ; of cosines, 166 ; of cotangents, 189 ; of inverse 
factorials, 142 ; of powers, iee Fewer earies ; of rational functions, 184 ; of sines, 166 ; of 
variable terms, 44 {9ee aUo Vnlfonnlty of oonvargenoa) ; order of terms in, 26 ; remainder of, 
16; representing particular functions, tee under the nante of the function; solutions of 
differential and integral equations in, 194-202, 228 ; Taylor’s, 98. See alto Asymptotic 
axpanalcna, Oonvargaiioa, EmmaaloBS, Feuriar aarlaa, Mgimomatiloal aariaa and VnUMwity 
of oonTarganoa 

iat, Imdacmia (of zeros or poles), 480 

Slgma-fancUoiis of Weierstrass [<r(z), <rx(r), ^ 2(^)1 <^8(^)]>447, 448; addition formula for, 461, 
468t 560 ; analogy with circular functions, 447 ; duplication formulae, 459, 460 ; four 
types of, 448; expression of elliptic functions by, quasi-perio^o properties, 447; 

singly infinite product for, 448; three-term equation involving, 451, 461; Theta-functions 
■connected with, 448, 478, 487 ; triplication formula, 459 
StgiUaBS Integers, 8 
8impla curve, 48 ; pole, 102 ; zero, 94 
81iii]dy*coiuiactad region, 466 
•ina, product for, 137. See also Olroidar ffmettODi 
Stna-iutegral [Si ( 2 )], 358 ; -aeries (Fourier series), 166 
glag^-pariodlc functions, 429. See also CIxoiilar fmctlaiis 

ttngmarltlas, 88, 84, 102, 194, 197, 202; at infinity, 104; confluence of, 208, 887; equations 
with five, 208 ; equations with three, 206, 810 ; equations with two, 208 ; equations with r, 
809; essential, 102, 104; irregular, 197, 202; regular, 197 
Mngalar pdnts (singularities) of linear differential equations, 194, 202 
Solid hannoBics, 892 

smathm of Biamann’s F-aqnatton by hypergeometrio functions, 288, 288 

SdntioiiB of dlffar antl a l aqnaHona, tee Ohapters x, zviu, xzxn, and under the namet of tpeeM 

eqnatiom 

Somtioiia of integral aqaatlcnaf tee Chapter xi 

Sonlaa’s polyncimial (z)], 862 

SpeoiaB (various) of ellipsoid harmonios, 687 
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WgllMM b i nam i t ai, m M Mnwlfl i 
WnMil IVW, 8eiM 

iqmitMt «if BaMfll iiniotladb, ^9, SSQ; oi hjfemomtKiD fuaolioiis, £96; of Jocobto «llj^ 
liinollom 499; of lluite-toiieftioikt (Mktioiio bolwean), 466 

MKlMMit of Vooilir’a ItfMorim* l)iriohkra, 161, 16B. 164, 176 
imaily tending to ooro^ 17v 

MattIM* thoovom on lem of 1 aici 4 fu^tlono, 560, (ganeroUMd) 563 ; thooty of Hathkn’e 
e4|tiotioii, 417 

•ttrUng*! oirlM for the Gommo-fanotion, 361 
mtam* oqnotton, 904 

■toll* oouditton ioit oonvergenoe of double jerlee, 27 
iCriiifo, vibrationB of, 160 
inootMlTe onlMtltetlont method of, 331 
•MiBiila of Boler and Maclaodn, 137 
dillitj, methods of, 154*166 ; of Fourier series, 160 ; uniform, 256 
Oorlkoe hadrmonlo, 893 
iorfhoo, modular, 41 
Saxllaooe, nearly eoherloal, 389 

SylToster’s theorem oonoeming tntegrak of harmonics, 400 
iymmetrto Hudeiie, 338, 338 

Tahuiation of Bessel functions, STB ; of complete elliptic integrals, 518 ; of Oanimn^funotions, 358 

Taylor*8 series, 98 ; remainder in, 05 ; failnie of, 100, 204, 220 

Telzelra’a extension of Btbrmann’s theorem, 181 

Telegraphy, equation of, ^7 

Teeaeral harmonies, 892 ; factorisation of, 586 

Tssts for conTergenes, Inflnlts Integrals, msnlte pre d uet s aisci Serlsa 
Thermomstrio parametsr, 405 

Ihela^fhnetioiis |;^ (s), ht (s), h»(r), ^4 (g) or 3 (s), 6 00], 463-490 (Chapter 1x1} ; abridged nota- 
tion for prbduotB, 466, 469 ; addition formulae, 467 ; connexion with Bignm-functions, 446, 
478, 487 ; duplication formulae, 466 ; expression of elliptie fanotions by, 473 ; four types 
of, 463; fundamental formulae (Jacobi’s), 467, 466; infinite products for, 469, 473, 488; 
Jacobi’s first notation, 0 (u) and H (a), 479 ; multipliers, 468 ; notations, 464, 479, 487 ; 
parameters q, r, 468; partial differential equation satisfied by, 470; periodicity factors, 
468 ; periods, 468 ; quotients of, 477 : quotients yielding Jaooblaa elli0io lunotions, 478 ; 
relation 470; squares of (relations between), 466 ; tnuisfoimation of, (Jacobi’s 

imaginary) 264, 474, (Landen’s) 476 ; triplication formulae for, 490 ; with zero atgument 
(3t, 38* 34, hi'), 464 ; zeros of, 465 

Third kind of elliptic integral, ll(a, a), 523 ; a dynamical application of, 538 

Third order, linear differential equations of, 910, 998, 418, 498 

Third spedsc of ellipsoidal harmonics, 587, (construction of) 541 

Three kinds of elliptio integrals, 514 

Three-term eqnatlen involving Sigma-funeticats, 452, 462 

Total fluctaatlon, 67 

Transcendental fUnotlims, tee under the namee of epeeial fnnetione 

Transiermatloiis of elliptic functions and Theta-functions, 508; Jacobi’s imaginary, 474, 505, 
506, 519 ; Ijandm’B, 476, 507 ; of Biemann’s P-equation, 307 
Trlgonomdtrleal equattans, 587, 688 

Trigonometrical IntsgiaiB, 112, 963 ; and Oamma-funotions, 356 

Trlgonometrloal ssrlss, 160-198 (Chapter rx) ; convergence of, 161 ; values of ooefiloients in, 168 ; 

Biemann’s theory of, 183-188 ; which are not Fourier aeries, 160, 168. See aleo TOurler series 
TripUcatton Itormulae for Jacobian elliptic functions and B («), 530, 534 ; for Sigma-funotions, 
459 ; for Theta-functions, 490 ; for Beta-functions, 459 
Twanty-IOttr sdutlQiui of the hypeigeometrio equation, 384 ; relations between, 285, 388, 390 
Two-dkmijnloital continuum, 48 

Two vmilables, continuous functions of, 67 ; hypeigeometrio fanotions (AppeH’s) of, 300 
Typee of ellipsoidal harmonics, 587 

Unloanal, 455 
VnlfiBnaleatlQn, 454 
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asiarxRAti inbss: 


4ff5 ; aasooiAM vilh OonfooiU 
concept ol, 52 

VaUtamillgf:; of oontmui^^ 54; of eonuni^ty, 155 

cmnmm, 41-40 (dwptw in)» 4fl5ned, 44; of «exie»» itO* ITOt MOj of 
inftnif# inlegnis^ 70. 72, 72; ol infiiiitoj^oete, 40; of pom totiei^ 57; of iOdotL 44^ 
(conai^on for) 45, (Hordy's test for) 50^ (Wdi^nMie* lf4oil tor) # , 

VnUea^ iaanite integroki, prc^or^ee of, 75; oofloi of aatlyde liined^ 01, ' 

(ditenmtiation of) 02 

Dfiloneiioft of an asymptotic expansion, 155 ; of solnions of lioear dtilMrentiia eqnatkms, 105 

Upper bound, 55 ; integral, 61 

Upper limit, integral equation with variable, 218, 221 ; to thd value of a con^lex integral, 78, 01 


Value, absolute, see Blodnlus; of the argument of a complex number, 9, 588; of the coefficients 
in Fourier series and trigonometrical series, 168, l55, 167, 174 ; of particular hypergeometrio 
functions, 281, li93t 205, SOI ; of Jacobian elli^o functions ci IKi |fjr, 4(if+ tin, 500, 
506, 507 \ of K, K! for special values of 5, 521, 524, 625 ; of j-fs) lor special value! of «, 
267,269 

VaalalUiig of power series, 58 

VartaUe, uniformising, 455 ; terms (series d), Me UalAimi^ ef couvirfeaee ; upper limit, 
integral equation with, 218, 221 

Vlliratlolu of air in a sphere, 899 ; of eixcolar membranes, 896 ; of elliptic membranes, 404, 405 ; 
of strings, 160 

Voltexra's Integral equation, 221 ; reciprocal functions, 218 


Wave motlous, equation of, 886; general solution, 897, 462; solution involving Bessel functions, 
897 

Weber’s Bessel function of the second kind [F,i(e)]t 870 
Weber’s equation, 204, 509, 842, 847. Se€ aUo PamboUo eyimdor fiinetloiis 
Welerstraes’ factor theorem, 187 ; Af-test for uniform convergence, 49 ; product for the Gamma- 
function, 285 ; theorem on limit points, 12 

WeiiCTtra— tan dUlptlc function [|’(«)], 429-461 {Chapter xx)» defined and constructed, 482, 
483; addition theorem for, 4a0, (Abel’s method) 442; Unalogy with circular functions, 
488; definition of 451; differential equation for, 486; discriminant of, 444; 

duplication formula, 441; exmssion of elliptio funodons by, 448; expression of p(r) - f^(p} 
by Sigma-functions, 451; half-periods, 444; homogeneity properties, 459; intenai fonnula 
for, ^7 ; integration of irrational fun^one Ity, 452 ; invariants of, 487 ; inverwon problem 
for, 484; Jacobian elliptic functions and, 50o; periodicity, 484; roote e|, e^, e^, 448. See 
aUo iigmarfimetums and leia-IUnetlQn (d WeieisstnuNi) 

Wbtttaker’s fUnctlen m (^)t ^ Oenflnaut Hyperveometrie ftmetions 
Wnmekl’s ezpanaion, 147 


2ero arfument, TbetarlUnetUms with, 464 ; relation between, 470 
zero of a function, 94 ; at infinity, 104 ; simple, 94 

Zeroe of a function and poles (relation between), 488 ; connected with aeros of Its derivate, 121, 
123 ; irreducible set of, 480 ; number of, in a oell, 481 ; order of, 94 
Zeros of functions, (Bessel’s) 861, 367, 878, 3$1, (laond’s) 557* 558, 560, 578, (Legendfe’s) SOSi 
316, 555, (parabolic cylinder) 5^, (Biemann’s ^ta-) 268, 259, 272, 260, (Theta-) 465 
Zeta-fUnctlra, Z{u), (of Jacobi), 518; addition formula for, 518; connexion with iif(tt), 518; 
Fonrier series for, 520; Jacobi’s imae^i^ transfonnation ol, 519. See aUo Jaooblatt 
functions 

Zeta-funotlon, r(«), (of Biomann) 265-280 (Chapter xm), (generalised by Hurwits) 265; 

Euler’s product for, 271 ; Hermite’s integral lor, 269 ; Hurwits^ integral for, 268 ; in- 
• equalities satisfied by, 274, 275; logsri^ic derivate of, 279; lUemsim’s hyMthesis 
concerning, 272, 550; Eiemann’s interns for, 266, 278; Bienuum’s relation connecting j*(s) 
and f (1 - «), 269 ; values of, for spexm values of e, 267, 259; atros of, 268, 269, 272, 280 
Zetirfunetton, ^(s), (of WeimWiMi), 445; addition lomula. 445; ao^e^^urith oircular 
functions, 446 ; constants V| , oemneoted witii, 446 ; duplication fonuume lot, ^9 ; ex- 
pression of elliptio functions by, 449 ; quasl-peiioditity t 445 ; trilpticaticn formulae, 459. 
See aUo Weteritnailaa eiltptio fUncttoiia 
Zonal bamonlos, 802, 592 ; laotorisAtion of 1 586 








